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In this paper, formation control strategies based on position estimation for double-integrator systems are
investigated. Firstly, an optimal control formation control strategy is derived based on the estimator. It is
proven that the control inputs are able to drive the agents to the predefined formation and the controller
is optimal even based on the estimation law if the estimator has converged to stable. Secondly, a con-
sensus law based on the estimator is presented, which enables the agents converge to the formation in a
cooperative manner. The stability can be guaranteed by proper parameters. Thirdly, extra control input
for inter collision avoidance is added into the derived consensus control strategy, and efficacy analysis are
provided in detail. Finally, the effectiveness of the strategies proposed are shown by simulation and
experiment results.

& 2015 ISA. Published by Elsevier Ltd. All rights reserved.
1. Introduction

With the widely use of multi-agent, scholars are also growing
their interest in agent's algorithm study. The research of multi-
agent mainly focus on agents' formation control, and obstacle
avoidance [1,3]. The cooperative control of multi-agent systems
can be categorized as single-integrator system [4], double-
integrator system [5], high-order system [6] and some more
complex dynamics such as distributed-order fractional damping
system [7] and nonholonomic robotic system [8,9].

The essence of formation control is the strict geometry coales-
cence control [1,4]. The purpose of formation control is to realize
specified configuration or to reach to desired target point by
adjusting individual's behavior. Formation control has many research
methods now, we can be roughly divided into three categories:
leader–follower, virtual structure and behavior based method. The
leader–follower approach plus the Lyapunov and sliding mode
methods are used in [11] and [12] to design cooperative controllers
for a group of underactuated vessels. A combination of line-of-sight
path-following and nonlinear synchronization strategies is studied in
[13] to make a group of underactuated vessels asymptotically follow
a given straight-line path with a given forward speed profile. Virtual
structure is a wildly used formation control method [14], whereas, it
is only suitable for formation control with less individuals. In recent
years, Beard et al. [15] have done a lot of fruitful work by using
rights reserved.
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distributed frame to realize virtual structure formation. Actually, the
formation control based on behavior method is not often used, yet
the typical literature include [16] and [17].

As nodes move to achieve a desired configuration they must
avoid obstacles and remain connected. Navigation functions are
originally developed in the seminal work in [18] to enable a single
point-mass agent to move in an environment with spherical
obstacles. The navigation function developed in [18] is designed to
be a real-valued function that is designed so that the negated gra-
dient field does not have a local minima and the agents' perfor-
mance converges to a desired destination. Results such as [19] and
[20] are motivated by the need to prevent the graph partitioning.

In most of these applications, strong ability of communication
is needed by each individuals, in other words, the absolute posi-
tion of each agent is required to carry out the following work such
as formation control, consensus control and rendezvous control.
But in order to get the exact location, it has to build a localization
platform, which costs highly. Even if the localization platform is
ready, in many cases we also cannot obtain the absolute position of
agents, for instance the transmission fault, the limitations of the
hardware and the factor of the energy costs make it difficult to get
the absolute position. However, the real-time relative position of
the multi-agents can be easily measured by using infrared detec-
tion or bluetooth devices. The velocity of each individual can also
obtained from calculating the distance of adjacent two detection
times by the photosensitive elements.

The works presented in this paper are based on our precious
work [2] and the estimator proposed in [24]. However, the
avoidance for multi-agent systems based on position estimation.
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controllers designed in this paper are quite different from [24], in
which the estimation law is presented based on single-integrator
system, and use unicycle systems to test its efficacy. The linear
velocity of the unicycle is designed as a PD-like feedback law, which
in fact is assumed to be a single integrator system, while the
angular velocity is designed as a periodic time-varying cosinoidal
function and is independent of states information. While in this
paper, we expend its application into double-integrator systems.
The main contribution can be summarized as follows: (a) an opti-
mal control law based on the maximum principle is designed based
on the estimator for the second order systems. It also has been
proven that the control inputs are able to drive the agents to the
predefined formation, and is optimal even based on the estimation
law if the estimator converges to stable; (b) the consensus law
based on the estimator is presented, which enables the agents
converge to the formation in a cooperative manner. The stability can
be guaranteed by proper parameters; (c) we further studied the
inter collision avoidance scene based on the estimator and the
consensus law presented, and provided the efficacy analysis in
detail.

The structure of this paper is organized as follows. In Section 2,
some basic knowledge of graph theories and some necessary
preliminary results for formation background are presented.
Section 3 states the model and problems we studied in this paper.
Section 4 proposes an derived formation control strategy for the
agents to realize cost limited while converging to the desired
position puts forward the collision avoidance method used in this
paper. Section 5 shows the results of the proposed control strategy
to verify the proposed strategy and result of adding the extra
control input which can realize obstacle avoidance effectively. In
Section 6, we carried out experiments with the proposed algo-
rithm. Finally, concluding remarks are given in Section 7.
2. Preliminaries

In this section, we introduce several notations in graph theory
and list some useful notations for later reference.

