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Abstract-For the chaotic systems with uncertain parameters

dictive control [9] is adopted widely when the control problem

and stochastic disturbance, in order to satisfy some optimal

includes optimal performance, constraints, uncertainty, etc.

performance index when chaos control is achieved, the Lyapunov
based model predictive control

(LMPC)

is introduced.

MPC is a kind of optimal control technique, but where it

The

differs from the traditional optimal control method is that it

LMPC scheme is concerned with an auxiliary controller which
is constructed in advance. Based on the auxiliary controller and

solves the standard optimal control problem on-line in a finite

stochastic stability theory, it is shown that the chaotic systems

horizon, rather than determining off-line a feedback law. Also,

with uncertain parameters and stochastic disturbance are practi

when the on-line solution is obtained, MPC typically sends

cal stable. With the help of the auxiliary controller, the stability of

out the first control action to be implemented, and repeats the

LMPC can be guaranteed as well as some optimality property. As

calculation at the next instant. The advantages of MPC are

an example, the unified chaotic system with uncertain parameter
and stochastic disturbance is considered and simulation results

that it can handle constraints, owns the ability of prediction

show the effectiveness of the proposed method.

especially when there exists time delay, and to some extent

Index Terms---chaos, predictive control, uncertain parameters,

overcomes the effect of uncertainty on the systems.

stochastic disturbance, optimization.

Motivated by the above discussions, in this paper, we con
sider the optimization and control problem of chaotic systems

I. INTRODUCTION

with uncertain parameters and stochastic disturbance by the

Chaos is a complex nonlinear phenomenon that the behavior

Lyapunov-based model predictive control [lO]-[16]. By using

of dynamical systems is highly sensitive to initial conditions,

a previously designed Lyapunov controller, the stability is

which is also referred to as the butterfly effect. It exists in

discussed and proved by stochastic Lyapunov stability theory.

man y practical fields such as biology, economics, engineering,

As a typical example, the unified chaotic system with the

finance, physics, oscillating chemical reactions, fluid and so

uncertain parameter and stochastic disturbance is considered

on. Because of the sensitiveness on initial conditions, chaos is

and simulation results show the effectiveness of the proposed

unpredictable in the long time and may be undesired in some

method.

applications. In order to suppress this undesirable behavior,
Ott, Grebogi and Yorke first presented a kind of controlling

II. CONTROL OF CHAOTIC SYSTEMS WITH UNCERTAIN

chaos method, which is so called OGY control method [1].

PARAMETERS AND STOCHASTIC DISTURBANCE BY L MP C

Since then, chaos control has been a hot issue and many

In many MPC formulations there often exist two important

techniques have been presented [2], for example, delayed

issues that how to guarantee the closed-loop stability and

feedback control method [3], adaptive control method [4],
linear and nonlinear control methods [5]-[7], active control
method [8], etc.
In real systems or experimental situations, it is difficult to

LMPC is that a Lyapunov-based controller

h(x)

is designed

previously, and the closed-loop stability and the optimization

approximate system model, and uncertain orland stochastic

are based on the controller

disturbance exists inevitably. It is important and necessary

h(x),

to discuss the control problem when the systems include
uncertain orland stochastic disturbance. On the other hand, in
many practical control fields such as economics, engineering,

h(x).

With the help of the controller

the stability of LMPC can be inherited and the region

of optimization feasibility can be explicitly characterized.
L et us consider the control problem of the following chaotic
systems

finance and so on, the control problem is often connected with

x(t)

some optimal performance index for example saving costs
(money, energy), gaining the most profits, and even some con

=

10(x(t)) + h(x(t))B(x(t)) + l(x(t))�(t) + g(x(t))u(t)

(1)

l(O) g(O) 0, namely the origin is
the equilibrium point; B(x(t)) is the uncertain parameter and
there exists Bb > 0 such that IIB(x(t))11 ::::; Bb; �(t) denotes

straints. Obviously, the above question is concerned with the

where

optimal control problem of the systems with uncertain orland
stochastic disturbance. In many application fields, model pre-
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In order to solve these problems, the Lyapunov-based model
predictive control(LMPC) is presented [lO]-[16]. The idea of

obtain the exact model. Instead, people usually only know the
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initial conditions starting from where the control is feasible.

