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Abstract—This paper focuses on the performance tracking
issue of complex industrial processes in double layer architecture.
First, the nonlinear plants in the device layer are modeled by
using Takagi-Sugeno (T-S) fuzzy technique, and are controlled
by local proportional integral (PI) controller with the H∞
performance guaranteed. Then, the outputs and inputs of local
plants are sampled and transited to the operation layer to
form the economic performance index (EPI), which is used to
represent the performance of the tracking of economic objective.
Furthermore, the setpoints, which are dynamically changing, are
calculated via a compensator based on the error between the
objective and the EPI at each step of the operation layer. Finally,
the effectiveness of the proposed method is demonstrated by a
nonlinear continuous stirred tank reactor (CSTR) model.

I. INTRODUCTION

One of the main purposes of process control is to direct
the system to achieve certain performance objective; even other
goals, like to stabilize the states and to regulate the local plants
to track given setpoints, can be regarded as the component
parts [1]. For the performance objective, the economy relevant
target is usually of high interest and the predictive way to
calculate it through the processes can be called economic
performance index (EPI). In order to achieve this goal, many
methods have been proposed, which can be classified into to
two main types. The first kind of ideas focus on the single-layer
control, i.e. only the local plants are taken into consideration.
There exist many kinds of ways to design local controllers, e.g.
in [2] and [3], a predictive controller is designed according to
a realtime optimization approach. The others utilize two-layer
control scheme, which is also the one this paper inspects. For
two-layer control architecture, the process in the device layer
will be regulated by local controllers, the setpoints of which are
given by the upper layer via considering a nonlinear complex
model. These works have been reported in [4] and [5].

In practice, open-loop optimization, e.g. traditional model
predictive control (MPC) or manual decomposition, is widely
used in the upper layer (operation layer). As is presented in
Figure 1, the economic objective of the overall system will be
decomposed to a series of setpoints for the local plants. How-
ever, because of the disadvantages of the open-loop structure,
the setpoints are not either accurate or dynamically changing.
Thus, the economic performance index (EPI) can seldom track
the desired target and a novel feedback architecture given in
Figure 2 is necessary. In this new scheme, the information of
the local plants, e.g. the outputs and control inputs, will be

utilized to compute the EPI. The error between the value of
EPI and the performance objective will then be used for the
sepoints compensation. With the two-layer feedback structure
described above, the overall performance objective can be
achieved.

Moreover, processes are complex and hard to model [6], or
even we can, the nonlinearity of the model and the disturbance
of the system are almost inevitable. Many papers to deal with
the industrial nonlinear systems, e.g. [7] and [8], have been
reported. Among all the approaches, fuzzy control, which is a
kind of intelligent control methodology, has been widely used
in industrial processes, see [9] and [10]. It has been shown in
[11] and [12] that any smooth functions can be approximated
in any compact set via the fuzzy dynamic models, which will
help to tackle the nonlinearity issue. H∞ control is popular
in restraining the disturbance and it can be introduced to
the control of plants. In this paper, a fuzzy logic control
strategy with H∞ performance index is imported to the local
control to solve the problem of model nonlinearity and the
influence of disturbances. Some of existing papers may have
different solutions, however, their common disadvantage is
that the device layer controller has to be redesigned based
on the decision of operation layer, through which, the control
performance could be improved; but may even lead to more
cost because of the alteration of former regulator. Thus, a
compensator to adjust the setpoints will be proposed with
former control structure unchanged.

As is reported, PI controllers are popular in process control
[13]. However, the PI controllers are usually designed based
on nominal models, i.e. the disturbance is not taken into
consideration, which is not good for the tracking of the
overall performance objective of the system. In this paper, the
disturbance problem will be considered in the device layer by
a classical PI controller with H∞ performance guaranteed.

Notations: (η, θ), the combination of η and θ means
[ηT , θT ]T . “∗” in a block matrix denotes the symmetric terms.
R

p represents the set of real numbers with p dimensions.