A directed graph G consists of a finite set of vertex VðGÞ ¼ fv1;
v2;…:vng and an edge set EDV � V, where an edge is an ordered
pair of vertices in VðGÞ. If ðvi; vjÞ is an edge of G, vi is defined as the
parent vertex and vj is defined as the child vertex. Let G¼ ðV; E;AÞ,
where A¼ ½aij�ARj V j �j V j with non-negative elements, jV j denotes
the cardinality of V. The element aij of A is positive if ðvi; vjÞAE,
which means there is a directed path from i to j, and it is zero
otherwise. It is assumed that ðvi; viÞ=2E for any viAV. The set of
neighbors of viAV is denoted by N i ¼ fvjAV : ðvi; vjÞAEg, called i's
communication set, which includes the agents with which agent i
can communicate. A directed graph G is said to have a spanning
tree if there exists a vertex, called the root, such that it can be
connected to all other vertices through paths. The node is called
the root of the spanning tree. Here we concentrate on the directed
graph which is often used in modeling communication topologies
among agents. The degree di of the vertex i is defined by
di ¼

P
jAN i

aij. Let Δ be the N � N diagonal matrix of di. Then Δ is
defined as the degree matrix of G. The (combinatorial) Laplacian of
G is denoted by the positive semi-definite matrix L¼Δ�A. Here
we have L¼ ½lij� of G is

lij ¼

P
kAN i

aik i¼ j

�aij ia j:

8<
:
The following result is recalled which will be used later.

Lemma 1 (Ren et al. [21]). Consider the linear system described by

_x ¼ �Lx ð1Þ
Please cite this article as: Xia Y, et al. Formation control and collision
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where x¼ ðx1; x2;…; xNÞARN and L is the Laplacian matrix of a
weighted directed graph G. For (1), there exists a finite vector x1 ¼
ðx1c ;…; x1c ÞARN such that x exponentially converges to x1 if and
only if G has a spanning tree.

Lemma 2 (Ren and Beard [22]). Let

ρ7 ¼
γμ�α7

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
γλ�α
� �2þ4μ

q
2

ð2Þ

where ρ, μAC. If αZ0, ReðμÞo0, ImðμÞ40 and

γ4ΓðμÞ ð3Þ

where ΓðμÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2

μj j cos tan � 1
Im μ
� �

�Re μ
� �

" #vuuut , then ReðρÞo0, where Reð�Þ
and Imð�Þ represent, respectively, the real and imaginary parts of a
number.
3. Problem formulation

3.1. System dynamics

Consider the second order linear system of the N-agents

_pi ¼ vi
_vi ¼ ui

(
ð4Þ

where piARn, viARn and uiARn denote the position, velocity and
control input of agent i, respectively. The overall system is
rewritten as

_p ¼ v
_v ¼ u

�

where p¼ ðp1;…;pNÞ; v¼ ðv1;…; vNÞ and u¼ ðu1;…;uNÞ. The inter-
action topology among the agents is modeled by a weighted
directed graph G¼ ðV; E;AÞ, which is referred to as the interaction
graph for the agents. As we have mentioned in Section 1, it is
difficult to get agents' exact position pi sometimes. To solve this
problem, we first give the following assumptions:

� Agent i is able to sense the relative position of its neighbors,
which is denoted as

pij ¼ pij ¼ pj�pi; 8 jAN i ð5Þ

where pij is the relative position of agent j to agent i, and cannot
obtain the absolute position of the all agents.

� Each of the agent can measure its own absolute velocity vi; i¼
1;…;N which is easy to get by calculating, and can obtain its
neighbors' velocity information by communication.

� All the agents estimate their own positions denoted as
p̂i; i¼ 1;…;N, and receive the values of the estimated position of
their neighbors by communication.

� We assume agents are equipped with infrared and bluetooth
function, which means the robot can explore the around
environment, and it can take the corresponding collision
avoidance measures once it explores other objects.

� Once agents jðja iÞ come into i's communication region, they
can communicate with each other (we use it only in obstacle
avoidance).

� We assume there exists dynamic obstacles between agents
themselves only, i.e. has no static obstacles in the environment.

