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H∞-LQR-Based Coordinated Control for Large
Coal-Fired Boiler–Turbine Generation Units

Le Wei, Member, IEEE, and Fang Fang, Member, IEEE

Abstract—The coordinated control system of a boiler–
turbine unit plays an important role in maintaining the bal-
ance of energy supply and demand, optimizing operational
efficiency, and reducing pollutant emissions of the coal-
fired power generation unit. The existing challenges (the
fast response to wide-scaled load changes, the matching
requirements between a boiler and a turbine, and cooper-
ative operation of a large number of distributed devices)
make the design of the coordinated controller for the boiler–
turbine unit be a tough task. In this paper, based on a typical
coal-fired power unit model, using the linear-quadratic reg-
ulator (LQR), a coordinated control scheme with H∞ per-
formance is proposed: the H∞ method is used to ensure
control performance on the basis of reasonable schedul-
ing of distributed equipment; the LQR is applied to limit the
control actions to meet the actuator saturation constraints.
Case studies for a practical 500 MW coal-fired boiler–turbine
unit model indicate that the designed control system has
satisfactory performance in a wide operation range and has
a very good boiler–turbine coordination capacity.

Index Terms—Boiler–turbine unit, coordinated control,
H∞ performance, linear-quadratic regulator (LQR), satura-
tion constraint.

I. INTRODUCTION

W ITH the growth of energy consumption and the improve-
ments of environmental protection efforts, promoting

the application of renewable energy has become an inevitable
trend in the world. Over the years, China has been actively opti-
mizing the electric energy structure. As of the end of April 2016,
China’s installed capacity of 6 megawatts (MW) and above
power plants is 1.5 terawatts (TW), where thermal power is of
1.01 TW and grid-connected wind power is of 0.13 TW [1]. In
both newly and cumulative installed capacities, China’s wind
power generation leads the world.

Manuscript received May 28, 2016; revised September 2, 2016; ac-
cepted October 3, 2016. Date of publication October 27, 2016; date of
current version May 10, 2017. This work was supported in part by the
National Natural Science Foundation of China under Grant 51676068
and in part by the Fundamental Research Funds for the Central Univer-
sities under Grant 2016MS143 and Grant 2015ZZD15. (Corresponding
author: Fang Fang.)

L. Wei is with the Control and Computer Engineering School,
North China Electric Power University, Baoding 071003, China (e-mail:
weile@ncepu.edu.cn).

F. Fang is with the Control and Computer Engineering School,
North China Electric Power University, Beijing 102206, China (e-mail:
ffang@ncepu.edu.cn).

Color versions of one or more of the figures in this paper are available
online at http://ieeexplore.ieee.org.

Digital Object Identifier 10.1109/TIE.2016.2622233

Fig. 1. Schematic diagram of a coal-fired boiler–turbine unit.

TABLE I
NOMENCLATURE OF THE COAL-FIRED BOILER–TURBINE UNIT

Parameter Description

1 Combustion and heat transfer process in furnace
2 Pipe transfer process
3 Turbine working process
HP High-pressure cylinder of turbine
LP Low-pressure cylinder of turbine
B Boiler firing rate (%)
V Total air flow entering the furnace (%)
F Boiler combustion intensity (%)
DQ Total effective heat absorption of the boiler (%)
DD Steam flow through the pipes (%)
PD Drum pressure (MPa)
DT Steam flow entering the turbine (%)
PT Throttle pressure (MPa)
μ Throttle valve position (%)
N Megawatt output (MW)

However, the randomness and the fluctuation of the renew-
able energy power (wind power, solar power, etc.) have adverse
influence on the stability of power grid and the electric power
quality. Therefore, to improve the level of control and operation
of back-up and schedulable power supply has been one of the
most important issues for large-capacity renewable energy ac-
cess. For China, by taking into account that coal-fired thermal
power occupies an overwhelming superiority, increasing the op-
eration flexibility (raising the load change rate and reducing the
minimum stable load) of coal-fired power generation becomes
an inevitable and effective choice.

A boiler–turbine unit is the most efficient and economical
form of the coal-fired power generation, as shown in Fig. 1 [2]
(its corresponding parameters are described in Table I).

It is a huge distributed system.
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Fig. 2. System configuration for a distributed control system of a boiler–
turbine unit.

1) There are thousands of operating devices in the power
generation process. These devices are distributed in a
broad space (workshop volume of 7 × 105 m3 , plant area
of 8 × 105 m2).

2) There are nearly ten thousand input/output (I/O) measur-
ing points (large ultrasupercritical units will have much
more measuring points).