II. PRELIMINARIES

We only consider the case that single plant or single loop
exists in the device layer for brevity. First, a general industrial
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Fig. 1. Conventional scheme for industrial process control
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Fig. 2. Setpoints compensation scheme for industrial process control

process is described by a nonlinear model:{
ẋ(t) = f(x(t)) + g(x(t))u(t) + d(t)

y(t) = Cx(t)
(1)

where x(t) ∈ R
nx , u(t) ∈ R

nu , d(t) ∈ R
nd and y(t) ∈ R

ny

are the state vector, input vector, external influence vector and
output vector, respectively. f(x(t)) and g(x(t)) defined on a
domain D ∈ R

n are assumed to be sufficiently smooth. From
[14], the nonlinear system (1) can be described as T-S model,

Plant Rule Ri:

IF z1(t) is Mi1 and z2(t) is Mi2 and · · · and zq is Miq ,
THEN {

ẋ(t) = Aix(t) +Biu(t) + d(t)

y(t) = Cx(t), i = 1, 2, · · · , l. (2)

where Ri means the lth fuzzy inference rule with l as the total
number. For i = 1, 2, · · · , p; j = 1, 2, · · · , q, zi(t) and Mij

denote the premise variables and the fuzzy sets corresponding
to zi(t), respectively. Parameter matrices Ai, Bi and Ci (can
be written as C) are known with appropriate dimensions. The
fuzzy system can also be written as⎧⎪⎪⎨

⎪⎪⎩
ẋ(t) =

l∑
i=1

hi(z(t))[Aix(t) +Biu(t) + d(t)]

y(t) =
l∑

i=1

hi(z(t))Cix(t)

(3)

where

hi(z(t)) =
μi(z(t))∑l
i=1 μi(z(t))

,

μi(z(t)) =

g∏
j=1

Mijzj(t),

z(t) = [z1(t), z2(t), · · · , zq(t)],
where Mij(zj(t)) is the degree of membership function of

zj(t) in Mij , μi(z(t)) ≥ 0, i = 1, 2, · · · , l, ∑l
i=1 μi(z(t)) >

0, ∀t ≥ t0. Define the integral error E(t) as

E(t) =

∫ t

0

e(τ)dτ =

∫ t

0

(yc − y(τ))dτ . (4)

Therefore, we have the augmented system as follows,[
Ė(t)
ẋ(t)

]
=

l∑
i=1

hi(z)

{[
0 − Ci

0 Ai

] [
E(t)
x(t)

]

+

[
0
Bi

]
u(t) +

[
I 0
0 I

] [
yc
d(t)

]}
. (5)

Letting η(t) = (E(t), x(t)) and ω(t) = (yc, d(t)) the nom-
inal system derived from the augmented system (5) can be
expressed as

η̇(t) =

l∑
i=1

hi(z) [Aiη(t) + Biu(t) + ω(t)] (6)

where

Ai=

[
0 −Ci

0 Ai

]
, Bi=

[
0
Bi

]
.

All the following paper will be based on the system (6)
and we are on the way of designing the local regulator and
upper layer compensator such that the local system can track
given setpoints and the upper layer can provide good reference
signals for the device layer.

III. LOCAL REGULATOR DESIGN

The goal of the controllers in the device layer is forcing the
output of the plants to track setpoints provided by the operation
layer. For certain setpoint yTc , the tracking requirement can be
described as

lim
t→∞ e(t) = 0. (7)

As the disturbance is considered in the device layer, a PI
controller is needed such that the following H∞ tracking index
for ω(t) is satisfied,∫ t

0

eT (τ)e(τ)dτ ≤ γ2
∫ t

0

ωT (τ)ω(τ)dτ, (8)

in which the scale γ is positive. The state feedback fuzzy
controller, whose premise parts are the same with the system
(1), is described as
Controller Rule Ri: IF z1(t) is Mi1 and z2(t) is Mi2 and
· · · and zq is Miq , THEN

ũ(t) = Kiη(t), i = 1, 2, · · · , l. (9)



where ũ(t) is the control input under certain rule. Then the
overall controller is

u(t) =

l∑
i=1

hi(z)Kiη(t). (10)

Substituting (10) into (6) and denoting hi(z) = hi, one can
obtain the following augmented system

η̇(t) =

l∑
i=1

l∑
j=1

hihj {[Ai + BiKj ] η(t) + ω(t)} . (11)

And the following theorem can be obtained.

Theorem 1. For a given constant γ > 0, the closed-loop
fuzzy system in (11) is asymptotically stable with the H∞
performance in (8), if there exist symmetric matrices X > 0
and a series of matrices Yj , (j = 1, 2, . . . , l), such that the
following linear matrix inequalities (LMIs) hold:

Mii < 0, i = 1, 2, . . . , l (12)
1

l − 1
Mii +

1

2
(Mij +Mji) < 0, 1 ≤ i �= j ≤ l (13)

where

M =

[
Φij γI X
γI −I 0
X 0 −I

]
,

Φij = (AiX + Yj) + (AiX + Yj)
T . (14)

Hence, the state feedback regulator is described in (10) with
the parameter Kj = YjX

−1.

