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Abstract—Conventional power generation systems rely on the
rotating inertia of large synchronous generators to maintain
stability in the power balance and frequency control loops.
The increasing penetration of inverter-connected distributed
generation proportionally reduces the fraction of conventional
stabilized power used in the distribution system. It is an open
question whether the primary feedback loop related to frequency
control would remain stable as the fraction of the distributed
generation increases in a distribution system. We develop and
analyze a control model of a grid-connected distribution system
to determine the stability in response to disturbances from the
grid, such as grid frequency variations. Our conclusion is that for
tie-in inverter connection of distributed generation, the transients
can remain stable and grid frequency disturbances will not
be amplified as long as the inverter controller is well-tuned.
This conclusion holds for a broad range of parameter values
explored in this work percentage of the distributed generation
penetration, power factor of the load, load power, transmission
line impedance, LCL filter and PLL in inverter system.
Index Terms—Distributed power generation, Power distribution, Power system stability, Power system control Inverters.

I. I NTRODUCTION
HE existing electric grid was designed for generation by
centralized, dispatchable power plants. It is expected that
more and more of distributed generation will be gradually
added to the grid as the use of renewable sources such as
rooftop solar panels increases. These sources are connected
to the distribution grid through inverters. An inverter converts
the DC power from its generation source to AC power that
can be fed into the grid. The inverter must control the amount
of active power (P ) and reactive power (Q) injected into the
grid while matching the grid frequency and phase.
The most common type of inverter control system in use
in the United States today is the grid-tie system [1]. A
grid-tie inverter measures the local grid frequency using a
phase-locked loop (PLL) and attempts to output power at this
frequency. The inverter also receives an active power setpoint
from its generation source. For photovoltaics, this setpoint is
often set using a maximum power point tracking algorithm
[2]. A simple feedback controller (e.g., a PI) is implemented to
adjust the output power until it reaches setpoint. This approach
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is in compliance with IEEE Standard 1547 [3]. Such gridtie system is typically connected to the distribution system
through an LCL filter as discussed in [4]–[6].
Of specific interest in this paper is how power balance and
frequency control are maintained in systems as penetration
of inverter-connected generation sources increases. In conventional systems with large synchronous generators, the rotating
inertia of these generators provides stability to the system.
As penetration of inverter-connected generation increases, the
overall inertia of the system decreases. Surprisingly, there
appears to be little literature discussing this important issue. In
[1], the discussion of control functions for systems with high
penetration of photovoltaics does not include the stability of
the overall distribution system. In [7], frequency control and
stability is discussed for systems with high penetration of wind
generation. A system involving energy storage with fuel cells
is proposed to provide primary frequency control.
At current low levels of renewable penetration there are
few concerns. Distributed generation is connected to the grid
through an inverter with a simple control system. However, the
question is whether this will continue to work at higher levels
of inverter-connected penetration. It is not well understood if
the control structure of the distribution system must change
to accommodate increasing levels of inverter-connected generation sources. This causes concern for utilities that must
guarantee the reliability of the grid. The goal of this paper is to
establish from a controls perspective if the power stability can
be guaranteed as penetration of inverter-connected generation
sources increases. We focus on the stability of a distribution
system under varying parameters with an inverter-connected
generation source controlled using a grid-tie system.
II. S IMULATION M ODEL
A simulation was developed in MATLAB/Simulink using
the SimPowerSystems toolbox and its component model templates for electric power generation, transmission, distribution,
and control, see [8]. Figure 1 shows the high-level diagram of
the developed Simulink sim.
The sim details a balanced 3-phase distribution system that
receives anywhere from zero to one hundred percent of the
load power from an inverter-connected generation source. To
simplify the model, the load and the distributed generation are
both aggregated. The sim consists of four main elements: the
utility grid model, the load model, the inverter model, and the
inverter control logic model.
The utility grid has essentially a constant voltage as seen
from the distribution grid. However, it may have a varying fre-
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systems with different penetration of distributed generation.
The sim has in excess of 20 parameters. Assuming a grid with
5 values for each parameter, the total simulation run time for
the full parameter sweep would be 520 · 3 min ≈ 0.5 Billion
years! An alternative approach is discussed in the next section.
III. S URROGATE M ODEL

Fig. 1.