3) There are 500–600 separate control loops that automat-
ically operate their corresponding devices according to
their intended targets in order to ensure the normal oper-
ation of each device.

In order to undertake a large number of measurement and con-
trol tasks, and to reduce the operational risk of such a huge mod-
ern production process, distributed control systems (DCSs) are
employed in almost all of the power plants in China. The DCS
is an industrial computer system with a complex network struc-
ture. It consists of functionally and/or geographically distributed
digital process control units (PCUs) capable of executing from
regulatory control loops. The PCUs are usually designed re-
dundantly to enhance the reliability of the control system. The
system configuration of a typical DCS for a boiler–turbine unit
is shown in Fig. 2. This is in contrast to a nondistributed system,
which uses a single controller at a central location. Correspond-
ing to the production processes, all of the separate control loops
of the boiler–turbine unit are classified into several subcontrol
systems. One PCU manages one or more subcontrol systems.
And all PCUs are connected by communication networks for
command and monitoring.

However, each subcontrol system does not exist indepen-
dently. They have to work coordinately for a goal (making the
power output of the boiler–turbine unit meet the load demand
from the power grid with a favourable flexibility). To achieve
this goal, only relying on the hardware platform of the DCS is
not enough, a coordinated control strategy is much-needed.

The tasks of the coordinated control strategy should include
three aspects:

1) the coordination between the energy demand of power-
grid users and the power output of the boiler–turbine unit
(power-grid-level energy supply and demand balance);

2) the coordination between the thermal energy output of
the boiler side and the energy demand of the turbine

side (boiler–turbine-unit-level energy supply and demand
balance);

3) the coordination between the related equipment of each
production link and the basic control loops (device-level
coordinated operation).

But, for a coal-fired boiler–turbine unit, the above-mentioned
three coordinations are not easy to achieve. The reasons are

1) Coal composition is not stable (coal composition differs
greatly for different coal mines).

2) The dynamic characteristics of the boiler and the steam
turbine are very different.

3) The user power demand from the power grid is random.
Therefore, in order to ensure that such a huge distributed

energy conversion system can provide power to users safely,
steadily, efficiently, and flexibly, setting up a coordinated control
system (CCS) for the boiler–turbine unit is imperative.

1) From the aspect of a power grid, a CCS is a link between
the power grid and the boiler–turbine unit, and is the
boiler–turbine-unit-side executor of automatic generation
control [3], [4];

2) From the aspect of the boiler–turbine unit, a CCS is a co-
ordinator of the operation-characteristics difference be-
tween the boiler and the turbine;

3) From the aspect of local control loops, a CCS is a con-
ductor of coordinating each equipment with subcontrol
loops.

Fig. 3 shows the hierarchical control structure of a boiler–
turbine unit, where the subcontrol systems are at the process
control level and the CCS is at the process monitoring level.
From the relationship between the CCS and the subcontrol sys-
tems of the boiler–turbine unit, we know the following.

1) It is a complicated control system with hierarchical and
distributed structure;

2) The measuring points involved in each local control sys-
tems and the actuators are distributed in each part of the
boiler–turbine unit;

3) The coordination control is at the top level and belongs
to the category of supervisory and control;

4) The control outputs of the CCS controllers are the target
instructions of the boiler-side and the turbine-side basic
control loops.

For a boiler–turbine unit, such a large-scale DCS (which has
received many researchers attention [5], [6]), the fast response
to the load is coupled with the stability maintenance of main
operating parameters. So one goal of the boiler–turbine CCS
is to solve the coupling problem [7]. Some PID-form decou-
pling controllers were deduced for industrial applications [8].
But the presence of uncertain disturbances will affect the de-
coupling effect; therefore, robust control [9], [10], predictive
control [11]–[13], and fuzzy control [14] have been introduced.
Noticing that the static and dynamic characteristics of a boiler–
turbine unit change gradually with the load change and time
pass, some methods have been adopted for the wide working
conditions, e.g., gain-scheduled control [15], data-driven con-
trol [16], nonlinear dynamics and control of bifurcation [17],
adaptive backstepping control [2], [18], and generic nonsmooth
H∞ output synthesis [19]. However, the practical applicability
of these methods and the actuator saturation constraints, which
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Fig. 3. Hierarchical control structure of a boiler–turbine unit.

gets more and more attention of researchers [20], were not fully
considered.

