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abstract
The mobile inverted pendulum (MIP) is a robotic system with nonholonomic constraint due to no-slip
condition imposed on the wheel. In particular, it has four configuration variables to be controlled using
only two control inputs. In this paper, we propose a nonlinear control strategy to move the MIP from one
point to another point in the configuration space while stabilizing the pendulum. The proposed single level
controller is designed using a nonlinear co-ordinate transformation which leads to a simple three step
navigation design procedure. The proposed controller stabilizes all four configuration variables without
switching between the controllers. Simulation results are presented to validate the proposed technique.
© 2015 Elsevier B.V. All rights reserved.

1. Introduction
Two wheeled self balancing robots are used for mobile applications involving narrow spaces and sloped environment. The laboratory version of this robotic system is called as ‘‘mobile inverted
pendulum’’. It has two wheels attached to its chassis and a pendulum which can rotate about its wheel axis. The pendulum is attached to the center of mass of the system in an inverted position.
This system has nonholonomic1 constraints due to no slip condition imposed on the wheels and also underactuated.2 Yamabico
Kurara [1], Segway [2] and Joe [3] are some of the existing models of MIP and in particular Segway is commercially available as a
human transporter.
Controller design for MIP is a challenging task due to nonholonomic constraints and underactuation. Moreover it has four
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configuration variables to be controlled with only two control inputs. This system fails to satisfy the necessary condition for asymptotic stabilization of the equilibrium using a continuous control
law [4]. The system cannot be fully feedback linearizable and the
internal dynamics are nonlinear [5,6]. Many control strategies are
developed for MIP in the literature based on the stabilization principle of inverted pendulum [7] and control techniques such as pole
placement [3,8], sliding mode [9,10], backstepping [11], Lyapunov
redesign [12], adaptive control, fuzzy control [13,14] and neural
control [15] have been proposed.
The controllers proposed for MIP in [1,8,9] can perform autonomous navigation whereas in [3] it can track driver’s input.
As an application of MIP, a baggage transportation system is proposed in [16] by configuring the system into two co-operative subsystems namely, balancing and traveling control subsystem and
navigation control subsystem. The robot is stopped at subgoal positions to cancel the posture error due to the linear controller. The
controllability and feedback linearizability of MIP are investigated
in [6] using nonlinear mathematical model and the authors developed separate two level controllers for stabilizing the MIP, one for
tracking orientation and heading speed and the other for position
control. However, the position controller fails to reorient the robot
to the desired angle and hence the final orientation is achieved
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through an in place rotation using another controller. The problems
of model uncertainties of MIP are dealt in [12] and the controller
is designed through the combination of time scaling and Lyapunov
redesign. The system is time scaled into two subsystems using a
delay mechanism and a two level controller is developed to handle
the effect of parametric uncertainties and external disturbances.
Other techniques such as neural network [17,18,15,19,20],
fuzzy logic [21], neuro-fuzzy [22], energy based controllers [23]
and model based controllers [24–27] are also employed for
the stabilization of MIP. In [24], velocity control of MIP under
uncertainty is investigated using sliding mode control, whereas
in [18,17,15], neural adaptive controllers are designed for the
trajectory tracking of MIP in uncertain condition. A linear position
tracking controller is developed in [25] using a smooth coordinate
transformation. Most of the control techniques proposed in the
literature concentrate on trajectory tracking with linear controllers
and the controller designed for three degrees of freedom point-topoint stabilization needs switching between the controllers [28].
Global stabilization of MIP with a single level controller without
any switching between the controllers is still a challenging
task whereas the pendulum on a cart system which is also
underactuated like MIP is stabilized using a single controller in [29]
and its global stabilization is obtained in [30] using combination
of control techniques namely, input–output linearization, energy
control, and singular perturbation theory.
This paper proposes a single layer nonlinear controller to
move the MIP from any initial position and orientation to any
desired position and orientation while stabilizing the pendulum
(four degrees of freedom) using only two controllers without any
switching between the controllers. First the nonlinear dynamic
model of the system is transformed to a new co-ordinate which
simplifies the system model and helps to design the controller.
Further, the system is partially feedback linearized to design
two independent controllers to move the robot from any initial
position and orientation to the desired position and orientation
while stabilizing the pendulum. Contrary to the previous control
approaches, the controller designed in this paper accomplishes a
series of motion tasks such as homing, moving toward the target
and stopping at the desired point in a required orientation without
any halt during the motion. The effectiveness of the controller is
validated through numerical simulations.
The rest of the paper is organized as follows. In Section 2, the
dynamic model of the system is presented. The state transformation, internal dynamics and the controller design for point to point
stabilization of MIP with stability analysis of closed loop system are
illustrated in Section 3. Section 4 outlines the effectiveness of the
proposed controller through simulation results. Finally, Section 5
presents concluding remarks.
2. Mathematical model of mobile inverted pendulum
The structure of MIP consists of a pendulum that can rotate
about its pivot, which is attached to the center of the line joining
the two wheels provided on the chassis as shown in Fig. 1. The system has four degrees of freedom (x, y, θ, α ); x, y are position in
x–y plane, θ is the orientation angle and α is the pendulum angle.
The position of the robot is controlled through two independent
motors which drive the wheels. The system parameters are given
in Table 1.
We define three co-ordinate frames each with three orthogonal
axes, namely inertial frame (X , Y , Z ), vehicle co-ordinate frame
(Xv , Yv , Zv ) and pendulum body co-ordinate frame (Xb , Yb , Zb ).
Inertial frame is the reference frame and the point ‘O’ which is
defined by the position vector (x, y, R)T in this frame is located
at the center of the line joining the two wheels. The vehicle coordinate frame is introduced to represent the orientation angle

