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Adaptive H_, Formation Control for Euler-Lagrange Systems

Yoshihiko Miyasato

Abstract— Design methods of adaptive H., formation control
of multi-agent systems composed of Euler-Lagrange systems
are presented in this paper. The proposed control schemes are
derived as solutions of certain H., control problems, where
estimation errors of tuning parameters and error terms in
potential functions are regarded as external disturbances to
the process. It is shown that the resulting control systems are
robust to uncertain system parameters and that the desirable
formations are achieved asymptotically via adaptation schemes.

I. INTRODUCTION

Recently, formation control problems of multi-agent sys-
tems have attracted much attentions, and several formation
control schemes were proposed based on various strategies
(for example, leader-follower [1], behavior-based [2], virtual
structure [3], and potential functions approaches [4], [5], [6]).
Among those, the potential functions approaches seemed
to be useful tools from the view points of flexibility of
configurations of swarms, automatic avoidance of collisions
of agents, and stability of maintaining formations. In those
research works, adaptive control or sliding mode control
methodologies were applied in order to deal with uncertain-
ties of agents, and stability of control systems was assured
via Lyapunov function analysis. Furthermore, robustness
properties of the control schemes were also discussed in
those works. However, so much attention has not been paid
on control performance such as optimal property or transient
performance in those approaches.

On the contrary, in recent decades, stable controller de-
signs for nonlinear and adaptive control systems have been
investigated from the view point of inverse optimality [7],
[8]. In those research works, the resulting control systems are
shown to be optimal to certain meaningful cost functionals,
and stability of the overall systems is also assured. Those
approaches are extended to the design of inverse optimal
H . adaptive control systems, and various adaptive control
systems are derived from those strategies together with addi-
tional control performances such as robustness to uncertain
time-varying elements of system parameters [9], [10].

The purpose of the present paper is to present design
methods of adaptive formation control of multi-agent sys-
tems composed of Euler-Lagrange systems based on the
notion of inverse optimality. The proposed control schemes
are derived as solutions of certain H,, control problems,
where estimation errors of tuning parameters and artificial
error terms in potential functions are regarded as external
disturbances to the process. It is shown that the resulting
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control systems are robust to uncertain system parameters
and that the desirable formations are achieved asymptotically
via adaptation schemes.

II. PROBLEM STATEMENT

We consider a multi-agent system composed of N fully
actuated mobile robots which are described as a class of
Euler-Lagrange systems [4], [5] written as follows:

M;(yi)ii + Ci(yi, 93)yi =7, (i=1,---, N), (D)

where y; € R™ is an output (a generalized coordinate), 7; €
R™ is a control input (a force vector), M;(y;) € R™*™ is an
inertia matrix, and C;(y;, 9;) € R™*"™ is a matrix of Coriolis
and centripetal forces. Each component has the following
properties as a Euler-Lagrange system.

Properties of Euler-Lagrange Systems [11]

1) M;(y;) is a bounded, positive definite, and symmetric
matrix.

2) M;(y;) — 2Ci(yi, ¥;) is a skew symmetric matrix.
3) The left-hand side of (1) can be written into

M;(yi)ai + Cys, 4:)bi = =Yi(y, i, ai, b:)0;,  (2)

where Y; (y;, Ui, ai, b;) is a known function of y;, 9;, a;,
b; (a regressor matrix), and 6; is an unknown system
parameter vector.
The control objective is to construct an adaptive forma-
tion control system for a swarm of mobile robots (1) in
which desirable configurations are achieved asymptotically
via adaptation schemes.

Remark More generalized Euler-Lagrange systems
which include damping terms and gravitational forces, can
be also considered in the present framework, since those are
written in the similar form to (2). However, for simplicity of
notations, the description (1) is to be employed hereafter.