High-level diagram of SimPowerSystems simulation.

quency. This is built into the model by using the Three-Phase
Programmable Voltage Source from the SimPowerSystems
toolbox that allows for step and ramp changes in frequency and
phase. The utility grid voltage source is connected to the load
through a realistic 3-phase distribution line model including
the 120kV/25kV substation step-down transformers, a 30km
25kV-line, 25kV/120V distribution transformer, and a distribution line. The load in the simulation is an aggregated model of
the load in the full distribution system. The active and reactive
power demands of the distribution system can be adjusted
by adjusting this load. SimPowerSystems contains models of
loads where active power (P ) and reactive power (Q) can be
explicitly specified. This load is then connected to ground.
The first element of the simulated inverter system is a three
bridge DC-AC Inverter model from the SimPowerSystems
used to convert a DC voltage source to a 3-phase source.
Switched gate pulse inputs for the three bridges of the inverter
are generated by the control system described below. The
modulated pulse output of the inverter goes through an LCL
filter to remove the higher order harmonics. Additionally, a RC
snubber circuit is included to dampen out transients. Finally,
a ∆-Y transformer is cascaded at the end.
The control system for the grid-tie inverter system operates
by following the local frequency and outputting a desired
amount of active power. To produce a stable grid frequency
and phase measurement the control system uses the phaselocked loop (PLL) logic from the SimPowerSystems with automatic gain control. A SimPowerSystems discrete measurement
block is used to sample P and Q every millisecond. These
values are then compared to a setpoint and the error values are
fed into an integral controller. The controller is implemented
in the dq0 reference frame. The direct and quadrature axes
correspond to active and reactive power generation, respectively. The integral action for each of these axes along with
the frequency measurement from the PLL are used to generate
a 3-phase signal that determines the switching pulses for the
gates of the inverter. This control system uses the dq0 7→ abc
transformation block from the SimPowerSystems toolbox.
The sim runs on a computer with 2.4GHz dual-core Intel
Core i5 processor and 4GB memory. Each simulation takes
approximately 3 minutes, running with a discrete solver in
rapid accelerator mode. Exhaustive simulations for all feasible
combination of model parameters could provide a conclusion
about the stability and performance for future distribution

An approach of this study is to replace the described detailed
simulation model with a much simpler surrogate model. The
surrogate model is single-phase in circuits (while the power
measurements are 3-phase); its blocks match the performance
of the detailed model blocks. This allows us to characterize
the closed loop. The surrogate model has fewer parameters
and can be evaluated much faster than the detailed model.
This makes exhaustive analysis possible.
The high-level systems diagram of the surrogate model is
illustrated in Fig. 2. The Grid Interface Circuit receives inputs
of the grid voltage VG and the supplied inverter current IN .
The Inverter System output is IN . At the input it computes
instantaneous 3-phase active power output PN and reactive
QN through IN and output voltage VN . It also receives
setpoints for the active Pset and reactive Qset power. Note
that VG , VN , and IN are Root-Mean-Square (RMS) phasors.
VG

Fig. 2.

Grid Interface
Circuit

V N , IN

Inverter System

Pset , Qset

High-level model of distribution system.

A. Grid Interface Circuit
The Grid Interface Circuit is the connection between the
utility grid and the inverter. Its model is shown in Fig. 3,
where ZG is the impedance of the transmission lines and ZL
is the aggregated load impedance. The utility grid is modeled
as a constant voltage source as seen by the distribution system.
Since transmission line impedance scales linearly with distance, and the inverter is located much closer to the load than
the utility grid, it was reasoned that the impedance between
the inverter and the load could be neglected.
ZG

VN

IG
VG

Fig. 3.

IN
ZL

Grid Interface Circuit.