Fig. 1. Schematic of mobile inverted pendulum.

θ = ̸ (X , Xv ) about the Z axis and the pendulum body co-ordinate
frame is attached to the pendulum body such that the pendulum
angle α = ̸ (Z , Zb ). The position of the center of mass of the pendulum body about the body co-ordinate frame is given by the vector (0, 0, cz ). The co-ordinates (Xa , Ya , Za ) represents an arbitrary
frame that is parallel to the inertial frame and attached to the point
‘O’. The position of the MIP in the inertial frame can be obtained by
rotating the Xa axis by an angle θ about Z axis and Za axis by an
angle α about the Yv axis.
The state-space model of MIP using the following assumptions:
(1) the robot undergoes motion on a horizontal surface.
(2) the wheels do not tilt away from the vertical and is always in
contact with a point on the surface.
(3) the model does not account for the friction and uncertainties.
is written as
ẋ = f (x) + g1 (x)τr + g2 (x)τl

(1)

T

where, x = x y θ α α̇ v θ̇ , τr and τl represent the
torques applied to right and left wheels of robot. The drift vector
field f (x) and the control vector fields g1 (x), g2 (x) are given by
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Table 1
List of symbols.
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derive a simplified model which helps in designing the controller.

Mb
Mw
R
2b
g
( 0 , 0 , cz ) T

Mass of the pendulum body
Mass of each wheel
Radius of wheel
Distance between the two wheels
Acceleration due to gravity
Center of mass of pendulum body with respect to
pendulum body coordinate frame
Moment of inertia of each wheel about its roll axis
Moment of inertia matrix of pendulum body with respect
to its center of mass
Moment of inertia of each wheel about a diameter
Angle of rotation of right and left wheel of MIP
Torque applied to the right and left wheel of MIP
Linear velocity

Iw a
Ib = diag(Ix Iy Iz )
Iw d

φr , φl
τr , τl
v

z1 = θ
z2 = x cos θ + y sin θ
z3 = x sin θ − y cos θ
z4 = θ̇

(4)

z5 = v
z6 = α
z7 = α̇.
System (1) after the state transformation (4) is given by,
ż1 = z4
ż2 = z5 − z3 z4

The functions appearing in the vector fields (2) are defined as
follows.
T1 (α) = b2 b3 − b25 cos2 (α)