ITII. FLOCKING CONTROL

First, we consider a particular flocking control problem [4]
in which all agents stop at a desirable relative configuration
defined by

lyi(t) —y; Ol = dig,  (dij = dji, i # J), 3)
vi(t) = 0. 4)

A. Adaptive Flocking Control
We introduce a positive potential function J(y) € R

(y=1[yl,--,yN]" € R™) in order to handle the desired
configuration (3), where the minimal point of .J(y) such as
0J
J(y) — min, ( a(y) =0, (1<i< N)) .6
Yi
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corresponds to the relative configuration (3). It is assumed
that J(y) is twice differentiable.
Define a control error s; by

si =19 + 9i(y), (6)
aJ(y)
9i(y) ;s (7)

Then, we obtain the next relation.
M;s; + Cysi = Mi(jji + gi) + Ci(yi + 94)
= 7 — Yi(Yi, Vi, Gi> 9i) ;- ()
The control law and adaptation law are determined such as
75 = Yi(Yir Uir 91, 90)0i — Kpisi — kygi, ©)
%éi = —03Yi(yis Gi Gir 9i) 80 (10)
(Kpi=Kp; >0, kg >0, T; =T >0),
where éi is a current estimate of #;, and is tuned by the
adaptation law (10). For stability analysis, we introduce a

positive function V'
N

_INT (6T 1 TG,
V=3 ; (sTMysi +0TT710:) + kg T (), (D)
0; =0, — 0, (12)

and take the time derivative of V' along the trajectory of s;,
0; and y.

-

V(t) = (—siTKpisi — k:gsiTgi + k;ggiTyi)

i=1

I
WE

{73-1'er1'31' - kgsz'Tgi + kgg;r(si - gl)}
i=1

<
I

(S;I—Kpisi + k:ggiTgi) <0.
1

13)

(2

Then, it follows that s; € £ N L2, 0; € L, J(y) € L™,
and that g; € £°° N L? by considering twice differentiability
of J(y). Hence it is shown that ¢, € L, g; € L, and that
7; € L£2°, and finally it holds that §; € £°°. Therefore, the
following relation is deduced from Barbalat Lemma

N

tlim si(t) = tlim gi(t) =0, (14)
and furthermore it follows that
tlim Ui(t) = 0. (15)

It is also shown that the relative configuration (3) is achieved
asymptotically, since g; — 0 (14).

The present control scheme (9) is similar to the ones
discussed in [4], if we choose k; = 0 in (9).

B. Adaptive H., Flocking Control

Next, we propose an adaptive H, control scheme where
an estimation error of the tuning parameter and an artificial
additive error to the potential function J(y) are regarded
as external disturbances to the processes. We consider the
following positive function Vj.

N
1
Vo =3 ; s; Mis; + (kg +0)J (y), (16)
where kg, 6 > 0, and ¢ is an artificial error added to J(y).
We determine the control law such as

Ti :Yi(yiayiagi»gi)éi_kggi‘i‘via 17

where v; is a stabilizing signal to be determined later based
on an H, criterion. We take the time derivative of 1} along
the trajectory of s; and y.

N
Vo= Y {sT(r = Y.90.) + (ks + 0)g 51 }

=1

Il
.MZ

H
I
-

{sz(vi+-yfgg)éﬁ
(kg +0)g] i + 09, 5:)}
YD = Yiyi, G s 90)-

From the evaluation of VO, we introduce the following virtual
system.

(18)
19)

i = fi + 9i10; + giad + gizvi,
fi=0, gn= Yi(g’g), 9i2 = 9is gis = L.

(20)
2y

We are to stabilize the virtual system via a control input
v; by utilizing H, criterion, where 6; and ¢ are regarded
as external disturbances to the process [9], [10]. For that
purpose, we introduce the next Hamilton-Jacobi-Isaacs (HJI)
equation and its solution V;.

L (£ Vill® | [I£g:2Vill?
£ Zv; + { gil + gi2
! 4 Vi T
_(‘Cgis‘/i)Ri_l(‘Cgis‘/i)T} +qi = 0, (22)
1
Vi=glsil®, (23)

where ¢; and R; are a positive function and a positive
definite matrix, respectively, and those are derived from HJI
equation based on inverse optimality [7], [8], [9], [10] for
the given solution V; and the positive constants ;1, ¥;2. The
substitution of the solution V; (23) into HJI equation (22)
yields

1 S;I'Yi(%g)yi(!?,g)TSi
4 o5

Tq.0Tc.
429G 5 szilsi} Yg=0. (24
Vi2
Then, ¢; and R; are given as follows:
1
q; = ZS;FKiSiv (25)

. . —1
y 49y (6:9)T g7

Ri:<z i+ k) e
Vi1 Vi2

K; =K >0, (K; € R™"), (27)

where K;(= K] > 0) is a free parameter. By utilizing R,
v; is deduced as a solution for the corresponding H, control
problem.
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1__ 1 __
Vi = 7§Ri 1‘Cg1‘,2vi = 7§Ri 151
1 Y(!I,g)y(fiag)T i T

= —5 ( 2 L + g .gz + K,L S

%‘21 Yie

(28)

Then, we obtain the following theorems for the multi-agent
system (1).