10(0)

=

h(O)

=

=

=
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the standard Gaussian white noise which can be expressed
as the formal derivative of Wiener process w (t); u(t) is the
controller. We suppose that all the states of the system are
available, fo(x), fI(x), B(x), l(x), g(x) are continuous func
tions, and compared to the originally detenninistic system
fI(x(t))B(x(t)) + l(x(t))�(t) can be viewed as the small
disturbance.
For a candidate Lyapunov function V(x), the following
feedback control law u(t) = h(x(t)) can be constructed

{

in the assumption(l). Thus, through the above discussion we
know that Assumption 1 is not difficult to be satisfied.
Lemma 1: If
F(x(t), B(x(t)), U(tk)) +
x(t)
l(x(t))�(t), t E [tk, tk+ d , where F(x(t), B(x(t)), u(td) =
fo(x(t)) + fI(x(t))B(x(t)) + g(x(t))U(tk)), then there exists
a constant , > 0 such that the following inequality holds

E Ilx(t) - x(tk)11

:s;

Proof.

,,;;s...

x(t) =F(x(t), B(x(t)), U(tk)) + l(x(t)k(t), t E [tk' tk+ d
h(x) =
(2) Integrating the above fonnula, we get x(t)
- X(tk)
e lse
F(X(T), B(X(T)), u(tk))dT + l(X(T))dw
2
2
2
where =Lio V(x) + I ILiI V(x) I I Bb + �Tr ace lT��: l + Applying the inequality Ii a + bl1 :s; 2 11al1 + 2 11b11 , then
pV(x), p > 0, Lii V(x) = f)��x ) fi(X)(i = 0, 1) and
E 1I x(t) - x(tk)112
LgV(x) = f)��x ) g(x). It can be investigated that if V(x)
2
is a control Lyapunov function, then h(x) is optimal in some
=E F(X(T), B(X(T)), u(tk))dT + l(X(T))dw
sense [16]-[18].
2
The LMPC can be designed as follows
F(X(T), B(X(T)), U(tk))dT
:s; 2E
2
+T
(T))d
l(
X
w
+2E
T
(::i7(T)QX(T) + U (T)Ru(T))dT (3)
min
u(T)ES(£l.)
0, if LgV(x) =0
_

w+vw2+(LgV(LgV)T)2
(LgV)T ,
LgV(LgV)T

{

w

fttk

}

fttk

(

k
t
Ik
t

fttk
I1

I1

I1

( Ilfttk F(X(T), B(X(T)), U(tk))dT I12)
(t - tk)E (I tk IIF(x(T), B(X(T)), U(tk))ll2dT)
t
=(t - tk) f tk E (11F(x(T), B(X(T)), u(tk))112) dT
M 2(t - tkt )2 M 2�2
2
E ( Ilf tk l(X(T))dw I1 ) =E (fttk Il l(x(T))112 dT)
t
E

�

:s;

<
-

definite weight matrices. LMPC is unnecessary to use a
terminal penalty term, but needs an auxiliary Lyapunov-based
control law h(x) that gives the contractive constrains of the
Lyapunov-based model predictive controller. With the help of
the controller h(x), the initial feasibility of the optimization is
satisfied automatically. In the following section, we will prove
the stability of the system (1) under the control action U(tk),
which further implies that the optimization is consecutively
feasible.
In order to make the theory analysis easily, we give the
following assumption:
Assumption 1:
(1) Il w(y, B(y), u) - w(x, B(x), u)11 :s; 1]iJJ Ily - xii ,
1]iJJ > O. where w(x, B(x), u) =Lio V(x) + LiI V(x)B(x) +

{

Ilfttk
Ilfttk
Ilfttk

Using Cauchy-Schwarz inequality and Assumption 1, we can
obtain

£(T) =fO(X(T)) + g(X(T))U(T)
(4)
(5)
X(tk) =X(tk)
aV (tk)) g(x(t h(x(t
aV (tk)) g(
(t
(t
X
k))
k))U
k))
k)
:s;
x
x
(6)
where S(�) is the family of piece-wise constant functions
with sampling period �, which means that the controller
is applied in a sample-and-hold fashion. Q, R are positive

�

)

}

�Trace l(x)T��: l(x) + LgV(x)u(t).
(2) IIF(x, B(x), u)11 :s; Md l(x(t))11 :s; M 2, (Ml > 0,M 2 >
0). where F(x, B(x), u) =fo(x) + fI(x)B(x) + g(x)u(t).