ż3 = z4 z2
b1 z7 z4 sin 2z6
b
ż4 = −
+
(τr − τl )
2
b4 + b1 sin z6
R(b4 + b1 sin2 z6 )

T2 (α) = b4 + b1 sin2 α

ż5 =

g5 (α) = b3 R + b5 cos α
g6 (α) = b2 + Rb5 cos α
f5 (α, α̇, θ̇ ) =
f6 (α, α̇, θ̇ ) =
f7 (α, α̇, θ̇ ) =

sin 2α(b3 b1 θ̇ 2 − b25 α̇ 2 ) + 2b5 b3 g sin α

(sin 2z6 )(−b1 b5 z42 cos z6 − b25 g ) + 2b2 b5 z72 sin z6
2(b2 b3 − b25 cos2 z6 )
b2 + Rb5 cos z6
+
(τr + τl )
R(b2 b3 − b25 cos2 z6 )

ż6 = z7

2(b2 b3 − b25 cos2 α)
sin 2α(−b1 b5 θ̇ 2 cos α − b25 g ) + 2b2 b5 α̇ 2 sin α

ż7 =

2(b2 b3 − b25 cos2 α)

sin 2z6 (b3 b1 z42 − b25 z72 ) + 2b5 b3 g sin z6

−

−b1 α̇ θ̇ sin 2α
.
b4 + b1 sin2 α

u1 = −

T1 (α) > 0 ∀α ∈ As
T2 (α) > 0 ∀α ∈ As

b1 z7 z4 sin 2z6
b4 + b1 sin2 z6

b
R(b4 + b1 sin2 z6 )

(τr − τl )

2(b2 b3 − b25 cos2 z6 )

g5 (α) > 0 ∀α ∈ As

−

where As = {− π2 < α < π2 }.
The parameters b1 , b2 , b3 , b4 and b5 are given by,

+

sin 2z6 (b3 b1 z42 − b25 z72 ) + 2b5 b3 g sin z6

u2 =

g6 (α) > 0 ∀α ∈ As

b3 R + b5 cos z6
R(b2 b3 − b25 cos2 z6 )

(5)

(τr + τl )

the state equations of the system becomes
ż1 = z4

b1 = Mb cz2 + Ix − Iz

ż2 = z5 − z3 z4

b2 = Mb cz2 + Iy

ż3 = z4 z2

Mb R + 2(Iwa + Mw R )
2

b4 =

(τr + τl )

R(b2 b3 − b25 cos2 z6 )

and using the following input transformation,

Assume that, the parameters of MIP are designed to satisfy the
following conditions

b3 =

2(b2 b3 − b25 cos2 z6 )
b3 R + b5 cos z6

2

R2

ż4 = u1
(3)

R2 (Iz + 2Iwd + 2b2 Mw ) + 2b2 Iwa

ż5 =

R2

b5 = Mb cz .
The equilibrium configuration is ξ , {x, y, θ , 0, 0, 0, 0 :
(x, y, θ ) ∈ R2 × S 1 }. The MIP is not linearly controllable about
any of its equilibrium point. But, the system is strongly accessible
and small time locally controllable [6].

(sin 2z6 )(−b1 b5 z42 cos z6 − b25 g ) + 2b2 b5 z72 sin z6
2(b2 b3 − b25 cos2 z6 )


b2 + Rb5 cos z6
+
b3 R + b5 cos z6


sin 2z6 (b3 b1 z42 − b25 z72 ) + 2b5 b3 g sin z6
×
−
u
2
2(b2 b3 − b25 cos2 z6 )

(6)

ż6 = z7
ż7 = u2 .

3. Controller design

The system in (6) is in partial feedback linearized form.
Further system (6) can be written in ‘Z’ co-ordinate as

The control objective is to steer the robot from any initial point
x(0) to the desired equilibrium point while stabilizing the pendulum. Without loss of generality, the point to point control problem
can be considered as the stabilization problem of system (1) around
the origin. We used the following state transformation [31] to

Ż = F (Z) + G1 (Z)u1 + G2 (Z)u2

(7)

where,



Z = z1

z2

z3

z4

z5

z6

z7

T
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Fig. 2. Homing of MIP toward the target.