In this paper, taking into account the engineering application
requirements (simple control structure, stable, antidisturbance,
robust, and meeting the actuator saturation constraints), by us-
ing the linear-quadratic regulator (LQR), a coordinated control
scheme with H∞ performance is proposed: the H∞ method is
used to synthesize controllers achieving stabilization with guar-
anteed performance [21]; the LQR is applied to limit the control
actions to meet the actuator saturation constraints. The proposed
approach makes the following contributions and advantages to
conventional H∞ methods.

1) The distributed control loops can respond and cooperate
with each other better.

2) The system outputs can accurately track their demands.
3) The control actions are relatively smooth, and can meet

the actuator saturation nonlinear constraints.
4) Better tracking performance or more smooth control in-

puts can be obtained by modifying the weight factors
during the controller design procedure.

5) The proposed H∞-LQR-based CCS controller is simple
in structure and easy to be implemented in the DCS.

The rest of the paper is arranged as follows: in Section II,
the coal-fired boiler–turbine units is modeled, and the problem
is formulated; Section III gives the design procedure of the
H∞-LQR-based coordinated control scheme; in Section IV, a
practical nonlinear model of a 500 MW coal-fired boiler–turbine
unit is used to test the efficiency of the proposed control system;
conclusion remarks are made in Section V.

II. BOILER–TURBINE UNIT MODELING AND PROBLEM

FORMULATION

A. Model of the Boiler–Turbine Unit

The energy conversion and transfer process of a coal-fired
boiler–turbine unit, shown in Fig. 1, can be divided into three
processes:

1) Combustion and Heat Transfer Process in
Furnace: By using Δ to represent increment, this process can
be described as

ΔDQ (s) =
k1

(T1s + 1)(T2s + 1)
ΔB(s). (1)

2) Pipe Transfer Process: When we treat the boiler and
the main steam pipes as a concentrate thermal storage container,
the pipe transfer process can be described as

ΔDQ (t) − ΔDT (t) = c
dΔPD (t)

dt
, (2)

PD (t) − PT (t) = kT D2
T (t) (3)

and

DT (t) = kT μ(t)PT (t). (4)

3) Turbine Working Process: For a turbine with re-
heater, the dynamic transfer function of its working process
is

N(s) =
(αT3s + 1)k2

T3s + 1
DT (s). (5)

The coefficients in (1)–(5) are described in Table II. And the
dynamic diagram of the three processes is shown in Fig. 4. This
is the so-called Cheres model [22], a well-known simplified
nonlinear model for boiler–turbine units. It has been tested by
Cheres in five different capacity units, and has been widely
recognized and applied in control system analyses and design
for more than 20 years.

Remark 1: (Necessity of choosing the simplified model) For
the boiler–turbine unit, such a complicated and distributed sys-
tem, if precise modeling is carried out for each local production
process, the overall mathematical model of the boiler–turbine
unit will have the feature of distributed parameter and very high
model order. This kind of model is suitable for simulation and
verification, but will be disastrous for the model-based control
system design.
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TABLE II
NOMENCLATURE OF FIG. 4

Parameter Description

α Proportion of the megawatt output of HP in the total
megawatt output (MW/MW)

c Thermal storage constant of the boiler and the main
steam pipes (%/MPa)

k1 Gain of the combustion process in the furnace (%/%)
k2 Gain of the turbine (MPa/%)
kμ Gain of the relationship between PT , μ , and DT

(%/(%· MPa))
kT Resistance constant of the steam pipes and the throttle

valve (MPa/%2 )
T1 Inertia time of the combustion process in the furnace (s)
T2 Inertia time of the heat transfer process in the furnace (s)
T3 Inertia time constant of the turbine (s)

Fig. 4. Dynamic diagram of the Cheres model.

Remark 2: (Feasibility of choosing the simplified model) Al-
though the Cheres model chosen in this paper is simple, it can
accurately describe the energy exchange process and the energy
balance of the boiler–turbine unit, and can reflect the effect of
the control signals (B and μ) on the unit power outputs. All
of these are the contents concerned by the CCS at the process
monitoring level. So the choice of this model is appropriate and
applicable for the CCS design.

B. Problem Formulation

From the overall system perspective, the coal-fired boiler–
turbine unit is a 2 × 2 nonlinear multivariable system. The two
inputs are B and μ, and the two outputs are N and PT . Fur-
thermore, there exist actuator saturation nonlinear constraints
in the control signals to be implemented B and μ, which can
be expressed as 0% ≤ B ≤ 100% and 0% ≤ μ ≤ 100%.
These constraints must be taken into account when designing the
controller.

