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Abstract 

A linearized mathematical model of Permanent Magnet Synchronous Motor is proposed with the help of vector 
control method and the definition of new variables. Then Linear Quadratic regulator (LQR) control methodology is 
investigated and an optimal speed controller is designed for PMSM system. The control performance of LQR is 
compared with that of traditional PID controller in Simulink environment of MATLAB. Simulation results indicate 
that the PMSM system using proposed LQR control methodology has better dynamic performance and stronger 
robustness than using traditional PID controller. 
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1.Introduction 

In this paper, vector control theory [1] is discussed in control of PMSM. It is because of the vector 
control theory that performance of PMSM servo drive reaches and even surpluses that of dc drives. Vector 
control theory with the help of the principle of Clarke and Park transforms, transforms the actual three 
phase current into the corresponding torque current and field current in order to decouple the 
mathematical control model of PMSM. 

As the PMSM motor is replacing the conventional dc motor for small output power rating variable 
speed control system, the performance of PMSM which requires quick transient response must be 
improved [2]. PID controller has been dominating the control system of PMSM especially in practical 
conditions, however the performance of PMSM using PID controller is not always satisfactory. Hence, 
alternative methods like Linear Quadratic Regulator (LQR) is being used in speed control of PMSM 
[3][4]. LQR is an optimal control methodology that uses the quadratic cost function to determine its 
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control performance. In order to apply LQR to the speed control system of PMSM, however, the original 
non-linear, mathematical model of PMSM must first be linearized. The linearization method proposed in 
[5][6] was used. 

The focus of this paper is to apply the method of LQR to improve the dynamic performance of PMSM. 
The arrangement of the paper is as follows: description of linearized, decoupled mathematical model of 
PMSM is presented in section 2. The principle of LQR and the design of a speed controller using optimal 
control method is introduced in section3. Section4 introduces the simulation models of PMSM with PID 
controller and LQR respectively and the comparison of simulation results of these two control methods. 
Section5 concludes the entire paper. 

2. Mathematical model of PMSM 

The equations that govern the electric dynamics of PMSM are expressed in the rotor reference frame 
(qd frame) as follows: 

1 q

d d d r q

d d d
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1.5 [ ( ) ]e q d q d qT p i L L i iλ= + −

                                                        (3) 
Where: 

qL and dL are q and d axis inductances; 

R is the resistance of the stator windings; 

qi and di  are q and d axis currents; 

qv and dv  are q and d axis voltages; 

rω is the angular velocity of the rotor;    

λ is the amplitude of the flux induced by the permanent magnets of the rotor in the stator phases; 
p is number of pole pairs; 

eT is electromagnetic torque. 

The dynamic model of PMSM described by equation (1) and (2) is nonlinear due to the cross coupling 
and the angular speed and current produced in d and q axis respectively. The linearization process of the 
above model of PMSM was conducted by defining new variables which is described in detail in [6]. If we 
consider the magnetic symmetry in the motor which is often the case in PMSM of many kinds (like 
surface mounted PMSM for example), then inductance in d axis is equal to inductance in q  axis. So 

we define:
q dL L L= = .New variables are given as follows: 

0d r qv LP iω= −                                                                     (4) 

0q r dv Lp iω=                                                                      (5) 

After equations (4) and (5) have been put into equations (1) and (2), the linearized dynamic model of 
PMSM takes the form of following equations: 

1
d d d

d R
i v i

dt L L
= −

                                                                 (6) 
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                                                          (7)
It can be seen from equations (6) and (7) that the dynamical model of PMSM has been decoupled 

because the current in d axis has relations with variables in d  axis only, it is the same case in q axis.

The mechanical model for PMSM is presented by the following two equations: 

1
( )r e r L

d
T D T

dt J
ω ω= − −

                                                           (8) 

r

d

dt
θ ω=                                                                         (9) 

Where: 
J is the combined inertia of rotor and load; 
D is the damping coefficient. 
θ  is rotor angular position; 

LT is the load torque. 