The functions appearing in the vector fields (8) are defined as
follows.

(sin 2z6 )(−b1 b5 z42 cos z6 − b25 g ) + 2b2 b5 z72 sin z6
2(b2 b3 − b25 cos2 z6 )


b2 + Rb5 cos z6
+
 b3 R + b5 cos z26 2 2

sin 2z6 (b3 b1 z4 − b5 z7 ) + 2b5 b3 g sin z6
×
2(b2 b3 − b25 cos2 z6 )


b2 + Rb5 cos z6
fu (z6 ) =
.
b3 R + b5 cos z6
fz (z4 , z6 , z7 ) =

desired orientation. The system considered in [34] has 3 degreesof-freedom (DOF) and stabilized by two control inputs using a
sequential switched control strategy. One of the control input is
used for orientation control and the other for pure forward motion.
The orientation control is inactive when pure forward motion
control is applied and vice-versa.
The controller proposed to stabilize the mobile robot [34] cannot be applied directly to stabilize the MIP since it has four DOF and
two control inputs. We modify the control law proposed in [34]
such that both the controllers are active during the entire navigation so that the system finally reaches the desired equilibrium. To
proceed with the above idea system (7) is divided into the following three subsystems.
z˙1 = z4

3.1. Internal dynamics of MIP

(13a)

z˙4 = u1
Consider the system in (7) with the following output equations
y1 = z3
y2 = z6 .

z˙6 = z7
(9)

The zero dynamics of the system (7) can be obtained by making the
output equations in (9) identically equal to zero [32,33] and it can
be written as y1 = 0, ẏ1 = 0, ÿ1 = 0, y2 = 0, ẏ2 = 0, ÿ2 = 0.
Now, the zero dynamics can be expressed as
ż3 = z4 z2 = 0
z̈3 = z4 (z5 − z3 z4 ) + z2 u1 = 0
ż6 = z7 = 0

(10)

z̈6 = ż7 = u2 = 0.
The zero dynamics results in z3 = 0, z4 = 0, ż4 = u1 = 0, z6 =
0, z7 = 0, ż7 = u2 = 0. By substituting this condition in the
remaining state equations in (7) we obtain the internal dynamics
as follows.
ż1 = 0
ż2 = z5

(11)

ż5 = 0.
The solution for the internal dynamics (11) can be expressed as

z2 = z5 t + c2

z˙2 = z5 − z3 z4
z˙5 = fz (z4 , z6 , z7 ) − fu (z6 )u2 .

(12)

z5 = c5
where c1 , c2 , c5 ∈ R. Eqs. (12) shows that, the internal dynamics
of the system (7) is unstable.
The controller design for MIP in this brief is similar to [34]
in which the authors proposed a switched controller to stabilize
the mobile robot using three stages namely home toward the
target position, move to the target position and then rotate to the

(13c)

Note that, the orientation of the MIP is directly controlled through
subsystem (13a) and the pendulum angle is directly controlled
through subsystem (13b).
3.2. Homing toward the target
The controller design starts with the three stage approach
proposed in [34]. The main aim of homing control is to rotate the
robot to the target position such that, the robot has to move to
the target position along the straight line connecting the initial
point and the final point as depicted in Fig. 2. In state-space it is
equivalent to stabilizing the state z3 .
Consider the following equation
z3 = x sin θ − y cos θ .
The state z3 can be made ‘0’ by setting the value of

θ = tan−1

z1 = c1

(13b)

z˙7 = u2

y
x

.