So, a CCS controller should be designed to coordinate all the
distributed equipment by generating reasonable instructions B
and μ. The control objectives of the CCS are ensuring N fast
track its demand Nr in a wide operation range, while keeping
PT accurately following its set-point PT r .

III. CONTROL SYSTEM DESIGN

A. Model Preprocessing

In this part, we will preprocess the typical coal-fired boiler–
turbine model to a suitable form for the controller design.

Following the design procedure of the classic H∞ approach,
we can design a controller to fulfill the first four requirements.
But in order to design the controller by means of the linear
matrix inequalities (LMIs) approach, we should first linearize
the Cheres model.

Suppose that the system is working at an equilibrium con-
dition [μ0 , B0 , PT 0 , N0 , PD0 , DQ0 , DT 0] and the deviation
around the equilibrium point is small enough. Then, we rewrite
(3) and (4) in incremental form, and get

ΔPD (t) − ΔPT (t) = RΔDT (t), (6)

ΔDT (t) = kμμ0ΔPT (t) + kμPT 0Δμ(t) (7)

where R := 2kT DT 0 is the steam flow resistance constant
(MPa/%).

It is inferred from (2), (6), and (7) that

ΔPT (s) =
1

kμμ0(T0s + 1)
ΔDQ (s) − PT 0(Tbs + 1)

μ0(T0s + 1)
Δμ(s)

(8)

ΔDT (s) =
1

T0s + 1
ΔDQ (s) +

kμPT 0Tts

T0s + 1
Δμ(s). (9)

Here, the time constants (s) are defined as

T0 =
(

R +
1

kμμ0

)
c, Tb = Rc, Tt =

c

kμμ0
, T0 = Tb + Tt

(10)
where T0 will be different under different working conditions.

Because the inertia T2 is relatively small, the relation between
B and DQ , shown in Fig. 4, can be further simplified as

ΔDQ (s) =
k1

T1s + 1
ΔB(s). (11)

Following Fig. 4 and (8)–(11), the nonlinear system has been
linearized as[

ΔPT (s)
ΔN(s)

]
= GT (s)G0(s)GF (s)

[
ΔB(s)
Δμ(s)

]
(12)

with
1) dynamic processes of the turbine

GT (s) =

⎡
⎣1 0

0
k2(αT3s + 1)

T3s + 1

⎤
⎦ (13)

2) dynamic processes of the fuel

GF (s) =

⎡
⎣ k1

T1s + 1
0

0 1

⎤
⎦ (14)

3) dynamic processes of the boiler

G0(s) =

⎡
⎢⎢⎣

1
kμμ0(T0s + 1)

−PT 0(Tbs + 1)
μ0(T0s + 1)

1
T0s + 1

kμPT 0Tts

T0s + 1

⎤
⎥⎥⎦ .

(15)
Certainly, we can design an H∞ controller for the whole lin-

earized model, but this will lead to a rather complicated control
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law. From (13)–(15), we can see that the coupling and the uncer-
tainty of the model only exist in G0(s), so we can first choose
DQ and μ as assistant inputs to design a controller for this
part, then get the final controller according to the relationship
between this part and the whole system.

Then, the first task is to decouple G0(s). Although this is
not necessary, it makes the impact of the design parameters on
the system performance clearer without increasing the system
complexity.

Letting G̃0(s) be the expected transfer function matrix of
the decoupled part and G′(s) be the transfer function matrix of
decoupling device, we have

G̃0(s) = G0(s)G′(s). (16)

In order to facilitate the controller design, we take G̃0(s) as a
diagonal matrix. And under the condition that the pole positions
are not changed, the main diagonal elements are simplified in
the typical first-order inertial form

G̃0(s) =

⎡
⎢⎣

1
kμμ0(T0s + 1)

0

0
1

T0s + 1

⎤
⎥⎦ . (17)

Then, from (15)–(17), we can obtain

G′(s) =

⎡
⎢⎢⎣

Tts

T0s + 1
Tbs + 1
T0s + 1

− 1
kμPT 0(T0s + 1)

1
kμPT 0(T0s + 1)

⎤
⎥⎥⎦ . (18)

Furthermore, for the existence of the dynamic processes of
the fuel (14), we add its inversion G−1

F (s) in the decoupling
device in order to use DQ and μ as the assistant inputs. Then,
the final decoupler is

G∗(s) = G−1
F (s)G′(s) =

⎡
⎣

T1s + 1
k1

0

0 1

⎤
⎦

×

⎡
⎢⎢⎢⎣

Tts

T0s + 1
Tbs + 1
T0s + 1

− 1
kμPT 0(T0s + 1)

1
kμPT 0(T0s + 1)

⎤
⎥⎥⎥⎦

=

⎡
⎢⎢⎣

Tts(T1s + 1)
k1(T0s + 1)

(Tbs + 1)(T1s + 1)
k1(T0s + 1)

− 1
kμPT 0(T0s + 1)

1
kμPT 0(T0s + 1)

⎤
⎥⎥⎦ .