Theorem 1 The H., flocking control system composed
of (1), (17) and (28) is uniformly bounded for an arbitrary
bounded design parameter él Furthermore, v; is an optimal
control solution which minimizes the following cost func-
tional J.ost.

Jcost = sup

01,0n,6€L?

N ot
{Z/U (i JFU;rRiUi)dT#»VO(t)

i=1

N t N t
-3 2 / 10127 — 3"+, / mr}. 29)
i=1 0 i=1 0

Additionally, the next inequality holds for any finite t.

N t
Z/ (¢i + vf Ryvi)dr + Vo (1)
i=170

N t t
SZ{%% N 62dr}+vo<o>. (30)
— 0 0

1=

Theorem 2  The adaptive H., flocking control system
composed of (1), (17), (28) and the adaptation law (10) is
uniformly bounded, and the following relation holds

Jlim s;(6) = lim g;(t) = lim g,(t) =0, (31
and the desirable relative configuration (3) is achieved
asymptotically.

Proof: By considering HJI equation, we take the time
derivative of Vj(¢) (16) along the trajectories of the multu-
agent system (1) and the H, flocking control scheme.

N
Vo= 3 {sT (0 Y00 = (hy + 0)gTg: + bl 1)}
i=1
B Z Ty(g g)Y(g 9T
%‘21
42 glgz 2 sTR sl} + qz}
Vio
T 1
AL A
N N N
=D ol Rivi =) ai = Y (kg +0)g] i
i=1 i=1 i= 1
N (9, g)T
Y
72%‘21 @ 12 2 JFZ'YMHG 12
i=1
N
_ 2 |5 _ gvTS% 2 52 1
Z’Vi? 5| + Z%‘z . (32)
i=1 27i2 i=1

Similarly, we take the time derivative of V(¢) (11) along
the trajectory of the multu-agent system (1) and the adaptive
H, flocking control scheme.

N
- Z (szi_lsi + kggiTgi) <0.

=1

(33)

Then, Theorem 1 and Theore_:m 2 are derived from the
evaluations of V;(t) (32) and V' (t) (33). [ |

Remark In the proposed adaptive control system, it is
also shown that J(y) is uniformly bounded. Therefore, the
collision of agents (y; = y; (¢ # j)) is avoided automatically,
if we choose J(y) with the property such that J(y) — oo
as y; — y; [41. [5], [6].

IV. FORMATION CONTROL I

Secondly, we consider a formation control problem [4], [6]
in which all agents continue to move with a desired velocity
yr (34) and with a desired relative configuration defined by
(35).

yl(t) = yr(t)v
lyi(t) —y; O = digs  (diy = djs, 1 # J),

where ¥, is a reference point of the agents.

(34)
(35)

A. Adaptive Formation Control I

We introduce a positive potential function J(y) € R,
which has the same property as the previous one (5), in order
to handle the desired relative configuration (35). Define a
control error s; by

si = Ay + gi(y),
Ay = yi — Yr,

(36)
(37)

where g; is defined by (7). Then, we obtain the next relation.

Miéi+ci3i = M( yr —i—gl)—l—C( yr+gz)
=T — Y;(yi;yiaaiabi)aiv (38)
where a; and b; are determined such as
a; = G — ¥ry bi=gi — Yr. 39

The control law and adaptation law are determined such as
7 = Yi(Yi, Ui i, 0)0; — Kpisi — kggi, (40)

dta Fim(yi»ymaiabi)-rsi’
(Kpi = K); >0, kg >0, T; =TT > 0).

(41)

We take the time derivative of the positive function V' (11)
along the trajectories of s; and 6;, where s; is defined by
(36).