(14)

This task can be performed by controlling the θ dynamics
through the subsystem (13a)
z˙1 = z4
z˙4 = u1 .
In the original co-ordinate the robot rotates to align with a
straight line connecting the initial and final points as shown in
Fig. 2. This control scheme is named as ‘‘Homing’’ as mentioned
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Fig. 3. The trajectory followed by the MIP, when it aligns with the line z3 = 0.

in [34], however the posture in case of MIP is changing, due to
the stabilization of pendulum through subsystem (13b). Hence the
desired θ to make z3 = 0 is also varying and it is shown in Fig. 3.

θ(t ) = tan

−1



y(t )
x( t )



.

Fig. 4. Response of homing control when the MIP is in quadrant I.

(15)

The value of θ (t ) in (15) becomes indeterminate when x =
0, y = 0 simultaneously. This problem can be handled by defining
θ(t ) as follows


θ(t ) = tan−1

y(t )
x(t ) + 1 − sign x(t )2 + y(t )2






 .

(16)

We apply the following controller to align the robot to z3 = 0
line which results in z1 = z1r (t ).
u1 = −k1 (z1 − z1r (t )) − k2 z4

(17a)

where z1r (t ) = θ (t ).
The stabilizing controller for pendulum is
u2 = −k3 z6 − k4 z7

(17b)

Fig. 5. Response for homing control when the MIP is in quadrant II.

Now, consider the subsystem (13c)

where k1 , k2 , k3 , k4 are positive.
The closed loop system with the control law (17) is

z˙2 = z5 − z3 z4

ż1 = z4

z˙5 = fz (z4 , z6 , z7 ) − fu (z6 )u2 .

ż2 = z5 − z3 z4

When z3 = z4 = z6 , z7 = 0, (13c) becomes

ż3 = z4 z2

z˙2 = z5

ż4 = −k1 (z1 − z1r ) − k2 z4
ż5 =

(sin 2z6 )(−b1 b5 z42 cos z6 − b25 g ) + 2b2 b5 z72 sin z6
2(b2 b3 − b25 cos2 z6 )
b2 + Rb5 cos z6
+
b3 R + b5 cos z6


sin 2z6 (b3 b1 z42 − b25 z72 ) + 2b5 b3 g sin z6
×
2(b2 b3 − b25 cos2 z6 )
b2 + Rb5 cos z6
−
(−k3 z6 − k4 z7 )
b3 R + b5 cos z6

z˙5 = 0

(18)

ż6 = z7
ż7 = −k3 z6 − k4 z7 .
The controller u1 in (17a) stabilizes z1 to the target orientation
z1r and hence z3 = z4 → 0. At the same time the controller u2 in
(17b) stabilizes z6 and z7 to zero.

(19)

(20)

and hence z5 = c1 , z2 = c1 t + c2 .
The robot moves along a line passing through the origin.
However this control action may not drive the robot toward the
origin all the time. This strategy is simulated and the results are
presented in Figs. 4–7.
3.3. Pedaling action of MIP
The pedaling action of MIP is explained in this section which
is used further to modify the controller to stabilize the MIP. The
pendulum can be used as a pedal to move the MIP along the
direction of pendulum as shown in Fig. 8.
Consider the subsystem (13a)
ż1 = z4
ż4 = u1
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Fig. 8. Side view of pedaling action of MIP.

and together with the pendulum stabilized to − kK using the
3
controller (21), it becomes
ż2 = z5

Fig. 6. Response for homing control when the MIP is in quadrant III.

ż5 =
and (13b)
ż6 = z7
ż7 = u2 .
Assume that the MIP is not rotating about ‘Z ’ axis and hence u1 =
z4 = 0.
Consider the following control law, for the subsystem (13b),
u2 = −k3 z6 − k4 z7 − K

(21)

where k3 , k4 , K ∈ R are controller gains and k3 , k4 are positive.
This control law regulates the pendulum angle (z6 ) to a constant
value − kK and further z7 = u2 = 0.
3

When the robot is aligned with the line z3 = 0 and z4 = 0, the
subsystem (13c) can be written as

b5 g sin z6
b3 R + b5 cos z6

(23)

.