For the agents modeled by (4), suppose that the interaction
graph is given by G¼ ðV; E;AÞ and the desired positions is
pd ¼ ðp1d;…; pNdÞ.
avoidance for multi-agent systems based on position estimation.
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Lemma 3 (Ren and Beard [22]). For the system (4) with the fol-
lowing controller

ui ¼ �
Xn
j ¼ 1

aijðtÞ pi�pj
� �

þγ vi�vj
� �h i

ð6Þ

the system achieves consensus asymptotically if and only if Θ has
exactly two zero eigenvalues and all other eigenvalues have negative
real parts, where

Θ¼
0n�n In
�Ln tð Þ �γL tð Þ

" #
:

Specifically, piðtÞ-
Pn

i ¼ 1 ηipið0Þþt
Pn

i ¼ 1 ηivið0Þ and viðtÞ-
Pn

i ¼ 1 ηi
við0Þ for large t, where η¼ ½η1;…;ηn�T Z0, 1T

nη¼ 1, and LTnη¼ 0.

3.2. Control objective

This paper studies the formation control problems for the
agents as follows:

1. For each agent iAV, design an estimation law to achieve

lim
x-1

p̂iðtÞ ¼ piðtÞþ ~p1
c ð7Þ

for a certain constant vector ~p1
c AR by using pij and p̂j for all

jAN i.
2. Given a group of desired position pid, iAV, design an optimal

control law based on the estimator designed such that all the
agents can reach their desired position with a constant error,
i.e.,

lim
x-1

piðtÞ ¼ pidðtÞþ ~p1
c

lim
x-1

viðtÞ ¼ 0

8<
: iAf1;…;Ng ð8Þ

where ~p1
c ARn is constant vector, and the control energy cost is

given by following quadratic performance index,

J ¼ 1
2

XN
i ¼ 1

Z 1

0
½eiðtÞTQeiðtÞþuT

i Rui� dt
� �

ð9Þ

where Q and R are positive-definite matrices of appropriate
dimensions, ei(t) is the output error eiðtÞ ¼ pid� p̂i.

Remark 1. To find a control law un

i according to the maximum
principle to minimize the performance index, absolute position
and cost limited energy are required for the agent. The forma-
tion control problem of (4) is to track p̂i into the desired output
pid and consider the performance index (9) at the same time.

3. Design a consensus law based on the estimator, such that the
agents converge to a consist view of the position and velocity,
i.e.,

lim
t-1

piðtÞ ¼ lim
t-1

pjðtÞ
lim
t-1

viðtÞ ¼ lim
t-1

vjðtÞ ¼ constant

8<
: i; jAf1;…;Ng ð10Þ

4. Adding additional control input item based on the estimator
into agents to realize collision avoidance while they converging
to the desired position.

Remark 2. From the problem stated above, note the following
points:

� The estimated position p̂i converges to piþ ~p1
c rather than

converges to pi. More ever, vi converges to a consist value of all
the agents, which is determined by the initial velocity of
each agent.

� pi cannot converge to pid exactly due to the error between p̂i

and pi.
Please cite this article as: Xia Y, et al. Formation control and collision
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� The data we can get are only pij, p̂i, p̂j and vi by sensing, com-
munication and calculation.
4. Design formation control law

4.1. Position estimator

A distributed position estimation law for the agents modeled
by (4) can be designed as:

_̂p i ¼ viþko
X
jAN i

aijðp̂ji�pjiÞ ¼ viþko
X
jAN i

aij½ðp̂j� p̂iÞ�ðpj�piÞ� ð11Þ

where ko40, p̂ji and pji are the estimated and real relative position
between agent j and agent i, respectively. The second equal sign
holds because p̂ji ¼ p̂j� p̂i and pji ¼ pj�pi which is mentioned above.
(This equal sign is just for the stability analysis in the following article
and the exact position pj and pi are not used in the simulation.)

The position estimation law (11) does not require the absolute
position information but needs the velocity information vi, relative
position pji and additional information p̂j, which are obtained by
calculating, sensing and communicating, respectively. Defining
~pi ¼ pi� p̂i, and combining it with the first equation in (4) and (11),
we obtain

_~p i ¼ ko
X
jAN i

aijð ~pj� ~piÞ

Rewrite the overall estimation error dynamic as

_~p ¼ �koðLn � ImÞ ~p ð12Þ

where ~p ¼ ð ~p1;…; ~pNÞ, and � denotes the Kronecker product of the
matrices. The following result is useful in proving the convergence
of p̂.

Lemma 4 (Oh [24]). For the estimation dynamics, there exists a
finite vector ~p1 ¼ ð ~p1

c ;…; ~p1
c Þ such that p̂ globally exponentially

converges to p� ~p1 if and only if G has a spanning tree.

4.2. Control input based on position estimation and maximum
principle

The differential equation (4) describes the linear time-invariant
system and the second problem states that we need to find the
optimal control unðtÞ; tA ½t0;1� to minimize the performance in
(9), where QZ0 and R40, both of them are constant symmetric
matrices.