N
V(t) =) (=5 Kpisi — ksl gi + kgl i)

=1
7’N

= Z { Kmsl kgsiTgi + kggiT(Si — gt yr)}
=1

N
== > (5] Kpisi + kg9l 9:) + Zgz i 42)

=1 i=1

Here, we assume that
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N
> gi=0. (43)
i=1
It should be noted that the potential function J(y) satisfying
(43), is realized by choosing d;; = d;; and by adjusting other
parameters. Then, the following relation holds,

N

V(t) = - Z (S;FKpisi + kgg;rgi) <0,
i=1

(44)

and similarly to the previous case, it is shown that the control
system is uniformly bounded, and that

tlim si(t) = tlim gi(t) =0, (45)
and furthermore it follows that
tlim Ay;(t) =0, 46)

and the tracking of the velocity (34) is achieved asymptot-
ically. Additionally, since g; — 0 (45), the desired relative
configuration (35) is also attained asymptotically.

B. Adaptive H., Formation Control I

Next, we propose an adaptive H, control scheme where
an estimation error of the tuning parameter and an artificial
additive error to the potential function J(y) are regarded
as external disturbances to the processes. We consider the
positive function V; (16), where s; is defined by (36). We

determine the control law such as
75 = Yi(yi, 9ir ai, bi)0i — kggi + vi, (47)

where v; is a stabilizing signal to be determined later based
on an H, criterion. We take the time derivative of V[, along
the trajectory of s; and y.

N
Vo= {sT(r = Y\"V0:) + (ky + 0)gT i}

1=1
N ~
=Y {sT i+ ¥
i=1
—(kg +0)g) gi + 097 si)}, (48)
}/;(mb) = }/'L(yla yia Qj, bl), (49)

where it is assumed that g; satisfies the condition (43). From
the evaluation of V,, we introduce the following virtual
system.

i = fi + 9i10; + giad + gizvi,
b
fi=0, gin= Yi(a ) gio = gy gis = L.

(50)
61V

We are to stabilize the virtual system via a control input
v; by utilizing H., criterion, where éi and J are regarded
as external disturbances to the process [9], [10]. For that
purpose, we introduce the following Hamilton-Jacobi-Isaacs
(HJT) equation and its solution V.

1 Lg Vill? | [1£g,,Vil?
LyVit { gutt g
g 4 Y Vi
~(Lg Vi) R (Lgu Vi)' } +0: =0, (52
1
Vi = Slsil, (53)

where ¢; and R; are a positive function and a positive
definite matrix, respectively, and those are derived from HIJI
equation based on inverse optimality [7], [8], [9], [10] for
the given solution V; and the positive constants 7,1, ¥;2. The
substitution of the solution V; (53) into HJI equation (52)
yields

1 { S;I'}/i(a’b)}/i(axb)-rsi

4 Vi
Tq.0Tc.
S; nggz Si S;FRi_lSi} +q;=0. (54)
Vi2
Then, ¢; and R; are given as follows:
1
6 = 55 Kisi, (55)
-1

Y(a b)Y(a nT ; T
Ri=|"——+%% 1K) . 56

i1 YVi2

K;=K] >0, (K; € R™"), (57)

where K;(= K] > 0) is a free parameter. By utilizing R;,
v; is deduced as a solution for the corresponding H ., control
problem.

1 1
Ui = _iR;1£Qi2W = _iRglsi

(a;b)y,(a,0)T T

1 (v, 9]
=+ K ) s 59

2 Vi1 Vi2

Then, we obtain the following theorems for the multi-agent
system (1).

Theorem 3 [t is assumed that J(y) satisfies the condition
(43). Then, the H., formation control system composed of
(1), (47) and (58) is uniformly bounded for an arbitrary
bounded design parameter 0;. Furthermore, v; is an optimal
control solution which minimizes the following cost func-
tional J.,st.

N t
s {Z/ (¢ +v] Ryv;)dr + Vo (t)
01,,0n,6€L2 ;=1 YO

sup
N t N t
=3oh [ Wl - 3o [ m} o9
i=1 0 i=1 0
Additionally, the next inequality holds for any finite t.