Case-1
If K > 0 ⇒ z6 < 0 and hence ż5 < 0, which results in
deceleration of the MIP.
Case-2
If K < 0 ⇒ z6 > 0 and hence ż5 > 0, which results in
acceleration of the MIP.
From case-1 and case-2, it is observed that the pendulum angle
z6 can be used as a pedal to force the MIP to move in the direction
of z6 .
3.4. Moving toward the target

ż2 = z5
ż5 =

=

(sin 2z6 )(−b25 g )
2(b2 b3 − b25 cos2 z6 )


b2 + Rb5 cos z6
2b5 b3 g sin z6
+
b3 R + b5 cos z6 2(b2 b3 − b25 cos2 z6 )

(sin 2z6 )(−b25 g ) + 2b2 b5 z72 sin z6
b2 + Rb5 cos z6
+
b3 R + b5 cos z6
2(b2 b3 − b25 cos2 z6 )


sin 2z6 (−b25 z72 ) + 2b5 b3 g sin z6
×
−
u
2
2(b2 b3 − b25 cos2 z6 )

(22)

Our objective is to move the MIP from any arbitrary initial
position toward the origin. The pedaling action explained in
Section 3.3 is used to modify the pendulum stabilizing control law
(17b) to move the robot toward the origin. This is equivalent to
crossing the point (z2 = 0). Since z3 is made zero through the

Fig. 7. Response for homing control when the MIP is in quadrant IV.
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Fig. 9. Response for moving toward the target when the MIP is in quadrant I.

Fig. 11. Response for moving toward the target when the MIP is in quadrant III.

Fig. 10. Response for moving toward the target when the MIP is in quadrant II.

Fig. 12. Response for moving toward the target when the MIP is in quadrant IV.

homing control, making z2 = 0 results in moving the robot to the
origin in x–y plane.
This section explains about the modification made to the
pendulum stabilizing controller such that the robot move toward
the target point (cross the origin in x–y plane). Consider the case
where z2 > 0. To move the MIP toward the target point (the origin),
the vehicle has to decelerate or ż5 < 0. This can be achieved if the
pendulum angle is set to a negative value by setting K > 0 in (21).
So the control law can be modified as

The subsystem (25) can be stabilized only if z2 and z5 are of opposite signs and it ensures a stable region R = {z2 , z5 : z2 z5 < 0} in
the z2 –z5 plane.
Now consider the control law

u2 = −k3 z6 − k4 z7 − k5 sign(z2 ),

(24)

such that it will drive the MIP to the target position. This is
simulated and the results are shown in Figs. 9–12.
3.5. Stopping at the target point
The modified control law (24) assures that, the robot move
toward the origin but it will not stop. So, further the control law
is modified to stop the robot at the target point.
Assume that the MIP is aligned with the line z3 = 0 and
the pendulum angle z6 is regulated to zero, the subsystem (13c)
becomes
z˙2 = z5
z˙5 = 0.

(25)

u2 = −k3 z6 − k4 z7 − k5 sign(z2 ) − C

(26)

where |k5 | = |C |.
Case-1
If z2 > 0, C < 0 in (26) and the motion of the robot in z3 = 0
line will make the pendulum angle z6 to zero, which results in (25).
At this instant z5 < 0 causes a stabilizing motion at a constant
velocity toward z2 = 0 line. Whenever the MIP crosses the line
z2 = 0 and the instant at which z2 becomes positive the pendulum
angle is set to a positive constant value (k5 + C ), which acts as
a pedal and pushes the robot back to z2 = 0 line. The above
mentioned actions will be taking place whenever the MIP crosses
the z2 = 0 line and the robot will be pushed toward z2 = 0 line.
This aids the robot to settle in z2 = z3 = 0, which means the MIP
has reached x = y = 0 in the original co-ordinates. The similar
motion which always pushes the robot toward z2 = 0 line will
also happen for z2 < 0, C > 0.
Case-2
If z2 < 0, C < 0 in (26) and the motion of the robot is in z3 = 0
line, the pendulum is set to a positive constant value k5 + C which
results in an acceleration pedal against the negative value of z2 and
causes a motion toward z2 = 0 line and the MIP will cross the
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The closed loop equations of the system with the controller (28)
is given by,
ẋ = v cos θ
ẏ = v sin θ