Rewriting (4) as the following format:

_XiðtÞ ¼ AXiðtÞþBuiðtÞ Xiðt0Þ ¼ Xi0

YiðtÞ ¼ CXiðtÞ ð13Þ

Xi is a vector that Xi ¼ ðx1i; x2iÞ ¼ ðpi; viÞ and the performance index
is

Ji ¼
1
2

Z 1

t0
½pidðtÞ�piðtÞ�2þu2

i ðtÞ
	 


dt ð14Þ

find the optimal control unðtÞ, to minimize Ji where Q¼1, and R¼1
in (9).

It is an infinite-time horizon quadratic problem and we will
solve this problem according to the maximum principle.

From (4), we can obtain:

A¼ 0 1
0 0

� �
; B¼ 0

1

� �
; C ¼ 1 0½ �;

and Q ¼ 1;R¼ 1.
avoidance for multi-agent systems based on position estimation.
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It is obviously that the system ðA;B;CÞ is absolutely controllable
and detectable, thus it exists the optimal control, which is

un

i ðtÞ ¼ �R�1BTPXiðtÞþR�1BTηðtÞ ð15Þ
where P and ηðtÞ are the solutions of the following algebraic
equations:

PAþATP�PBR�1BTPþCTQC ¼ 0

ðPBR�1BT �AT ÞηðtÞ�CTQyrðtÞ ¼ 0 ð16Þ
Denoting

P ¼
p11 p12
p21 p22

" #

and substituting the value of A;B;C; P;Q into the first algebraic
equation, as P is positive definite, we can obtain

p11 ¼
ffiffiffi
2

p
; p12 ¼ p21 ¼ 1; p22 ¼

ffiffiffi
2

p

Calculating the same way as the first equation, we obtain

η2ðtÞ ¼ pidðtÞ
η1ðtÞ ¼

ffiffiffi
2

p
η2ðtÞ ¼

ffiffiffi
2

p
pidðtÞ

(

Thus,

un

i ðtÞ ¼ �x1iðtÞ�
ffiffiffi
2

p
x2iðtÞþpidðtÞ ¼ �piðtÞ�

ffiffiffi
2

p
viðtÞþpidðtÞ ð17Þ

under the control input un

i ðtÞ, (4) is stable apparently. The control
input for the overall system is unðtÞ ¼ ½un

1ðtÞ;…;un

NðtÞ�.
Fig. 1 shows the trajectory of pi and vi under un

i ðtÞ when
pid ¼ 1; pi0 ¼ 2; vi0 ¼ 0. The results show that limt-1piðtÞ ¼ pidðtÞ
and limt-1viðtÞ ¼ 0 no matter where the original positions are.
Based on different values of Q and R, we can also get the optimal
control un

i ðtÞ using the same method.
In most cases, it is difficult to obtain the absolute position due

to various reasons. But from (11), we can get the estimated posi-
tion of agent i using only pij and p̂j where jAN i. Combined the
position estimator with optimal control input (17), since pid, p̂i and
vi are available to agent i, a position control law for the agents can
be designed as

u0
iðtÞ ¼ � p̂iðtÞ�

ffiffiffi
2

p
viðtÞþpid ð18Þ

Theorem 1. For a team of N agents modeled as double integrator
dynamics (4), suppose G is the interaction graph and assume the
graph G contains a spanning tree. Given a desired formation described
by pid, i¼ 1;2;…;n, there exists finite vectors ~p1 ¼ ð ~p1

c ;…; ~p1
c Þ, such
Please cite this article as: Xia Y, et al. Formation control and collision
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that p̂ globally converges to pþ ~p1 and vi converges to 0 under the
controller (18) and the estimator (11). Furthermore, the controller
(18) is optimal if the estimator has converged to stable.

Proof. Substituting (18) into (4), we obtain the following equa-
tion:

_pi ¼ vi
_vi ¼ � p̂i�

ffiffiffi
2

p
viþpid

(
ð19Þ

as p̂i ¼ pi� ~pi, then we have

_pi

_vi

" #
¼ 0 1

�1 �
ffiffiffi
2

p
" #

pi
vi

" #
þ

0
pidþ ~pi

" #

denoting p0i and v0i as:

p0i ¼ pi�ðpidþ ~piÞ
v0i ¼ vi

(

we obtain:

_p 0
i

_v 0
i

" #
¼ 0 1

�1 �
ffiffiffi
2

p
" #

p0i
v0i

" #
þ _~p i0 �
h

ð20Þ

where _~p ¼ �koðLn � ImÞ ~p, which implies that _~p i and ~p-p1c . It is
obvious, from (20), that p0i-0 and v0i-0, which is equivalent to
pi-pidþ ~pi and vi-0.