:s;

<

1

-

1

M:j(t - tk) :s; M:j�

Thus

E 1I x(t) - x(tk)112 :s; 2(Mf� + Mi)�
let , 2 = 2(Ml� + M:j), then by Jensen's inequality

)

(

If we
we get

E Ilx(t) - x(tk)11 =E llx(t) - x(tk)112
<
E 1I x(t) - x(tk)112 :s; ,,;;s...

(

V
)

Theorem 1: Consider the trajectory x(t) of the system (1)
under the control law u(t), which satisfies the conditions
of Assumption 1 and is implemented in a sample-and-hold
fashion:

Remark 1: For the chaotic system, its attractor is a bounded
compact set. When the control input is added and not too large,
usually the boundedness can be kept. Based on the properties
that the functions fo(x), fI(x), B(x), l(x), g(x) are continuous,
then we can conclude the assumption (2) holds. Finally,if the
function w(x, B(x), u) is further differential in x for each u,
we can obtain w(x, B(x), u) satisfies the Lipschitz property

x(t) =fo(x(t))+ fI(x(t))B(x(t))+ l(x(t))dw+ g(x(t))U(tk)
(7)
where t E [tk' tk+ d and tk =to + k�, k = 1, 2, ...
Then the origin of the system (1) is practically stable in some
mean sense.
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Proof. The time derivative of the Lyapunov function V(x)
along the trajectory x(t) of the system (1) in tE [tk' tk+d is
given by

.
V(x(t))

50
40

oV(x(t)) l(x(t))dW
ax
Adding and subtracting W(X(tk), B(X(tk)), U(tk)), and taking
=

w(x(t), B(x(t)), U(tk)) +

30

'"
x

20

into account Assumption 1 and the constraint (6), we obtain

10
0
50

V(x(t)) :::; -pV(X(tk)) + w(x(t), B(x(t)), U(tk))
-W(X(tk)' B(X(tk)), U(tk)) + &V�:(t)) l(x(t))dw
:::; -pV(X(tk)) + 17wllx(t) - x(tk)11 + &v�:(t)) l(x(t))dw

40

0

X2

Taking the expectation of the above inequality and using
Lemma 1, it leads to

Fig. I.

-50

-20
X1

Phase portrait of chaotic attractor in

EV(x(t))
:::; -pEV(X(tk)) + 17wEllx(t) - x(tk)11
:::; -pEV(X(tk)) + 117q,Vi5.
When the right side of the above inequality is less than zero,
we know that the value of EV(x(t)) will decrease. Therefore,
if we take rl > r2 > 0 and a small constant E > 0 such that

( E + 117wVi5.)/ p, Slr, {x: EV(x(t)) :::; r d , Slr2
{x: EV(x(t)) :::; r2 } , then for x(t)E Slr,/Slr2' the state will

r2

=

=

( Xl, X2, X3 )

space.

'"
x

=

converge to Slr2 in some mean sense. If we further take rmin <
rl and rmin
max
{EV(x(t + lld): EV(x(t)) :::; r2 } ,
=

Ll'lE[O,Ll.]

then once the state converge to Slr2 <;;; Slrmin' it will remains
inside Slrmin for all times. That is to say lim supEV(x(t)) :::;

t

rmin·

III.
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Fig. 2.

Let us consider the control problem of the unified chaotic
system with the uncertain parameter B and stochastic distur
bance l(xk(t).The system (8) is called the unified chaotic
system when the right of (8) only includes f(x(t), B) and
B E [0, 1]. As shown in [19], if B E [0, 0.8), it is called the
generalized Lorenz chaotic system; if B
0.8, it is called
Lu chaotic system; if BE (0.8, 1], it becomes the generalized
Chen system. Therefore, the parameter B plays an important
role in the unified chaotic system, and it's natural to discuss
the control problem when the parameter B is uncertain [20],
[21]. Furthermore, stochastic disturbance exists inevitably in
practice. It is necessary to discuss the control problem of the
unified chaotic system with uncertain parameter and stochastic
disturbance.