Proof: Following the proof of Lemma 1 in [15], Theorem
1 can be proved.

IV. SETPOINT COMPENSATOR DESIGN

The industrial process in the device layer with disturbance
can track the given setpoints under the control of the regulator
solved by Theorem 1. However, to provide good setpoints
such that performance of the overall system can achieve the
desired economic objective, a setpoints compensator needs to
be designed in the operation layer.

Here we introduce the linear economic objective index
(EPI) as

r̄(k) = My(k) +Nu(k), (15)

where, r̄(k) ∈ R
nr , y(k) and u(k) are the value of EPI, output

and input signals of the device layer at sampling instant k,
respectively. M ∈ R

nr×ny and N ∈ R
nu×ny are the benefit

and consumption coefficient matrices, respectively.

Hence, the compensator will work at each sampling instant
as

Δyc(k) = FΔr(k), (16)

where Δr(k) = r(k)− r̄(k) and the setpoints sent to the local
plants are updated through the following approach,

yc(k + 1) = yc(k) + Δyc(k). (17)

At the very beginning, yc(0) = yc0 serves as the initial value
of (17), where yc0 can be obtained via more upper layer
optimization as well as human experience.

Since a sampled-data control is utilized in the operation
layer, the model of device layer in (6) should be described
in discrete-time form. Along with the methodology proposed
in Theorem 1, the influence of the disturbance can be well
restrained by the regulator in device layer; so ω(t) will not be
considered in operation layer. Thus, we can obtain,

η(k + 1) =
l∑

i=1

hi

[Āiη(k)+ B̄iu(k) + Iyc(k)
]
, (18)

where Āi = eAiT and B̄i =
∫ T

0
eAi(T−τ)Bidτ . Substituting

u(k) =
∑l

j=1 hjKjη(k) into the discrete-time model in (18),
one can obtain the closed-loop model of the device layer at
each sampling instant of the operation layer as follows,

η(k + 1) =

l∑
i=1

l∑
j=1

hihj

[
Ãijη(k) + Iyc(k)

]
, (19)

where Ãij = Āi + B̄iKj .

On the other hand, according to (15)-(17), along with the
expression of the control u(k), we have,

yc(k + 1) =
l∑

j=1

hj [yc(k) + Fr

−(FMC̄ + FNKj)η(k)
]
, (20)

where, C̄ = [0, C]. Then denoting ζ(k) = (η(k), yc(k)), along
with (19) and (20), we can obtain the overall system as,

ζ(k + 1) =

l∑
i=1

l∑
j=1

hihj [Aijζ(k) + Iyc(k)] , (21)

where,

Aij =

[
Āij Ĩ
−FMC̄ − FNKj I

]
.

And we are on our way to present the main result of this paper.

Theorem 2. Given matrix Ḡ, the closed-loop system in (21)is
asymptotically stable, if there exist symmetric matrices Q1, Q3

and matrix L̄, such that the following LMIs hold,

Ξii < 0, i = 1, 2, . . . , l (22)

1

l − 1
Ξii +

1

2
(Ξij + Ξji) < 0, 1 ≤ i �= j ≤ l (23)

Q =

[
Q1 ḠQ3

∗ Q3

]
< 0, (24)

where,

Ξij =

[ −Q ΨT
ij

∗ −Q

]
,

Ψij =

[
Q1Aij − ḠL̄MC̄ − ḠL̄NKj Q1I +Q2

Q2Aij − L̄MC̄ − L̄NKj Q2I +Q3

]
. (25)



Moreover, the compensator parameter is calculated as F =
Q−1
3 L̄.