Furthermore, if the estimator has converged to stable, the
controller (18) can be rewritten as

u0
iðtÞ ¼ �piðtÞ�

ffiffiffi
2

p
viðtÞþpidðtÞþp1c

which is just the solution of (15) by setting the desired position as
pidðtÞþp1c . This implies that the controller (18) is optimal to drive
the agent from pi to pidðtÞþp1c . This completes the proof.□

Remark 3. The condition that the interaction graph contains a
spanning tree is only used for ensuring the convergence of the
estimator, and is not used for information exchange. The com-
munication scene will be discussed in the next subsection.

4.3. Control input based on position estimation and consensus law

Based on the above assumption and the position estimator law, we
propose the following state feedback controller for multi-agent sys-
tem:

ui ¼ �
Xn
j ¼ 1

aij p̂i�pid� p̂j�pjd
� �� �

þγ vi�vj
� �h i

ð21Þ

With (10), formation control is achieved or reached by the team
of agents if, for all i; j¼ 1;…;n, J p̂i�pid J� J p̂j�pjd J-0 and
Jvi�vj J-0, as t-1. As to achieve this effect, p̂i-pid and p̂j-pjd
established.

Theorem 2. Let μi; i¼ 1;…;n, denote as the ith eigenvalues of �Ln.
Based on algorithm (21) and estimator (6), the multi-agent system
can achieve the desired formation configuration if directed graph G
has a directed spanning tree and

γ4γ ð22Þ

where γ ¼Δ 0 if all of the n�1 nonzero eigenvalues of �Ln are
negative and γ ¼maxμi ;i ¼ 1;2⋯;nΓðμiÞ, otherwise. Therefore, for t-1,
there has:

pi tð Þ-pidþ ~p1
c þt

Xn

i ¼ 1
ηivi 0ð Þ

vi tð Þ-
Xn

i ¼ 1
ηivi 0ð Þ ð23Þ
avoidance for multi-agent systems based on position estimation.
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where η¼ ½η1;…;ηn�T Z0, 1T
nη¼ 1, LTnη¼ 1, pd ¼ ðp1d; p2d;…; pndÞ,

~p1 ¼ ð ~p1
c ; ~p1

c ;…; ~p1
c Þ are constant.

Proof. Substitute the controller (21) in to the system (4), the
system can be rewritten as

_p
_v

� �
¼

0n�n In
�Ln �γLn

" #
� Im

 !
p̂�pd

v

" #

where p¼ ½pT1;pT2;…; pTn�T, p̂ ¼ ½p̂T
1; p̂

T
2;…; p̂T

n�T, and pd ¼ ½pT1d; pT2d;…;

pTnd�T. Let pi� p̂i ¼ ~pi and

M¼
0n�n In
�Ln �γLn

" #
;

we have

_p
_v

� �
¼ ðM � ImÞ

p� ~p�pd
v

� �
¼ ðM � ImÞ

p�pd
v

� �
�

0
ðLn � ImÞ ~p

" #
ð24Þ

_~p ¼ �koðLn � ImÞ ~p ð25Þ

From Lemma 4, we have ~p-½ ~p1
c ; ~p1

c ;⋯ ~p1
c �T. Combing with the

proposition of Laplacian matrix Ln, one obtains ðLn � ImÞ ~p-0,
as t-1.

Next, we proof the matrix only have two zero eigenvalues and
the all other eigenvalues have negative real parts. To find the
eigenvalues of M, we can solve the equation detðλI2n�MÞ ¼ 0. Note
that

detðλI2n�MÞ ¼ det
λIn � In
Ln λInþγLn

" # !
¼ det λ2Inþ 1þγλ

� �
Ln

h i

Also note that

det λInþLn
� �¼ ∏

n

i ¼ 1
λ�μi

� � ð26Þ

where μi is the ith eigenvalue of �Ln. By comparing the above two
equations, we see that

det λ2Inþ 1þγλ
� �

Ln
h i

¼ ∏
n

i ¼ 1
λ2� 1þγλ

� �
μi

h i
ð27Þ

which implies that the roots of (26) can be obtained by solving
λ2 ¼ ð1þγλÞμi. Therefore, it is straightforward to see that the
eigenvalues of Θ are given by

λi7 ¼
γμi7

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
γ2μ2

i þ4μi

q
2

ð28Þ

where λiþ and λi� are called the eigenvalues of M that are asso-
ciated with μi. Eq. (28) implies that M only have two zero eigen-
values because that Ln only have one zero eigenvalue.