P rojective portrait of chaotic attractor in

( Xl, X3 )

plane.

(11)

=

In this example, we take l(x) and B as (10) and (11),
respectively. Choosing V(x)
�(xi + x� + x�), we get
w(x, B, u) a(x, B) + X2U, where
=

=

a(x, B) (Xl, X2, x3)f(x, B) + �( dxi + (}�X§ + (}�x�)
( 3 8 - 10B)XIX2 + (29B - 1)x§ - ( 10 + 25B)xi - 81° x�
+�( (}ixi + (}�X§ + (}�x�)
when X2 0, x i- 0, and BE [0, 1]' (}l < 2V5, (}3 < 4/ y'3,
1
8+ B 1
o:(x, B) -(25B+ 10 - 2(}I2)X2I - ( 3 - - 2(}32)X32 < 0
Thus, V(x)
�(xi + x§ + x�) is a control lyapunov function
[17], and the auxiliary controller h(x) is taken as (2).
In numerical simulations, we take the initial value x(O)
(2, - 1, I)T and the parameters (}l (}2 (}3 0.1, B(x)
0.1 Isin(xd l , p 0.001, Q I, R 1.0, II 0.02, T
10011, to investigate the proposed method. Figs. 1-2 displays
=

=

-

=

x(t) f(x(t), B) + l(x(t))�(t) + Bu(t)
=

(8)

=

where

=

f(x, B)

(9)

=

l(x(t))dw

=

(

=

=

=

(}IXI

�

o

=

=

=

=

=

=

=

the phase portrait of the uncertain and stochastic chaotic
attractor when the system (8) is without control input. When

(10)

50

stability. Simulation results show the effectiveness of the
proposed method.

,ct; ••• I
'<k • • • I
?�;r=== : I
o

o

o

0.2

0.4

0.2

0.6

0.4

0.2

0.4

0.6

time

0.6

0.8

0.8

0.8

REFERENCES
[ I] E. On, C. Grebogi, and J. A. Yorke, "Controlling chaos," Phys. Rev. Lett.,
vol. 64, no. 11, pp.1196-1199, 1990.

1

[2] S. Boccaleni, C. Grebogi,

Y. C. Lai, H. Mancini, and D. Maza, "The

control of chaos: theory and applications," Physics Report, vol. 329, no.
3, pp. 103-197, 2000.
[3] K. P yragas, "Continuous control of chaos by self-controlling feedback,"
Phys. Lett. A, vol. 170, pp. 421-428, 1992.

1. Rao, "Adaptive control in nonlinear
D, vo1.43, pp.118-128,1990.

[4] S. Sinha, R. Ramaswamy, and

1

dynamics," Phys.
[5]

G. Chen and X. Dong, " From Chaos to order: perspectives and method
ologies in controlling chaotic nonlinear dynamical system," Int.

J. BifUl:

Chaos, vol. 3, no. 6, pp. 1363-1369, 1993.
[6] C. C. Hwang,

1. Y. Hsieh, and R. S. Lin, "A linear continuous feedback

control of Chua's circuit," Chaos Solit. Fract., vol. 8, no. 9, pp. 15071515, 1997.

1

[7] H. Ren and D. Liu, "Nonlinear feedback control of chaos in permanent
magnet synchronous motor," IEEE Trans. Circuits Syst.

II, vol. 53, no. I,

pp. 45-50, 2006.
Fig. 3.

[8] S. C. Sinha, J. T. Henrichs, and B. Ravindra, "A general approach in the

The evolution of system states under LMPC.

design of active controllers for nonlinear systems exhibiting chaos," Int.