B. Inverter Operation
A voltage difference between VG and VN causes current
IG to flow, delivering power from the grid to the load. The
inverter acts as a current source with output IN . The controller
adjusts the output current of the inverter to reach the desired
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power flow. The grid together with the inverter supply the 3phase active PL and reactive QL load power. The grid must
supply the entirety of the reactive power to the load because
grid-tie inverters are required to provide none.
C. Steady-State Analysis
This system will first be analyzed in steady-state. We
assume the following grid parameters are given:
∗
• distributed generation penetration: a = 3VN IN /PL ,
• power factor of the load: cos(ψ) with ψ = ̸ (PL + iQL ),
• magnitude of the load power: |PL + iQL |,
• transmission line impedance: ZG = |ZG |̸ γ,
• magnitude of the utility grid voltage: |VG |,
Note that we assume Pset = aPL and Qset = 0 implicitly.
We would like to solve for VN and IN .
Let VN = |VN |̸ ϕ, IN = |IN |̸ ϕ, VG = |VG |̸ (ϕ + φ), and
IG = |IG |̸ (ϕ + θ). Note that ϕ offsets all phasors and can
be chosen arbitrarily. The steady-state solution must follow
power flow equations and Ohm’s law:
∗
3VN IN
= aPL
∗
3VN IG

= (1 − a)PL + iQL
VG = VN + IG ZG

From (2), we have
−1

θ = tan
|IG | =

1
3|VN |

(
)
QL
−
(1 − a)PL
√
Q2L + (1 − a)2 PL2

(1)
(2)
(3)

(4)
(5)

Substituting (4) and (5) into (3) yields a biquadratic equation
in |VN |. It can be shown that when
√
2
|VG |2 ≥ |ZG |(1 + cos(θ + γ)) Q2L + (1 − a)2 PL2 ,
3
the equation has real roots, i.e. the steady-state exists. The
solution is obtained as the largest of the four equation roots.
After |VN | is determined, |IN |, |IG |, and |VG | can be found
from (1), (5), and (3), respectively. Finally, PL + iQL =
2
3 |VZN∗| , yields the load impedance ZL .

A. Inverter System Overview
The Inverter System block includes the physical inverter, its
control system, and all associated components. The Inverter
System components are shown in Fig. 4 and include the PQ
Measurement block, the PI Controllers block, the PLL block,
the Phase Converter block, the Inverter Gain block, and the
LCL Filter block. The transfer function of the Inverter System
can be obtained by deriving the transfer functions of each
individual component block. This is done below.
The goal of the inverter is to supply a specified amount
of active and reactive power (Pset and Qset ) at the same
frequency as the grid. The control system for the grid-tie
inverter system follows the local frequency to output desired
active and reactive power. A sensor measures active power
(P ) and reactive power (Q) at the output of the inverter. These
values are then compared to a setpoint and the error values are
fed into a PI controller. The setpoint for P could come from
cascaded logic such as a MPPT algorithm. The setpoint for Q
is assumed to be zero since grid-tie inverters, by regulation,
are not allowed to inject reactive power. Additionally, a PLL
is used to measure the frequency and phase at the grid
connection point of the inverter. The control signals from the
two PI controllers are used in conjunction with this frequency
measurement to generate switching pulses for the gates of the
inverter. The output current of the inverter is then fed through
a low-pass LCL filter to remove higher harmonics and produce
a clean signal at the desired frequency (60 Hz for the United
States). This is combined with the power supplied by the utility
grid to meet the load demand.
IN
LCL

PQ
Measure

VC

Inverter
Gain

P, Q

PI Controller

VP

d, q

Pset , Qset
VN

PLL


VM

Phase
Converter

L

Control Logic Block

IV. T RANSIENT A NALYSIS
To allow analysis of the system stability, the surrogate
model includes the transients and the disturbances of the
grid power that the distribution system should suppress. This
section introduces a dynamic phasor model. The phasors are
considered as functions of time that change much slower than
AC oscillations. The analysis uses linearized models of the
phasor variation dynamics in the vicinity of the steady state.
The phasors in the model are IN + δIN (t), VN + δVN (t), and
VG + δVG (t), where δIN (t), δVN (t), and δVG (t) are the transient variations from the steady state solution of Section III-C.
Although the magnitude of the grid voltage VG is assumed to
be constant, the grid frequency can be varying. Below, the time
varying frequency is described through time-varying phasor
VG and is considered as an external disturbance.
In what follows, we develop transfer functions for the Grid
Interface Circuit and the Inverter System block in Fig. 2.

Fig. 4.

Inverter system.