(19)

Suppose that the assistant input vector is the input vector of
the decoupling device u(t) = [ΔB(t),Δμ(t)]T , the assistant
output vector is

y(t) =
[

ΔPT (t)
ΔDT (t)

]
=

[
PT (t) − PT 0
DT (t) − DT 0

]
(20)

and the state vector is x(t) = y(t), then the decoupled part can
be expressed in the state-space form as follows:

ẋ(t) = Ax(t) + Bu(t)

y(t) = Cx(t)
(21)

where the matrices A, B, C are

A = − 1
T0

I2×2 ,B = diag
(

1
μ0T0

,
1
T0

)
,C = I2×2 .

B. State Vector Expansion

In this part, by introducing the integral of the system tracking
errors, the state vector of the preprocessed model will be ex-
panded to ensure the control system having satisfactory tracking
ability.

Noticing that the classic H∞ approach can only achieve the
robust performance and the stabilization of a system, but cannot
ensure the system outputs accurately tracking their set-points,
we introduce a new vector

xe(t) =
∫ t

0
[yr (τ) − y(τ)]dτ (22)

with

yr (t) =
[

ΔPT r (t)
ΔDT r (t)

]
=

[
PT r (t) − PT 0
DT r (t) − DT 0

]
(23)

where DT r is the demand of DT , to represent the integral of
the system tracking errors. Then, the system state vector can be
augmented as x(t) = [xT(t),xT

e (t)]T .
Let the control signal u(t) be

u(t) = KX(t) (24)

where K := [Kp ,Ki ], Kp ∈ R2×2 , and Ki ∈ R2×2 . Then,
the controller is a generalized PI controller. Now, the augmented
closed-loop system can be expressed as

Ẋ(t) = (Ā + B̄1K)X(t) + B̄2yr (t), (25)

y(t) =
[
C 02×2

]
X(t) (26)

with

Ā =
[

A 02×2
−C 02×2

]
, B̄1 =

[
B1
−D

]
, B̄2 =

[
02×2
I2×2

]
.

C. Objective Function Construction

Here, we will construct the comprehensive control perfor-
mance cost function with the expanded state vector and the
control action vector to meet the actuator saturation constraints.

Since the H∞ approach cannot be directly applied to deal
with the hard actuator constraints, we include the magnitude of
the control actions in the comprehensive control performance
cost function, which is the main idea of the LQR.

To ensure the system stability and tracking ability, and to
constrain the control actions, the cost function is chosen as

J =
∫ ∞

0
{[xT

e (t)Qxe(t) + uT(t)Ru(t)]

−γ2Y T
r (t)Y r (t) + V̇ (t)}dt (27)
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Fig. 5. Dynamic diagram of the H∞-LQR-based control system for the boiler–turbine unit.

where weighting factors Q ∈ R2×2 and R ∈ R2×2 are given
positive definite symmetric matrices, and V (t) is a Lyapunov
functional candidating for the system in (25) as follows:

V (t) = XT(t)PX(t). (28)

Here, P is a positive defined symmetric matrix.
Suppose the controlled output vector is chosen as

Z(t) = xT
e (t)Qxe(t) + uT(t)Ru(t) (29)

and letting

Q1 =
[

02×2
√

Q
02×2 02×2

]
,R1 =

[
02×2√

R

]
,E = Q1 + R1K

(30)
we obtain

Z(t) = Q1X(t) + R1u(t) = EX(t). (31)

Then, the objective function can be rewritten as

J =
∫ ∞

0
[ZT(t)Z(t) − γ2Y T

r (t)Y r (t) + V̇ (t)]dt. (32)

Thus, the problem of the generalized PI controller design
is converted into a problem of the state-feedback control for
the augmented system. The control goal is to find a desired
controller u(t) = KX(t) such that the closed-loop system in
(25) and (31) is asymptotically stable and the objective function
in (32) satisfies J < 0.