Proof: Let us consider V (k) = ζT (k)Qζ(k) as the
Lyapunov function. Considering the case r = 0, we can obtain
the increment,

ΔV (k) =

l∑

i=1

l∑

j=1

hihj

[
ζT (k)

(
A T

ij QAij −Q
)
ζ(k)

]
. (26)

Set ΔV (k) < 0 and we can have the result for all 0 ≤ i, j ≤ l
in detail after a congruent transformation by blkdiag{I,Q} as
follows,⎡
⎢⎣

−Q1 −Q2 ψT
1 ψT

2

∗ −Q3 ITQ1 +QT
2 ITQ2 +Q3

∗ ∗ −Q1 −Q2

∗ ∗ ∗ −Q3

⎤
⎥⎦ < 0, (27)

where,

ψ1 = Q1Aij −Q2FMC̄ −Q2FNKj

ψ2 = Q2Aij −Q3FMC̄ −Q3FNKj . (28)

However, Q2F and Q3F are bilinear items and cannot be
easily solved. The nonlinear items can be eliminated by
denoting L̄ = Q3F and Q2 = ḠQ3, in which Ḡ is a given
constant matrix. By Schur complement and using the approach
in [16], (27) is equivalent to (22) and (23). And obviously, the
compensator matrix is obtained by F = Q−1

3 L̄.

V. APPLICATION TO CSTR

Consider a single first-order, irreversible reaction in isother-
mal CSTR [17]

A → B r = kcA

where k is the rate constant, which is equal to 1.2 L/(mol·min)
in this case. The dynamic model based on material balances
are:

dcA(t)

dt
=

Q(t)

V
(cAf − cA(t))− kcA

dcB(t)

dt
=

Q(t)

V
(cBf − cB(t)) + kcA (29)

in which, for reactor A, cA(t) and cAf = 1 mol/L are the
concentration and the given feed concentration, respectively;
And the same go for cB(t) and cBf = 0 for the product B. And
Q(t) is the flow to be controlled through the reactor, whose
volume is V = 10 L. We choose x(t) = (cA(t), cB(t)) as
the states of the plant; u(t) = Q(t), the available manipulated
variable, as the input; and y(t) = cB(t), the concentration of
the product as the output. Thus the differential equation in (29)
equals to:

ẋ1(t) = −1.2x1(t) + 0.1(1− x1(t))u(t)

ẋ2(t) = 1.2x1(t)− 0.1x2(t)u(t) (30)

Three equilibriums are chosen, i.e. the process is linearized
around x2(t) = 0.5, 2

3 and 0.4. And we can have the T-S
fuzzy model of the plant according to the Plant Rule, with
the parameters

A1 =

[ −2.4 0
1.2 −1.2

]
, B1 =

[
0.05
−0.05

]
;

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

0

0.2

0.4

0.6

0.8

1

x2

Rule 1
Rule 2
Rule 3

Fig. 3. Tracking of setpoints without setpoints compensation

A2 =

[ −1.8 0
1.2 −0.6

]
, B2 =

[
0.0667
−0.0667

]
;

A3 =

[ −3 0
1.2 −1.8

]
, B3 =

[
0.04
−0.04

]
;

The membership functions are shown in Figure 3. According
to the approach in Theorem 1, we can obtain the parameters
of the controller as follows,

K1 = [−248.5829, 11.3565, 192.8199] ,

K2 = [−188.4418, 1.9995, 151.9916] ,

K3 = [−317.7794, 18.8900, 239.8705] .

The economic objective is set to 65 (and will also set as a
variable in the last part of this simulation) in the simulation.
The parameters in EPI in (15) are M = 20 and N = 5.
Sampling period is T = 10 min. Random Gaussian noise is
considered in the simulation.

The simulations are made up of three parts. First, when
the fixed setpoint yc serves as the reference signal of the
plant, which is presented in Figure 4, the local plant can
track the setpoint. However, as is shown in Figure 5, since
the optimal setpoint cannot be easily obtained, the EPI fails to
track economic objective.

Second, a feedback compensator is used in the operation
layer. The tracking performance in Figure 6 is still good.
Meanwhile, the economic objective can be tracked by r̄(k),
which can be seen in Figure 7.

In the end, the economic objective rises in the 9th step from
65 to 75 in the operation layer and this may happen when the
order of more upper layer changes. As is presented in Figure
8, the EPI can still track the economic objective, which shows
the robustness of the compensator.

VI. CONCLUSION

In this paper, a combined setpoints compensation and fuzzy
logic control scheme has been proposed for a class of nonlinear
industrial processes with disturbances. At device layer, the
nonlinear plant was described by T-S fuzzy model, and then the
H∞ performance is guaranteed by constructing PI controllers.
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Then at the operation layer, a dynamic setpoint compensator
has been designed to track the desired economic objective.
Furhtermore, the proposed control scheme has been verified
through the simulation of nonlinear CSTR process. In our
future research work, the fault detection and fault tolerance
control scheme will be further considered.
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