Since that the parameter satisfies (22), combing with the
results given by Lemma 2, one can conclude that all the eigenva-
lues of M have negative real part except the two zero eigenvalues.
Further, combing with the results given by Lemma 3 and the
backstepping design technic, one obtains

pi tð Þ-
Xn

i ¼ 1
ηipi 0ð Þþpidþt

Xn

i ¼ 1
ηivi 0ð Þ

vi tð Þ-
Xn

i ¼ 1
ηivi 0ð Þ ð29Þ

where
Pn

i ¼ 1 ηipið0Þ ¼ ~p1
c . Since that pd is constant and

8 i¼ 1;2;…;n, ~p1
c are all the same for each agent as time goes by,

the final formation results can achieve as the desired formation
configuration pid.□
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4.4. Control input based on position estimation and consensus law
with collision avoidance

When implementing the formation control, complementary
objectives derived from the systems' interaction constraints may also
be considered. When converging to the desired position the allowed
distance between agents which is a practical problem we need to
consider. So collision avoidance constraints are necessary, we should
add extra control terms during the formation control. The potential
function based on the estimator is designed as follows:

Vijðp̂i; p̂jÞ ¼ min 0;
J p̂i� p̂j J

2�R2

J p̂i� p̂j J
2�r2

( ) !2

ð30Þ

where R denotes the radius of the detection region and r denotes the
avoidance region, i.e. the safety radius. If the distance between two
agents is less than R, Vijðp̂i; p̂jÞ in (30) will be larger than zero and it
will be effective in the extra control input. Also, Fig. 2 depicts the
time evolution of the avoidance function Vijðp̂i; p̂jÞ which shows that
as the distance between two agents tend to r, Vij tends to 1. So we
call r the safe distance.

The partial derivative of Vij with respect to p̂i is given by

∂VT
ij

∂p̂i
¼

4 R2�r2
� �

p̂i� p̂j

 2�R2
� �

p̂i� p̂j

 2
2�r2

� �3 p̂i� p̂j

� �T
; rr p̂i� p̂j

 rR

0; p̂i� p̂j

 ZR

8>>>><
>>>>:

ð31Þ
The consensus law with collision avoidance based on estimator

is designed as follows:

ua
i ¼ �

Xn
j ¼ 1

aij½ðp̂i�pid�ðp̂j�pjdÞÞþγðvi�vjÞ��
Xn
j ¼ 1

∂Vijðp̂i; p̂jÞT
∂p̂i

ð32Þ

Theorem 3. For the system (4), if the controller with consideration of
collision avoidance is designed as (32), and the parameter γ is
designed satisfying (22), then the system is able to build the forma-
tion defined as pid, and the collision can be avoid.

Proof. Let ξi ¼ p̂i�pid, i¼ 1;2;…;n. For system (4) with controller
(21), a Lyapunov function candidate can be chosen as

V1 ¼
1
2

Xn
i ¼ 1

Xn
j ¼ 1

½ðξi�ξjÞTðξi�ξjÞþðvi�vjÞTðvi�vjÞ� ð33Þ
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Fig. 3. The interaction graph.
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Taking derivative of V1 along the trajectories of the system, one
obtains

_V 1 ¼
Xn
i ¼ 1

Xn
j ¼ 1

½ðξi�ξjÞTð _ξ i� _ξjÞþðvi�vjÞTðui�ujÞ� ð34Þ

It have been proven by Theorem 2 that ðξi�ξjÞ-0 and ðvi�vjÞ-0,
for i; j¼ 1;2;…;n, as t-1. Consequently, V1-0 as t-1, which
implies _V 1r0, and the equals sign holds only when the system
achieves consensus.

For system (4) with controller (32), we choose the Lyapunov
function as follows:

V ¼ 1
4

Xn
i ¼ 1

Xn
j ¼ 1

½ðξi�ξjÞTðξi�ξjÞþðvi�vjÞTðvi�vjÞ�þ
Xn
i ¼ 1

Xn
j ¼ 1

Vijðp̂i; p̂jÞ

ð35Þ
Taking derivative of V1 along the trajectories of the system, for ia j,
one can get

_V ¼ 1
2

Xn
i ¼ 1

Xn
j ¼ 1

½ðξi�ξjÞTð _ξi� _ξ jÞþðvi�vjÞTðua
i �ua

j Þ�

þ
Xn
i ¼ 1

Xn
j ¼ 1

 
∂Vij

∂p̂i

_̂p iþ
∂Vij

∂p̂j

_̂p j

!
¼ 1
2

Xn
i ¼ 1

Xn
j ¼ 1

½ðξi�ξjÞTð _ξi� _ξ jÞ

þðvi�vjÞTðui�ujÞ��
1
2

Xn
i ¼ 1

Xn
j ¼ 1

ðvi�vjÞT
Xn
k ¼ 1

∂VT
ik

∂p̂i
�
Xn
l ¼ 1

∂VT
lj

∂p̂j

 !" #

þ
Xn
i ¼ 1

Xn
j ¼ 1

 
∂Vij

∂p̂i

_̂p iþ
∂Vij

∂p̂j

_̂p j

!