N t
Z/ (¢i + vf Ryvi)dr + Vo (1)
i=170

N ¢ t
sz{ﬁl [ 1o+ | 62dr}+vo(o>. (60)
=1

Theorem 4 On the same assumption (43), the adaptive
H formation control system composed of (1), (47), (58)
and the adaptation law (41) is uniformly bounded, and the
following relation holds

75lim si(t) = tlim Ay,(t) = tlim gi(t) =0,

Jcost =

(61)

and the desirable configuration (35) together with the desired
velocity tracking (34) is achieved asymptotically.
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Proof: Similarly to the previous flocking control case,
Theorem 3 and Theorem 4 are deduced from the evaluation
of Vo(t) and V(t) along the trajectory of the multi-agent
system (1), where HJI equation (52) is also considered. W

V. FORMATION CONTROL II

Finally, we generalize the previous two cases (flocking
control and formation control I), and consider a formation
control problem of the leader-follower type [5], where all
agents continue to move with a desired velocity ¥,

yl(t) =Yr (t)a
and also satisfy the formation constraints on the maximum

distance from the reference point y, and on the minimum
relative distance from other agents written as below:

lyi —yrll <73y (1 >0, 1<i < N), (63)
lyi —y;ll > dij, (dij =dji >0, 1 <i#j<N).(64)

(62)

Instead of (64), the relative configuration (3), (35) can be
also adopted as a specified case of the constraint on relative
distances from other agents.

A. Adaptive Formation Control II

We introduce a positive potential function J;(Ay) € R
(Ay = [Ay], -+, AyL]") in order to handle the formation
constraint on the maximum distance from the reference point
yr (63), and introduce another positive potential function
Jr(y) to handle the formation constraint on the minimum
relative distance from other agents (64). It is assumed that
Jo(Ay) and Jp(y) are twice differentiable, and that the
desired total configurations (63), (64) correspond to the
minimal points of Jg(Ay) and Jg(y) such as

dJa(A
Jo(Ay) — min, <5‘GA(yzy) =0 (1<i< N)) , (65)
s —min, (P —0 asism). 6o

Or equivalently, (65), (66) hold uniformly in the appropriate
region defined by (63), (64).
Define a control error s; by (36), (37) and

9i(y) = & + ps, (67)
(= eBy) s OJL(y)

Then, we obtain the following relation.

M;$; + Cisi = Mi(§i — jr + 3i) + Ci(¥i — 9r + 9:)
(69)
where a; and b; are defined by (39) and (67). We utilize

the control law (40) and the adaptive law (41), where g; is
defined by (67). We introduce a positive function V'

N
1 T ATr—17
V= 5; (Si M;s; —|—9z Fz’ 91)

+kg{Jc(Ay) + JL(y)},

and take the time derivative of V' along the trajectory of s;
and 6,.

= 7 — Yi(yi, Ui, i, b3) 5,

(70)

=
N
WE

(752—Kpi5i - kgSiTgi + kgg;rAyi + kgﬂjy.i)
1

<.
Il

{_SiTKpisi - kgsz‘Tgi + kgfz‘T(Si - 9i)

Il
\MZ

i=1

+kgp (5i—gi +Ur)}
N N

== (5] Kpisi + kggl 9:) + D i i (71)
i=1 i=1
Here, we assume that
N
> pi=0. (72)
i=1

Similarly to (43), the potential function J(y) satisfying
(72), is realized by choosing d;; = d;; and by adjusting
other parameters. Then, the following relation holds,

N

V(t) = - Z (S;FKpisi + kgg;rgi) <0,
i=1

(73)

and it is shown that the control system is uniformly bounded,
and that

tlim si(t) = tlim gi(t) =0, (74)
and furthermore it follows that
tlim Ag;i(t) =0, (75)

and the tracking of the velocity (62) is achieved asymptot-
ically. On the contrary, since g; = &; + p; — 0, it follows

that
N N N
Zgi = Zfi +Zpi — 0,
i=1 i=1 i=1

and the next relation is derived from the assumption (72).