θ̈ = −
v̇ =

α̈ =

b1 α̇ θ̇ sin 2α
b4 + b1 sin α
2

(27)

on the stabilization of (13c) is depicted in Fig. 13. The quadrants II
and IV in z2 –z5 plane represent a stable reach region since z2 , z5
have opposite signs which stabilize (25) and the system navigates
at a constant velocity and reaches the point x = y = 0. At the
same time in quadrants I and III the controller (26) acts as a pedal
to stabilize the MIP.
Now, the integrated controller which performs homing, moving
toward the target and stopping at the target in a required
orientation is
u1 = −k1 (z1 − z1r ) − k2 z4

(28)

u2 = −k3 z6 − k4 z7 − k5 sign(z2 ) − k6 sign(z5 )

where k1 , k2 , k3 , k4 , k5 , k6 ∈ R are positive controller gains.
This controller moves all the state trajectories toward the origin.
The velocity is regulated to a very small value based on the value of
k5 . This velocity can be reduced even to zero in a practical system
with the aid of inherent friction in the system.
The torque inputs given to the two motors attached to the left
and right wheels using the controller (28) is,

τr =

R

[sin 2α(b3 b1 θ̇ −
2

4(b3 R + b5 cos α)

b25

α̇

2

2(b2 b3 − b25 cos2 α)
b3 R + b5 cos α

τl =

R

+ y sin θ ) + k6 sign(v))(b2 b3 − b25 cos2 α)]
R 
−
(−k1 (θ − θ1r ) − k2 θ̇ )(b4
2b

+ b1 sin2 α) + b1 θ̇ α̇ sin 2α .

(τr + τl ).

This closed loop system can perform the tasks such as homing,
moving toward the target, rotating to the desired orientation and
then stopping at the desired location sequentially, while stabilizing
the pendulum.
3.6. Stability analysis
Consider the internal dynamics (11)
ż1 = 0
ż2 = z5

(30)

ż5 = 0
with the output considered as in (9). This results in u2 = 0 and
substituting this in (28), we obtain that
sign(z2 ) = −

k6
k5

sign(z5 ).

(31)

Also, the controller u1 in (28) regulates z1 to z1r and z3 to zero.
Now, the internal dynamics of MIP using (28) results in
ż1 = 0
ż2 = z5

(32)

ż5 = 0.
Now, consider the Lyapunov candidate function
V =

1
2

z12 +

1
2

z22 +

1
2

z52

(33)

and its derivative is

= z2 ż2
= z2 z5
= |z2 |sign(z2 )z5 .

(34)

Substituting (31) in (34)


(29)

V̇ = |z2 | −

[sin 2α(b3 b1 θ̇ 2 − b25 α̇ 2

4(b3 R + b5 cos α)
+ 2b3 b5 g sin α) − 2(−k3 α − k4 α̇ + k5 sign(x cos θ

R(b2 b3 − b25 cos2 α)

V̇ = z1 ż1 + z2 ż2 + z5 ż5

+ 2b3 b5 g sin α) − 2(−k3 α − k4 α̇ + k5 sign(x cos θ
+ y sin θ ) + k6 sign(v))(b2 b3 − b25 cos2 α)]
R 
+
(−k1 (θ − θ1r ) − k2 θ̇ )(b4
2b

+ b1 sin2 α) + b1 θ̇ α̇ sin 2α

(τr − τl )

sin 2α(b3 b1 θ̇ 2 − b25 α̇ 2 ) + 2b5 b3 g sin α

−

u2 = −k3 z6 − k4 z7 − k5 sign(z2 ) − k6 sign(z5 )

R(b4 + b1 sin2 α)

(sin 2α)(−b1 b5 θ̇ 2 cos α − b25 g ) + 2b2 b5 α̇ 2 sin α
2(b2 b3 − b25 cos2 α)
b2 + Rb5 cos α
+
(τr + τl )
R(b2 b3 − b25 cos2 α)