Definition 1: Given a positive scalar γ, the closed-loop con-
trol system in (25) and (31) is said to be asymptotically stable
with a prescribed H∞ performance γ, if it is asymptotically
stable and

‖Z(t)‖2
2 < γ2‖Y r (t)‖2

2 (33)

for all nonzero Y r (t) ∈ l2 [0,∞) subject to the zero initial con-
dition, where ‖Z(t)‖2

2 =
∫ ∞

0 ZT(t)Z(t)dt and ‖Y r (t)‖2
2 =∫ ∞

0 Y T
r (t)Y r (t)dt.

Remark 3: From (32) and J < 0, we obtain

J = ‖Z(t)‖2
2 − γ2‖Y r (t)‖2

2 + V (X(∞)) − V (X(0)) < 0.
(34)

Noticing that V (X(0)) = 0 and V (X(∞)) ≥ 0, we can
conclude that

‖Z(t)‖2
2 < γ2‖Y r (t)‖2

2 . (35)

So, we can say that this is an H∞-LQR-based problem. Ac-
cording to Fig. 4, (20), (23), and (24), we get the dynamic dia-
gram of the H∞-LQR-based control system for boiler–turbine
units as shown in Fig. 5.

D. Problem Conversion

Now, we will convert the problem of ensuing the cost function
be negative to the LMIs problem, and deduce the H∞-LQR-
based coordinated control law by solving the LMIs problem.

To convert the H∞-LQR-based control problem to the LMIs
problem, the following theorems are needed.

Theorem 1: For given γ, K, Q, and R, the closed-loop sys-
tem in (25) and (31) is asymptotically stable and the performance
index in (32) satisfies J < 0, if there exists a positive defined
symmetric matrix P satisfying[

Φ1 PB̄2

B̄
T
2 P −γ2I

]
< 0 (36)

where

Φ1 = QT
1 Q1 + KTRK + Ā

T
P + PĀ

+KTB̄
T
1 P + PB̄1K. (37)

Proof 1: For the unforced system of (25), the derivative of
the Lyapunov function can be evaluated as

V̇ (t) =
∂XT(t)

∂t
PX(t) + XT(t)P

∂X(t)
∂t

= XT(t)(ĀT
P + PĀ + KTB̄

T
1 P + PB̄1K)X(t).

(38)

From (36) and (37), we have

QT
1 Q1 +KTRK+Ā

T
P +PĀ+KTB̄

T
1 P +PB̄1K < 0.

(39)
For R = RT ≥ 0, we obtain

Ā
T
P + PĀ + KTB̄

T
1 P + PB̄1K < 0. (40)

From (38) and (40), we know that V̇ (t) < 0. Then, according
to the Lyapunov theory, the closed-loop system in (25) and (31)
is asymptotically stable.

Next, from (36), we know that

[
XT(t) Y T

r (t)
] [

Φ PB̄2

B̄
T
2 P −γ2I

] [
X(t)
Y r (t)

]
< 0 (41)



5218 IEEE TRANSACTIONS ON INDUSTRIAL ELECTRONICS, VOL. 64, NO. 6, JUNE 2017

that is,

[xT
e (t)Qxe(t) + uT(t)Ru(t)] − γ2Y T

r (t)Y r (t) + V̇ (t) < 0.
(42)

From (27) and (42), we have J < 0. �
Theorem 2: Consider the closed-loop system in (25) and

(31). For given Q and R, if and only if there exist matrices
P 1 > 0 and M with appropriate dimensions and ξ > 0 such
that the LMI in (43) holds

⎡
⎢⎢⎢⎢⎣

[ĀP 1 ]s + [B̄1M ]s B̄2 P 1Q
T
1 MT

B̄
T
2 −ξI 0 0

Q1P 1 0 −I 0

M 0 0 −R−1

⎤
⎥⎥⎥⎥⎦ < 0. (43)

Then, there exists a proper controller u(t) = KX(t) such
that the closed-loop system is asymptotically stable with an H∞
attenuate level γ =

√
ξ and (36) are satisfied with P = P−1

1
and the desired state feedback control gain matrix is

K = MP−1
1 . (44)

Proof 2: Take P = P−1
1 , K = MP−1

1 , and γ =
√

ξ into
(43), then left and right multiply the result by the matrix

P 2 =

⎡
⎢⎢⎢⎢⎣

P−1
1 0 0 0

0 I 0 0

0 0 I 0

0 0 0 I

⎤
⎥⎥⎥⎥⎦ (45)

we obtain ⎡
⎢⎢⎢⎢⎢⎣

Φ2 PB̄2 QT
1 KT

B̄
T
2 P −γ2I 0 0

Q1 0 −I 0

K 0 0 −R−1

⎤
⎥⎥⎥⎥⎥⎦

< 0 (46)

where

Φ2 = KTB̄
T
1 P + Ā

T
P + PĀ + PB̄1K. (47)

Then, by using Schur complement, (46) yields condition
(36). �

Then, by solving the LMI problem (43), we can obtain the
state feedback control gain matrix K from (44). Then, according
to Fig. 5, we finally get the H∞-LQR-based control system for
boiler–turbine units.