Due to the fact that _̂p i ¼ vi if the estimator converges, and the
fact that

∂Vij

∂p̂i
¼ �∂Vij

∂p̂j
¼ ∂Vji

∂p̂i
¼ �∂Vji

∂p̂j
ð36Þ

it can be proven by expansion that the terms

�1
2

Xn
i ¼ 1

Xn
j ¼ 1

ðvi�vjÞT
Xn
j ¼ 1

∂VT
ij

∂p̂i
�
Xn
i ¼ 1

∂VT
ij

∂p̂j

0
@

1
A

2
4

3
5

þ
Xn
i ¼ 1

Xn
j ¼ 1

 
∂Vij

∂p̂i

_̂p iþ
∂Vij

∂p̂j

_̂p j

!
¼ 0 ð37Þ

Consequently,

_V ¼ 1
2
_V 1r0 ð38Þ

which implies the system can achieve consensus and build the
formation as same as pid. On the other hand, for ia j, one has

lim
J p̂ i � p̂ j J-r þ

Vijðp̂i; p̂jÞ ¼1

lim
J p̂ i � p̂ j J-r þ

∂Vijðp̂i; p̂jÞ
∂p̂i

¼1 ð39Þ

We can conclude that the collision between agents can be
avoided.□

Remark 4. The potential function for collision avoidance designed
is based on the estimator, which is different from others. The
effectiveness of the collision avoidance function is, in fact, based
on the assumption that the estimator has converged to stable.
Certainly, we can use the relative position measured by sensors to
avoid collision, and the assumption can be released. However, we
found that the potential function designed based on estimator has
better performance than based on measured relative position in
Please cite this article as: Xia Y, et al. Formation control and collision
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experimental application. The reason may be that the estimator
acted as a filter and thus is able to damp the sensor noises. But we
did not discuss how the estimator damp the disturbance in this
paper, and will consider it in our future work.
5. Simulation

5.1. Simulation results of control input based on position estimation
and maximum principle

In this section, we present simulation results for eight second-
order modeled agents. The interaction of communication graph for the
eight agents is shown in Fig. 3, in which the direction of an arrow
indicates that of information flow between two corresponding agents.

Fig. 4 shows the simulation results for the second-order mod-
eled agents under the estimation law (11) and the control law (18)
when ko¼1. The trend of the control error e¼ pid�pi and estimate
error ~pi ¼ pi� p̂i are shown in Fig. 5, where e1 and e2 are the average
control error of all agents in x and y direction, respectively. In Fig. 4,
‘n’ stands for the final position and ‘þ ’ stands for the desired
position of each agent. We can note that they are not consistent, for
the reason is the existence of ~p1

c which we mentioned in Lemma 4.
We may also find the optimal value of ko to minimize ~pc using some
intelligent method such as genetic algorithm.

Fig. 5 illustrates that both the estimated error and control error
are stabilized.
5.2. Simulation results of control input based on position estimation
and consensus law

Fig. 6 shows the trajectory of 8-agents based on consensus law
(21), and in Fig. 7, the estimated error and the control errors are
depicted.
5.3. Simulation results of collision avoidance

Introducing additional collision avoidance control input on the
second-order modeled agents under the estimation law (11) and
the control law (21), Figs. 8–11 show agents' trajectory, the esti-
mated error ~p and control error e of the system with three agents
without and with avoidance control input.

Fig. 8 depicts the trajectory of three agents with initial con-
figuration ð�0:5;0Þ, ð�0:1; �0:4Þ and ð�0:2; �0:7Þ and destina-
tion ð�3; �2:9Þ, ð�1; �0:7Þ and ð0;1:2Þ. In their way to desired
position, they will collide in their trajectory. Fig. 10 shows with
extra control input, all of the three agents make their way round,
so as to avoid collision. Fig. 9 depicts the estimated error and
control error converge to stable in the case of without adding
avoidance. Also, Fig. 11 shows the estimated error and control
error ultimately tend to stable after a jitter in the coincide position.
We can observe that the convergence rate shown in Fig. 11 is
slightly slowed down compared to that shown in Fig. 9.
avoidance for multi-agent systems based on position estimation.
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Fig. 4. The trajectory of 8-agents' position p.
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Fig. 5. The estimated error and control error.
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Fig. 6. The trajectory of 8-agents based on consensus law.
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Fig. 7. The estimated error and control error of 8-agents based on consensus law.
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Fig. 8. Three agents' trajectory without added avoidance control input.
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Fig. 9. The estimated error and control error without added avoidance control input.