Fig. 13. Stable reach and repulsive reach region in z2 –z5 plane.

point z2 = z3 = 0 and hence z2 becomes positive. The robot can
be pushed back to the point (z2 = z3 = 0), if we make C > 0 at
the instant z2 becomes positive. This sets the pendulum angle z6 to
a negative constant value −(k5 + C ) against the positive z2 which
results in a deceleration pedal.
From case-1 and case-2, it is observed that the value of C plays a
major role in stabilizing the MIP at z2 = z3 = 0 and similar motion
control can be obtained if we make C = k6 sign(z5 ) in (26).
The consequence of control law

b

+

=−

k6
k5

k6
k5



sign(z5 ) z5

|z2 | |z5 |.

(35)

Since V̇ in (35) is negative semi-definite, the stability can be
proved through LaSalle’s invariance principle [35].
When V̇ = 0
z2 = 0
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Table 2
System parameters.
Parameter

Value

Unit

Mb
Mw
R
cz
b
g
Ix
Iy
Iz
Iw
Iw a

3.9
0.375
0.1025
0.1
0.1620
9.8
0.02
0.015
0.01
0.002
0.001

kg
kg
m
m
m
N
kg m2
kg m2
kg m2
kg m2
kg m2

Fig. 16. Position in x–y plane.

Table 3
Controller parameters.
Parameter

Value

k1
k2
k3
k4
k5
k6

1
1
1
1
0.001
0.001

Fig. 17. Orientation of MIP (θ ).

Fig. 18. Pendulum angle (α ).

Fig. 14. Position in x direction.

Fig. 19. Velocity of pendulum angle (α̇ ).

Fig. 15. Position in y direction.

and it implies that ż2 ≡ 0 and from (32) we obtain that z5 ≡ 0.
Also, considering the case V̇ = 0 when z5 = 0 will result in z2 = 0.
This can be proved using (31). Thus, it is proved that the controller
(28) stabilizes the internal dynamics z2 , z5 in (32) to zero. Also,
z2 = z3 = 0 in (4), leads to x = y = 0 and substituting this
condition in (16) makes z1r (t ) = 0. Also, ż4 = u1 = 0 implies that
z1 = z1r (t ) = 0 which leads to the stabilization of the system (7)
to the equilibrium.

Fig. 20. Angular velocity of orientation angle (θ̇ ).

4. Simulation results
In this section, simulation results of the MIP using the proposed
controller is presented. Table 2 shows the system parameters,
which are chosen from [25], since it uses a heavier mass in the
pendulum. All the simulations were carried out for a non zero
initial condition. The response for homing control (17) for a non
zero initial condition when the MIP is in quadrants I–IV of x–y
plane is depicted in Figs. 4–7. The results shows that the controller
is able to orient the robot toward the target in a finite time. The
results for moving toward the target for all the four quadrants is
shown in Figs. 9–12. These results show that the controller has the
capability to move the robot to the origin. Finally, the motion tasks

Fig. 21. Linear velocity (v ).

such as targeting, moving toward the origin and stopping at the
target in a required orientation are obtained by the controller (28)
with the parameters as in Table 3 and the responses are given for
the initial conditions x(0) = 1, y(0) = −5, θ (0) = 0.3, θ̇ (0) =
0.25, v(0) = 0.25, α(0) = −0.25, α̇(0) = 0.25 in Figs. 14–25.
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Fig. 22. Control input u1 .

Fig. 23. Control input u2 .

Fig. 24. Torque input to right wheel (N m).

Fig. 25. Torque input to left wheel (N m).

5. Conclusion
A nonlinear controller is proposed to stabilize the mobile
inverted pendulum to its equilibrium point. The proposed method
does not demand for any switching between controllers when
compared to the existing control techniques. It is proved that the
internal dynamics of the closed loop system is stable. Simulations
with realistic data show that, the proposed control strategy is
effective.
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