J. BifUl: Chaos, vol. 10, no. I, pp. 165-178, 2000.
[9] D. Q. Mayne, J. B. Rawlings, C. V. Rao, and P. O. M. Scokaert, "Con

2 ,-----�----�--��--__,

strained model predictive control: Stability and optimality," Automatica,
vol. 36, pp. 789-814, 2000.

o

[10] P. Mhaskar, N. H. EI-Farra, and P. D. Christofides, " P redictive control
of switched nonlinear systems with scheduled mode transitions," IEEE
Trans. Automat. Control, vol. 50, no. 11, pp. 1670-1680, Nov. 2005.
[ I I] P. Mhaskar, N. H. EI-Farra, and P. D. Christofides, "Stabilization of
nonlinear systems with state and control constraints using Lyapunovbased
predictive control," Syst. Control Lett., vol. 55, pp. 650-659, 2006.
[12] P. Mhaskar, N. H. EI-Farra, and P. D. Christofides. "Robust predictive
control of switched systems: Satisfying uncertain schedules subject to
state and control constraints," into

J. Adapt. Control Signal Process. , vol.

22, pp.161-179, 2008.
[13] D. Munoz de la P ena and P. D. Christofides, " Lyapunov-Based Model

-18

P redictive Control of Nonlinear Systems Subject to Data Losses," IEEE

-20 L-----�----�--�
o
0.2
0.4
0.6
0.8

Trans. Automat. Control, vol. 53, no. 9, pp. 2076-2089, Oct 2008.
[14] J. F. Liu, X. Z. Chen, D. Munoz de la Pena, P. D. Christofides," Iterative

time

Distributed Model P redictive Control of Nonlinear Systems: Handling
Asynchronous, Delayed Measurements," IEEE Trans. Automat. Control,

Fig. 4.

The varying curve of control input by LMPC.

vo1.57, no.2, pp.528-534, 2012.
[15] X. Z. Chen, M. I-Ieidarinejad, J.F. Liu,P. D. Christofides,"Distributed
economic MPC: Application to a nonlinear chemical process network,"
Journal of Process Control, vo1.22, pp.689-699, 2012.

the control law of LMPC is applied to the chaotic system,
from Figs. 3-4 one can see that the state trajectories of
the chaotic system and the control action will approach to
the neighborhoods of zero points as time increases. These
results investigate the effectiveness of the proposed method for
the chaotic systems with uncertain parameters and stochastic
disturbance.

[16] J. A.

Primbs,

V. Nevistic, and J. C. Doyle, "A receding horizon

generalization of pointwise min-norm controllers," IEEE Trans. Automat.
Control, vol. 45, no. 5, pp. 898-909, May 2000.
[17] E. Sontag, "A 'universal' construction of arstein's theorem on nonlinear
stabilization," Syst. Control Lett., vol. 13, pp. 117-123, 1989.
[18] R. Freeman, P. Kokotovic, "Inverse optimality in robust stabilization,"
SIAM J. ConU: Optimiz., vol. 34, pp. 1365-1391, July 1996.
[19] J. H. Lu, G. R. Chen, D. Z. Cheng, S. Celikovsky, " Bridge the
gap between the Lorenz system and the Chen system," Int.

J. BifUl:

Chaos,voI. l2, no. I I, pp. 2917-2926, 2002.

IV.

W. Tu, "Adaptive Backstepping Control of the Uncertain Unified
J. Nonlinear Science, vol.4, no. I, pp. I7-24, 2007.
[21] W. Zhang,Y. Liang, H. S. Su, Z. Q. C. Michael, Z. Z. Han, "Robust
[20]

CONCLUSION

G. Cai,

Chaotic System," Int.

Chaos is usually undesirable in real systems, therefore
many methods are proposed to control it. In this paper, for
the chaotic systems with uncertain parameters and stochastic
disturbance, we discussed the chaotic control problem by
using the Lyapunov-based model predictive control (LMPC).
Through introducing the auxiliary control law h(x), the stabil
ity of LMPC is discussed and proved by stochastic Lyapunov
stability theory. Compared to other chaotic control schemes,
the advantage of the proposed method is that the optimality
can be considered and guaranteed as well as the close-loop

stabilization of a class of nonlinear systems with uncertain parameters
based on CLFs," in Proceedings of the 30th Chinese Control Conference,
Yantai, China, 2011, pp. 2275-2279.

51