Y. Xia et al. / ISA Transactions ∎ (∎∎∎∎) ∎∎∎–∎∎∎ 7

Please cite this article as: Xia Y, et al. Formation control and collision avoidance for multi-agent systems based on position estimation.
ISA Transactions (2016), http://dx.doi.org/10.1016/j.isatra.2015.12.010i

http://dx.doi.org/10.1016/j.isatra.2015.12.010
http://dx.doi.org/10.1016/j.isatra.2015.12.010
http://dx.doi.org/10.1016/j.isatra.2015.12.010


−3.5 −3 −2.5 −2 −1.5 −1 −0.5 0
−3.5

−3

−2.5

−2

−1.5

−1

−0.5

0

0.5

1

1.5

x

y

Fig. 10. Three agents' trajectory with added avoidance control input.
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Fig. 11. The estimated error and control error with added avoidance control input.

Fig. 12. The E-puck robot which we used to do the experiments.

Fig. 13. Experiments' platform.
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6. Experiments

To demonstrate the effectiveness and the applicability of the
proposed algorithm, we present some experimental results with a
couple of E-puck robots. The E-puck is an educational robot and is
very suitable for multi-agent cooperative experimentation. The
robot is equipped with A3 axis accelerometer, three microphones,
a speaker and a micro-camera. 8 IR proximity sensors are placed
around the robot to detect the obstacles. Local processing is per-
formed by a dsPIC microchip which has a dsp core allowing effi-
cient data processing. Although blue-tooth is available for com-
munication, we equip a Wi-Fi module to overcome the limits of
blue-tooth in one-to-many communication. The modified robot is
shown in Fig. 12.

The hardware architecture of the experimental platform is
comprised of multi-agent system (E-pucks), overhead camera, and
image processing station, as shown in Figs. 13 and 14. The over-
head CCD camera is used to collect the multi-agent's image
information, identify each agent, and determine the state infor-
mation (including position and orientation) of the agents. Images
from the camera are processed by the base station. The state
information are transmitted through wireless Wi-Fi network.
Please cite this article as: Xia Y, et al. Formation control and collision
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Here we select three cars to experiment which colors are red,
blue and yellow. E-puck receive their real-time position which are
sent by PC through the wireless module. The frequency of PC
emission data is 50 HZ, and the initial position of E-puck is arbi-
trary. The desired configuration of this article is triangle, and the
position is p1d ¼ ð0;0Þ, p2d ¼ ð0:4;0Þ and p3d ¼ ð0:2;0:3Þ. From PC's
image acquisition software, we could see the final formation
results in Fig. 14.

We set the data sampling period as 20 ms in our experiment.
Figs. 15 and 16 show the trajectory of three agents without
obstacle case. It can be observed that the agents are stabilized at
ð0:801;0:12Þ, ð1:21;0:45Þ, and ð1:13;0:14Þ from the initial config-
uration ð0:41;0:54Þ, ð0:7;0:34Þ, and ð0:63;0:39Þ, which verifies the
validity of the strategy proposed.

Next, we put the agents at ð0:72;0:68Þ, ð1:25;0:68Þ, and ð0:83
;1:11Þ such that agent 1 and agent 2 may collide with each other.
By implementing the strategy proposed, we can observe, from
Figs. 17 and 18, that the collision avoidance function is activated
between 300n20 ms and 600n20 ms, because they are too close
to each other.
avoidance for multi-agent systems based on position estimation.
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Fig. 14. The final results in the image acquisition interface.
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Fig. 15. The x coordinate of E-puck robots' position trajectory.
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Fig. 16. The y coordinate of E-puck robots' position trajectory.
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Fig. 17. The X coordinate of E-puck robots with collision avoidance.
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Fig. 18. The Y coordinate of E-puck robots with collision avoidance.
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7. Conclusion

An optimal formation control strategy has been proposed using
the estimated position information other than the absolute position
of the second-order modeled agents in this paper. During the for-
mation process the energy cost of each agent is minimized by sol-
ving the algebric equation. The strategy is proved to be an effective
solution to formation control by simulation. Then, a consensus law
based on the estimator is presented, which enables the agents
converge to the formation in a cooperative manner. The stability can
be guaranteed by proper parameters. Moreover, an extra control
input is added to the formation control, which can realize obstacle
avoidance provided that the agents have the ability of detecting the
environment around and the relative position pij. At last, we carry
out real experiments using our formation strategy with E-puck
robots and the results can verify the effectiveness of the algorithm.

There are some problems to be considered in future work. First
problem is the formation control with variational desired trajec-
tory other than desired points. Since in more realistic situation, the
desired formation configures are changing all time, and how to
track the variational trajectory is what we should consider in the
future. Second problem is how to propose the velocity estimator if
the agents cannot get the absolute velocity of themselves by what
means less energy cost. Finally, how to use the strategy to more
complex realistic dynamic model is still an aspect to consider.
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