IV. CASE STUDIES

In order to test the performance of the proposed controller, a
practical 500 MW nonlinear boiler–turbine model of Shen-tou
2# power plant in Shan-xi, China [2], as shown in Fig. 4, is used
in this section. The initial model inputs are [B0 = 100%, μ0 =
100%], the limits of both control actions are [0%, 100%], and
the initial states are [PD0 = 18.97 MPa, PT 0 = 16.18 MPa, DQ0
= 100%, N0 = 500 MW]. The model coefficients, which are ob-
tained from practical operating data, are α = 0.25 MW/MW, c =

Fig. 6. Time responses with different values of q and r.

6.489%/MPa, k1 = 1%/%, k2 = 500 MW/%, kμ = 0.0618%/(%·
MPa), kT = 2.3116 MPa/(%2), T1 = 150 s, T2 = 6 s, T3 = 6 s.

To design the controller, we linearize the model and obtain the
corresponding per-unit values of the coefficients in (13)–(15) as
T0 = 135 s, Tb = 30 s, Tt = 105 s, PT 0 = 100%, N0 = 100%,
μ0 = 100%, k1 = 1%/%, k2 = 1%/%, T3 = 6 s, and T1 = 150 s.

The weighting factor matrices Q and R in (27) are determined
by the trail method. To be simple, we suppose Q = diag(q, q)
and R = diag(r, r), where q and r are the weighting factors to
be determined. Fig. 6 shows the system responses with different
values of q and r, when Nr step decreases from 500 to 400 MW
at t = 500 s and PT r step decreases from 16.18 to 14.562 MPa
at t = 2500 s.

From Fig. 6, we can see that the time responses with q =
3 × 10−8 , r = 0.1 are the fastest. With this set of weighting
factors, and by solving (43) and (44), we obtain the gain matrix
K as

K =
[−3.1220 0 0.0231 0

0 −3.1315 0 0.0232

]
. (48)

To compare the control performance, a classic PI decoupling
control system is adopted, whose block diagram is shown in
Fig. 7, where the decoupler D(s) is

D(s) = [GT (s)G0(s)GF (s)]−1 · Gdc(s). (49)



WEI AND FANG: H∞-LQR-BASED COORDINATED CONTROL FOR LARGE COAL-FIRED BOILER–TURBINE GENERATION UNITS 5219

Fig. 7. Block diagram of the classic PI decoupling control system for the boiler–turbine unit.

From (12)–(15), we obtain

GT (s)G0(s)GF (s) =⎡
⎢⎢⎢⎣

k1

kμμ0(T0s + 1)(T1s + 1)
−PT0(Tb + 1)

μ0(T0s + 1)

k1k2(αT3s + 1)
(T0s + 1)(T3s + 1)

k2kμPT0Tts(αT3s + 1)
(T0s + 1)(T3s + 1)

⎤
⎥⎥⎥⎦ .

(50)

Then, desired decoupled transfer function of the plant Gdc(s)
can be chosen following four requirements.

1) It is a diagonal matrix.
2) The static gain of each control channel is 1.
3) The pole positions are kept unchanged.
4) Each channel has a pure differential or first-order differ-

ential link to improve the response speed.
Here, choose Gdc(s) as

Gdc(s) =

⎡
⎢⎢⎣

k1s

μ0(T0s + 1)(T1s + 1)
0

0
PT 0k2(αT3s + 1)

(T0s + 1)(T3s + 1)

⎤
⎥⎥⎦

(51)
then the decoupler D(s) can be deduced as

D(s) =
[

Tts

T0s + 1
PT 0(T1s + 1)(Tbs + 1)
k1(T0s + 1)(αT3s + 1)

]
. (52)

By fitting Gdc(s) to one-order inertia plus delay form, we can
get the PI controller according to the Ziegler–Nichols method
[23] as

GPI(s) = diag(3.6 + 0.0216/s, 25.92 + 1.552/s). (53)

In the whole design procedure of the PI controller, we notice
that the actuator saturation constraints are not considered.