The above equations (3), (6), (7) and (8) can be used to form a continuous state-space model for 
PMSM as follows: 

x Ax Bu Ew= + +                                                                 (10) 

Where x is the state vector which takes the forms of [ ]T
q d rx i i ω= ; u is the input vector which 

is given by: [ ]T
q du v v= ; w  is the disturbance input of the system, in this case it can be considered as 

the mechanical load which is governed by Lw T= . Matrices A and B of the state space model can be 

described as follows: 
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The vector control method, which is based on field orientation, is constantly applied in the control of 
PMSM. Specifically, we use the method which requires di to be kept as zero [7], so that the stator 

current vector is kept along q axis direction and the electromagnetic torque is linearly proportional to the 

q axis current which is determined by closed loop control. This method is easy to apply but can lead to 

high dynamic performance. In this way, the state-space dynamic model of PMSM can be further 
simplified while still take the form of equation (10) but with different definitions of the parameters in the 
equation. Please refer to the following description. 

x Ax Bu Ew

y Cx

= + +
=

                                                              (12) 
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[ ]T
q r rx i ω θ= , qu v= , Lw T=                                                   (13) 
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3. Design of Optimal Linear Quadratic Regulator 

The linear quadratic regulator (LQR) is an optimal control methodology of dynamic systems where the 
state equation of the plant is linear and the cost function is quadratic. It can be seen from equations (12) to 
(14) that the output variable is also the state variable, so the LQR designed is both state regulator and 
output regulator. The cost function can be described as the following equation: 

0

1
( )

2
T TJ x Qx u Ru dt

∞

= +∫                                                         (15) 

Where n nQ R ×∈ is the symmetric semi-positive or positive definite matrix and m mR R ×∈ is the 

symmetric positive definite matrix. 
The optimal feedback gain matrix [ ]1 2 3K k k k=  makes the cost function take the minimum value 

that satisfies the equation: 

1 TK R B P−=                                                                     (16)  

Where P is the real positive definite solution of the following Riccati equation: 

1 0T TA P PA PBR B P Q−+ − + =                                                      (17) 

So the optimal control is given by: 

u Kx= −                                                                        (18) 

In order to obtain fast response and good dynamic performance of the system, the weight matrices 
Q and R must be chosen properly [8]. In this case we set [ ]100 1 1Q diag= and 1R = , then the 

corresponding optimal feedback gain is [ ]7.9117 0.7249 1.0000K = .

4. Simulation and results 

In order to validate the LQR control methodologies of PMSM and its advantages over the traditional 
PID controller, we use the Simulink environment in MATLAB as the simulation tool.  

The simulation model of PMSM system [9] consists of six major blocks: the PMSM block, the PWM 
inverter block, Clarke and Park transforms block, current to voltage transforming block, current 
regulation block and speed control block. The simulation models of PMSM which use PID controller and 
LQR control methodology are shown in Fig.1 and Fig.2 respectively. 
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Fig. 1 Simulatian model of PMSM system which uses traditional PID controller 

Fig. 2 Simulation model of PMSM system which uses LQR control methodology 

The parameters of PMSM used in the simulation process are as follows: 
2.875R = Ω , 8.5L mH= , 2P = , 0.175Wbλ = , 20.0008 .J kg m= , 0.0021 . . /D N m s rad= .

Set the speed reference as 50r/min, the simulation results of speed response of PMSM system without 
disturbance load torque are shown in Fig.3 and Fig. 4. As can be seen from these two figures, the 
transition time of PMSM system using traditional PID controller is 0.01s, while the transition time of 
LQR control methodology(with the same PID parameter) is 0.0075s. Speed overshoot of PMSM system 
using PID controller is 32% while speed overshoot of LQR method is 10%. These results show that 
PMSM system using LQR control methodology has better dynamic performances in terms of transition 
time, speed overshoot etc. 

At 0.04s, load torque of 3 .N m  is applied to the PMSM system as a disturbance input. The simulation 
results of speed response of the system with load disturbance are shown in Fig.5 and Fig. 6 respectively. 
The results show that PMSM system using LQR control methodology can return back to the steady state 
in situation of disturbance faster than system using traditional PID controller which indicates strong 
robustness of system using LQR control methodology. 

      
Fig. 3 Speed response of PID controller                          Fig. 4 Speed response of LQR 
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Fig. 5 Speed response of PID controller with load disturbance        Fig. 6 Speed response of LQR with load disturbance 

5.Conclution 

In this paper, the mathematical model of PMSM dynamic system was set up. Considering the 
nonlinearity and cross coupling of the system, a linearized model was proposed using the method of 
defining new variables and by applying the vector control method which requires di to be kept as zero. 

The LQR control methodology was investigated and its control performance was compared with that 
of the traditional PID controller in a PMSM dynamic system. This was achieved with the help of 
Simulink environment of MATLAB. The simulation results validate the proposed LQR methodology and 
display a better dynamic performance in terms of transition time and speed overshoot and also stronger 
robustness of LQR control methodology than of traditional PID controller. 
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