N
i=1

Here we consider the case where all agents do not satisfy
the formation constraint related to Jo(A), and several agents
are outside the desired region defined by (63). It should be
noted that £; = 0 for the agents inside the desired region. If
those agents outside the desired region are on the one side
of the region, then the corresponding &; have the same sign
along one axis, and this shows that (77) means the relation
& — 0 (1 < i < N). Therefore, it follows that p; — 0
(I < i < N). Next, we consider the case where several
agents are on the opposite sides outside the desired region.
If we choose a sufficient large region related to Jg(A), then
it follows that p; — 0 for the agents outside the region.
Hence, & — 0 holds for the corresponding &;. In the end,
by choosing appropriate formation constraints, such as an
appropriate desired region related to Jo(Ay) and appropriate
relative distances related to Jp(y), the next equation holds
for all agents

Jim &() = lim p;(t) = 0,

(76)

(77)

(78)

and the desired formation of the leader-follower type is
achieved asymptotically [5].
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B. Adaptive H., Formation Control Il

Next, we propose an adaptive H, control scheme where
an estimation error of the tuning parameter and an artificial
additive error to the potential functions Jg(Ay), Jr(y)
are regarded as external disturbances to the processes. We
consider the following positive function Vj.

1N

Vo = 3 ; s; Mis; + (kg + 0)Ja(Ay)

+(kg +9)JL(y), (79)

where kg, 6 > 0, and ¢ is an artificial error added to J(Ay)
and Jp(y). We utilize the control law (47) where g; is
defined by (67), and take the time derivative of V|, along
the trajectory of s;, Ay; and y.

N

U= 3 {sTm — XL"V6) + (k, + 0)E] Ay
i=1
+(kg +0)p] i }

N
= {SiT(Uz‘ + v “08;)
i=1

—(kg +0)g{ gi + 09 s:) } , (80)

where it is assumed that p; satisfies the condition (72). From
the evaluation of VO, we introduce the virtual system (50),
(51) in which g; is defined by (67), and are to stabilize the
virtual system via a control input v; by utilizing H, crite-
rion, where éi and ¢ are regarded as external disturbances to
the process [9], [10]. Then, by repeating the same discussion
as the previous case, for g;, R; and v; determined such as

1
g = Zsmsi, (81)
(a,b)(a.b)T T -1
yl=by g
Ri=|+——+%0 k) . @
2 2
Vi1 Vi2
K;=K] >0, (K; € R"™"), (83)
1 1
Ui = _iR;1£9i2% = _§R;18i
(a,b)y(a,b)T T
1 (v =Py i)
N TR + 99 Lk s 84)
2 2
2 Vi1 Vi

we obtain the last theorems of the present manuscript.

Theorem 5 It is assumed that Ji(y) satisfies the
condition (72). Then, the H., formation control system
composed of (1), (47), (67) and (84) is uniformly bounded for
an arbitrary bounded design parameter 0;. Furthermore, v;
is an optimal control solution which minimizes the following
cost functional J.qs;.

N

t
Jcost = sup Z/ (QZ + ’U;FRZ"Ui)dT + ‘/O(t)
01,-,0n,5€L2 ;=1 /0

N t N t
va%/ ||6i||2dr-72732/ §drp.  (85)
i=1 0 i=1 0

Additionally, the next inequality holds for any finite t.

t
Z/ (¢i + v Ryvi)dr + Vo (1)
0

=1

t t
= Z{ﬁl/ HeiHQdT-l-%Qz/ 62dr} + V5(0).  (86)
0 0

N
i=1

Theorem 6 On the same assumption (72), the adaptive
H, formation control system composed of (1), (47), (67),
(84) and the adaptation law (41) is uniformly bounded, and
the following relations hold

75lim si(t) = tlim Ay;(t) = tlim gi(t) =0, (87)

and the desired velocity tracking (62) is achieved asymp-
totically. Furthermore, by choosing appropriate formation
constraints, such as an appropriate desirable region related
to Ja(Ay) and appropriate relative distances related to
Jr(y), the desired formation of the leader-follower type is
achieved asymptotically (¢; — 0, p; — 0).

Proof: The proof is carried out similarly to Theorem 3
and Theorem 4. [ ]

VI. CONCLUDING REMARKS

Design methodologies of adaptive H, formation control
of multi-agent systems composed of Euler-Lagrange systems
have been proposed in the present paper. The resulting con-
trol strategies are derived as solutions of certain H, control
problems, where estimation errors of tuning parameters and
error terms in potential functions are regarded as external
disturbances to the process. It is shown that the resulting
control systems are robust to uncertain system parameters
and that the desirable formations are achieved asymptotically
via adaptation schemes.
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