A. Tracking Ability Test

In order to ensure economic operation, the boiler–turbine
unit operation mode is more complicated: under high load con-
ditions (Nr > 375 MW), PT r is maintained constant while the
load demand Nr is changing, which is called the constant pres-
sure operation mode (CPOM); under low load conditions, the
relationship between Nr and PT r is denoted by Fig. 8, which is
called the sliding pressure operation mode (SPOM).

Fig. 8. Sliding pressure curve of the 500 MW boiler–turbine unit.

Fig. 9. Responses of the tracking ability test of the H∞-based LQR
control system under both operation modes with the actuator saturation
constraints.

The time responses of the proposed H∞-based LQR control
system are shown in Fig. 9. When time is before 4000 s, the
system is operating under the CPOM, and later it works under
the SPOM.

1) Under the CPOM, N and PT can accurately follow
Nr and PT r , respectively. The adjustment processes are
monotonical and smooth, and the settling times are not
more than 500 s. The two control channels are well
decoupled.
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Fig. 10. Responses of the tracking ability test of the PID control system
under both operation modes with the actuator saturation constraints.

2) Under the SPOM, Nr and PT r change (step change or
ramp change) at the same time, but N and PT can still
follow them, respectively.

3) In the whole process, the changes of the control sig-
nals (governor valve position and boiler firing rate) are
reasonable.

For comparison, the output responses and the control actions
of the classic PI decoupling control system are shown in Fig. 10.
We can see that

1) The adjustment procedures are oscillating and the settling
times are much longer.

2) With the actuator saturation nonlinear constraints, the
control performance is rather bad.

B. Antidisturbance Ability Test

Considering a boiler–turbine unit often receives high-
frequency noise interference in its operation process, we add
two zero-mean white noise disturbances with 1% variances into
the control signals. The disturbance of μ is added from t =
0 s, and the disturbance of B is added from t = 100 s. The
responses are shown in Fig. 11. We can see that N and PT fluc-
tuate with the white noise disturbances. But the fluctuations are
very small in the amplitude. That is to say, the system has good
antidisturbance ability.

C. Parameter Tuning and Application Discussion

In the H∞-LQR optimal design procedure, after the con-
trolled object model is determined, the controller K is decided
only by the state weight matrix Q and the control signal weight

Fig. 11. Responses of the antidisturbance ability test under the con-
stant pressure operation mode.

matrix R, so the choice of Q and R is particularly important. As
a diagonal matrix, the greater the elements of Q, the higher the
state constraints become. And also, the greater the correspond-
ing elements of R, the greater the control signal constraints
become.

After the normalization of all the state variables, we can rea-
sonably assume that Q = diag(q, q) and R = diag(r, r). Then,
in the control system design process, only two parameters (q and
r) need to be determined, which, comparing with the traditional
PID parameter tuning, is much easier.

As shown in Fig. 5, the proposed H∞-LQR-based controller
is a linear controller. Its structure is simple and can be easily
realized by the configuration software of the DCS.

V. CONCLUSION

In this paper, a novel boiler–turbine unit control scheme based
on the H∞-LQR-based control approach was presented for im-
proving load adaptability of power generation units in a wide
range of working conditions.

Compared with the existing work, the new features of the
proposed controller are as follows.

1) After the state vector expansion, it ensures the system
outputs accurately tracking their set-points, which cannot
be achieved by the classic H∞ approach.

2) It combines the approaches H∞ and LQR together. This
means that it can ensure the control quality of the sys-
tem under the premise of satisfying the control signal
constraints.

3) It is a linear controller, its structure is simple and the con-
trol actions can meet the actuator saturation constraints.
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All of these mean that the proposed controller can be
easily achieved in the DCS.

4) The outputs of the coordinated controller are more stable,
and it is beneficial to the distributed basic control loops
to better respond and cooperate with each other.

However, there are still some features that can be improved
in the future.

1) The choice of the weighting factors (q and r) is a key and
tedious step in the design procedure of the H∞-LQR-
based controller. It directly affects the performance of
the control system. From the application point of view,
to promote the engineering applicability of the proposed
control scheme, it is necessary to establish a lookup table
associating each type/capacity of boiler–turbine unit and
its weighting factors’ values (or ranges) by means of
experiments or simulations.

2) We only study the control problem of boiler–turbine units
with actuator saturation in this paper. However, dead
zone, quick opening, equal percentage, square root, etc.,
are also common nonlinear characteristics of actuators,
and worth further study, although nonlinear compensa-
tion, control performance improvement, stability proof,
etc., would be challenging problems.
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