B. PQ Measurement
The 3-phase PQ Measurement block takes input current
phasor IN and voltage phasor VN (each a 2-dimensional
∗
vector) and calculates active power P = ℜ(3VN IN
) and
∗
Q = ℑ(3VN IN ), where ℜ and ℑ denote the real and imaginary part of a complex variable respectively. This is assumed
to be done with negligible delay. The linearized model of the
block is then a static 2 × 4 gain matrix of the form


[ ]
[
] ℜδVN

δP
ℜIN
ℑIN ℜVN
ℑVN 
ℑδVN  . (6)
=3
δQ
−ℑIN ℜIN ℑVN −ℜVN  ℜδIN 
ℑδIN
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C. PI Controller
Two PI controller blocks feed the deviations of P and Q
from the setpoints into PI controllers for the direct, d, and
quadrature, q, control signals as shown in Fig. 5. In the steady
state P = Pset and Q = Qset . Since the controller is linear,
the model in variations has the same form as the control logic
(
)
K dI
δd = Kd +
(δPset − δP ),
(7)
s
(
)
KqI
δq = Kq +
(8)
(δQset − δQ),
s
where s is the Laplace operator, Kd , KdI , Kq , and KqI are
the controller constants, δP , δQ are the outputs in (6), and
δPset , δQset are the external command inputs.
Pset
P

the instantaneous phase of the input phasor VN′ and modulates
it with the amplitude d. It also adds a quadrature signal with
amplitude q. This can be expressed as
1
VP = √ (d + iq)VN′ ,
2

(12)

where the scale √12 ensures that VP is a RMS measurement.
Nonlinear model (12) has 4 inputs (two components of VN′ ,
d, and q) and 2 outputs. The model in variations obtained by
linearizing (12) has the form


ℜδVN′
[
[
]
]
′ 
1 d −q ℜVN′ −ℑVN′ 
ℜδVP
ℑδVN  ,
=√
′
′


δd
ℑδVP
q
d
ℑV
ℜV
2
N
N
δq
where δd and δq are the outputs in (7) and (8).

+
− 

PI - d axis

d

F. Inverter Gain


Q
−

PI - q axis

The output of the inverter is the signal VC = Kinv VP ,
where gain Kinv is determined by the DC side of the inverter.
Thus, the model for the variation of δVP is

q

+
Qset

Fig. 5.

δVC = Kinv δVP

PI controller blocks.

G. LCL Filter
D. PLL
The PLL block measures phase from the input VN and
generates output VN′ with unit amplitude. Let the input be
VN = |VN |̸ θi and the output VN′ = 1̸ θo . At steady-state,
the amplitude of input is a constant |VN |, the output phase
1 d
θo = θi , and the output frequency is the constant fo = 2π
dt θo .
Linearizing θi = tan−1 (ℑ(VN )/ℜ(VN )) for a transient
perturbation δVN , we get
]
[
] ℜδVN
1 [
−ℑV
ℜV
δθi =
.
(9)
N
N
ℑδVN
|VN |2
The PLL uses PI feedback of the tracking error with the
transfer function 2ζp wp + wp2 /s. Then, according to [9],
δθo =

2ζp wp s + wp2
δθi .
s2 + 2ζp wp s + wp2

VN′

The final block is the LCL Filter. The switching action of
the gates of the inverter generates high-frequency harmonics
in the output signal. The LCL filter is used to remove these
harmonics without the losses that would be caused by the
impedance of a RC filter. The LCL filter in the simulation
model was designed according to the guidelines in [4]. A ∆Y transformer is usually cascaded at the end for any possible
single phase connection. Our model lumps the transformer
inductance with the LCL filter and includes a ∆-Y transformer
with a unity gain. The equivalent circuit is shown in Fig. 6.

Lf

Lf

+

Rm
+

Cf

IC
(10)

VC

Cf

IN e−iπ/6
VN e−iπ/6

1̸

Finally, given that
=
θo = cos(θo ) + i sin(θo ) and
θo = θi at steady-state, we have
[
]
[
] [
]
1
−ℑVN
ℜδVN′
− sin(θo )
δθo . (11)
=
δθo =
ℑδVN′
cos(θo )
|VN | ℜVN
Combining (9), (10), and (11) yields the transient map from
δVN to δVN′ .
E. Phase Converter
The Phase Converter block receives the inputs of d, q (from
the PI controller), and VN′ (from the PLL), and produces
the phasor VP that drives the switching of the gates of the
inverter to produce the desired current. The converter takes

Rf
−
Fig. 6.

−
LCL filter block.

This is a two-port network with a linear transfer function.
Let Zd be the load impedance. In steady-state, the linear
transfer function Tlcl from VC to IN can be derived using
Zd = VN /IN . In a transient, Zd = ZL ||ZG (|| denotes the
parallel connection), and the map from δVC to δIN is given
by phasor transfer function Tlcl (s + iw0 ) with w0 = 2πf0
(where f0 = 60 Hz in the US).

5

H. Transient Grid Inverter Circuit

V. T RANSIENT A NALYSIS R ESULTS

ZL ||ZN
δVG + (ZG ||ZL )Tlcl (s + iw0 )δVC ,
ZG + (ZL ||ZN )
(13)
ZL ||ZN
1
=−
δVG + Tlcl (s + iw0 )δVC ,
ZG + (ZL ||ZN ) ZN
(14)

δVN =

δIN

where ZN is the output impedance of the inverter, which is
equivalent to
ZN = (Tlcl (s + iw0 ))−1

VC =0

.

The surrogate model was verified by comparing it to the
detailed simulation model. First, verification tests were performed for various parameters to ensure that each block of the
surrogate model and the respective part of the detailed simulation model have very similar responses. Then, the complete
closed loop models integrated from the verified blocks were
matched. Fig. 7 shows the responses to a step in the active
power of the inverter Pset and the reactive power Qset for
both the surrogate model and the detailed simulation. These
responses match reasonably well. The developed surrogate
model is a good approximation of the detailed simulation
and the results below should be applicable to a range of
real distribution systems. The goal of the transient analysis

δVN

Power

Note that (13) and (14) are consistent with the linearized map
defined by the circuit in Fig. 3
ZL
=
δVG + (ZG ||ZL )δIN .
ZG + ZL

1

1

0.8

0.8
Power

The disturbance δVG propagates to the inverter through the
Grid Interface Circuit as follows,

0.6
0.4
PN

0.2

PN

0.2

Q

N

0
0

10
t

N

0
20

0

10
t

20

Fig. 7. Step responses of Pset (at t = 0) and Qset (at t = 10) for the
surrogate model (left) and the detailed simulation (right).

I. Frequency Disturbance Analysis
In this section we derive the relationship between a change
in the grid phase and the corresponding change in the inverter
voltage VN . Consider disturbance input VG in the Grid Interface Circuit model. We assume that the grid voltage magnitude
is constant but the frequency is changing. The grid frequency
variation is modeled as phase variation.
Suppose VG = |VG |eiΦVG and there is a phase change δΦVG
d
in VG due to a frequency disturbance δωVG = dt
δΦVG . To
reflect the time varying phase δΦVG the steady state phasor
VG is replaced by the time-varying phasor VG + δVG by
δVG = |VG |eiΦVG iδΦVG = VG iδΦVG .
This yields the disturbance input phasor δVG in (13) and (14)
[
] [
][ ]
ℜδVG
ℜVG −ℑVG 0
=
δΦVG .
ℑδVG
ℑVG ℜVG
1
The phase change δΦVN in VN caused by δVN can be
determined by linearizing the steady-state map
(
)
ℑVN
ΦVN = tan−1
ℜVN
to yield the disturbance of the inverter voltage phase
[
]
] ℜδVN
1 [
−ℑV
ℜV
δΦVN =
.
N
N
ℑδVN
|VN |2

δωVN
sδΦVN
δΦVN
=
=
.
δωVG
sδΦVG
δΦVG

0.4

Q

However, we cannot treat δIN as an ideal current source and
must also take the inverter impedance ZN into consideration.

Note that the transfer function from δωVG to δωVN =
is the same as that from δΦVG to δΦVN since

0.6

d
dt δΦVN

is to determine how the system responds to a disturbance in
the phase of the utility grid. Equations in Section IV were
combined to develop a complete transfer function relating the
disturbance input δωVG to the output δωVN . We explored the
model parameters to determine where the distribution system
can be guaranteed to stably operate despite disturbances from
the grid. Each block in the surrogate model developed previously was coded in MATLAB and connected into the full
system using the Control System Toolbox. This allowed for
the development of a complete transfer function from a grid
phase disturbance to the measured phase of the distribution
system. The analysis covered a range of model parameters as
shown in Table I.
In accordance with [10], the impedance of the low voltage
line was calculated as ZL = (0.642+i0.083)l Ω, where l is the
line length in km shown in Table I. We only need to consider
the low-voltage line, since the equivalent impedance of the
mid-voltage and high-voltage lines is comparatively small.
For the PLL model (10), the analysis used ζp ∈ [0.3, 0.65]
and wp ∈ [11, 57]. Table I describes the PLL through rise time,
which is proportional to wp−1 , and overshoot, which is defined
by the damping factor ζp .
For the LCL filter, we analyzed Rf ∈ [0.1, 0.8], and Lf ∈
[5·10−3 , 5·10−2 ], see Fig. 6. We assume transformer resistance
Rm = 0.007 to be a fixed parameter. Table I describes the
LCL filter through power loss and settling time parameters.
The power loss increases with the resistance Rf , which also
reduces the Q-factor at the resonance and helps stability. The
settling time increases with Lf . To maintain the LCL filter
resonance frequency, we kept Lf Cf = 5 · 10−7 , see [4].
The system has a stable step response over all explored
parameter values. It is a somewhat surprising result that the
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TABLE I
S URROGATE M ODEL PARAMETER S WEEP
Parameters

Minimum Value

Penetration a

0.05

Maximum Value
0.95

Load power PL

5kW

40kW

Power factor cos(ψ)

0.9

1.00

Line length l

25m

1km

PLL rise time

0.02s

0.1s

PLL overshoot

23%

45%

LCL power loss

3 × 0.024Watts

3 × 16.3Watts

LCL settling time

2.04s

19.5s

system performs well under all reasonable operating conditions. This shows that it is possible, with reasonably tuned PI
controllers, to build a very stable system.
For each combination of these parameters, the H∞ norm
of the closed-loop transfer function from δωVG to δωVN was
calculated for the resultant transfer function. The H∞ norm
shows the maximum gain by which the frequency variation is
amplified at any frequency of the disturbance. Overall 25,000
combinations of the system parameters were explored. With
about 1s per run this took about 7 hours. The results shows that
the H∞ norm is always less than 1.61 for all sample points
we considered and is less than 1.2 if line length l < 0.5km.
Penetration

Load Power

Power angle (ψ)

Line Distance

1.6

1.6

1.6

1.6

1.4

1.4

1.4

1.4

1.2

1.2

1.2

1.2

1

1
0

0.5

1

1
5k 10k 20k 40k

w in PLL

1

−0.5

ξ in PLL

0

0.5

30 100 300 1k

R in LCL

L in LCL

1.6

1.6

1.6

1.6

1.4

1.4

1.4

1.4

1.2

1.2

1.2

1.2

The fixed tuning corresponds to a real-world scenario, where
the controller comes with the inverter box and is not retuned for different installations where grid parameters vary.
The results obtained show that the system is stable and the
disturbance amplification is not unreasonably large for such
suboptimal controller. A better tuning of the controller might
further reduce the disturbance amplification but would not
change the conclusions.
VI. C ONCLUSION
A grid-connected distribution system with an aggregated
load and inverter-connected distributed generation was analyzed. The system was broken into its component blocks
and linearized models (transfer functions) were developed for
each of these blocks. A transient analysis shows that the
system has a stable response and no excessive amplification
of grid frequency disturbances. These results are obtained
over a full exploration of the parameter space. Based on
the model studied, the distribution system has no frequency
stability issues for all reasonable operating parameters even
with high penetration of inverter-connected generation. The
lack of rotating inertia does not seem to be a limiting factor.
These results are applicable only if the system parameters
allow an acceptable steady state solution. One of the reasons
why such solution might be unavailable is related to the active
power supply. Due to regulation, a grid-tie inverter can only
supply power at unity power factor. Therefore, as the inverter
supplies a larger percentage of the load, the power factor of
the distribution system as seen by the grid will necessarily
decrease as long as there is any reactive component to the
load. Typically any power factor above 0.9 is acceptable to
a utility, although this varies based on local regulations. In
cases such as this, power factor restrictions might define the
practical limits of inverter penetration.
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In all simulations the PI controller (7) and (8) used the I
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analysis runs. This controller tuning could be, and likely is,
suboptimal for many of the system parameter sets explored.
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