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< This paper proposes a PID-based
adaptive second-order sliding mode
controller (SMC).

< SMC is robust to actuator and sensor
faults and tracks outputs of a refer-
ence system.

< SMC is used in fault tolerant control
of a heat recovery steam generator
boilers.

< Boiler and reference system have
different number of states and
inputs.

< Performance of SMC is investigated
with different faults scenarios in
simulations.
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Power generation plants are intrinsically complex systems due to their numerous internal components.
Higher energy efficiency in power plants is now achieved through employing combined cycles. In this
article, an adaptive robust Sliding Mode Controller (SMC) is designed to overcome the faults in Heat
Recovery Steam Generator boilers (HRSG boilers) as one of the main parts of a combined cycle plant. On
condition that a fault occurs in the HRSG boiler, the control system must be able to reconfigure its
parameters to maintain the admissible thresholds in dynamic variables such as drum pressure, steam
temperature, and drum water level. To achieve good performance for the boiler, the proposed adaptive
robust SMC shall conquer the effects of faults and uncertainties by estimating their upper bounds
adaptively, and force the outputs of the multivariable boiler to track the outputs of a desired multivar-
iable reference model. Manipulating a suitable control input and using second-order sliding mode
control strategy, the output tracking error slides to zero on a PID sliding surface. Besides tracking, the
controlled boiler tolerates faults in system matrix, faults in input matrix, and external disturbance signal.
Numerical simulations confirm the effectiveness of the proposed FTC (Fault-Tolerant Control) system for
an uncertain non-minimum phase HRSG boiler.

� 2012 Elsevier Ltd. All rights reserved.
: þ24098 21 88633029.
Aliakbari), m.ayati@ut.ac.ir
fke.utm.my (Y. Md Sam).

All rights reserved.
1. Introduction

With growing advances in manufacturing and processing
industries, and production developments in many practical
control problems, such as petroleum, chemical industry, aviation
and power plants, practical controlled systems (or plants)
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Nomenclature

v volume
h specific enthalpy
r specific density
u specific internal energy
q mass flow rate
s subscript for steam
m subscript for metal
LT level transmitter
PT pressure transmitter
l drum water level, (m)
Q heat flow rate to the risers, (kcal/s)
qf feed water flow rate, (kg/s)
qs steam flow rate, (kg/s)
qdc downwater mass flow rate, (kg/s)
b empirical parameter
rs density of steam, (kg/m3)
rw density of water, (kg/m3)
ar steam-water mass fraction in riser
mr total riser mass, (kg)
mt total metal mass of the metal tubes and drum, (kg)
k friction coefficient in downcomer-riser loop

(dimension less)

cp specific heat of the metal at constant pressure,
(kJ/kg-k)

w water
f feed water
p drum pressure, (Pa or kg/cm3)
t subscript for total system
d subscript for drum
r subscript for riser
Ad area of drum, (m2)
hc condensation enthalpy, (kJ/kg)
hf enthalpy of feed water, (kJ/kg)
hs enthalpy of steam, (kJ/kg)
hw enthalpy of water, (kJ/kg)
Vd volume of boiler drum, (m3)
Vdc volume of downcomer, (m3)
Vr volume of riser, (m3)
Vsd volume of steam in drum, (m3)
Vwd volume of water in drum, (m3)
Vwt total water volume, (m3)
Td residence time, (s)
ts saturation temperature for steam, (�C)
tm metal temperature, (�C)
V

�
sd volume of steam in drum at equilibrium point, (m3)

Vst total steam volume, (m3)
Vt total volume of drum, risers, and downcomers, (m3)
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become more elaborated and complex. Industrial control
systems are prone to faults and failures with unknown time and
magnitude in their sensors and actuators. These conditions may
cause performance degradation or even malfunction of the
whole process. Therefore, during the past three decades,
fault-tolerant control systems have been noticed as a relief
operation.

There are two classified approaches for designing FTC
systems: passive methods [1,2], and active methods [3]. In the
passive methods, it is desired to maintain stability and perfor-
mance of the faulty process in an acceptable region by
employing robust controllers without online parameter regula-
tion. There are several number of approaches in this class such as
algebraic Riccati equation [4], and LMI approach [5]. A fault-
tolerant control system based on active approaches can
compensate faults, either by selecting one of the pre-computed
control laws or by synthesizing a new control strategy adap-
tively. Active methods rely on updating controller parameters by
adaptation mechanisms or using fault detection and isolation
(FDI) methods, to reconstruct or reconfigure the controller.
Benefiting from the above approaches, adaptive robust
design methodology can be an efficient way to concur
more interconnected and complicated faults especially, actuator
faults.

Moreover, considering uncertainties of industrial plants,
which originate in errors and approximations in modeling
physical characteristics and chemical behaviors of the plant, is
a very important issue. Besides uncertainty and disturbances,
suitable output tracking, fast fault compensation, smooth and
small control inputs, and stability are other challenges in the
control of any industrial plant especially power generation
plants.

Power generation plants are delivering the heartbeat to the
modern world with the increasing demand of energy. Boiler unit
that produces steam is one of the critical components of a power
plant. This is because the steam flow rate, temperature, and
pressure directly and highly affect the performance of the power
plant. Although the steam production is varied during plant
operation, output variables such as steam pressure, temperature,
and water level of the drum must be maintained at their
respected values. Because of the complexity and importance of
the boiler control, several methods have been used to model
[6e8], analysis [8e10], and control dynamical behaviors of boiler
unit in a power plant.

The dynamic characteristics of a boilereturbine in a power
plant heavily depend on inner and outer disturbances, changes
in set point, and operating point of turbine and consequently
boiler. In Ref. [11] a linear control strategy for control of boilers
is proposed. Also, in Refs. [12] and [13] nonlinear control
methods such as feedback linearization have been used to
control nonlinear boiler system. In Ref. [14] decentralized
robust control and in Refs. [15] and [16] multivariable methods
have been employed to control a boiler system. But these
methods result in control input signals to the boiler with
large magnitudes and high powers which are not suitable in
practice.

In order to reduce the magnitude of control inputs and regula-
tion errors, HN optimal controllers [17e19] and evolutionary
optimization methods [20] have been applied. However, these
methods require high computation expenses and in most cases
they are offline methods and unable to suppress the effects of time-
varying disturbances and uncertainties of the boiler. To overcome
uncertainties and disturbances, Refs. [15] and [21] suggested robust
control methods.

Sliding mode control methods are very appropriate for boiler
control since, they are applicable to multivariable systems and also,
they have fast response which is very important in power plant
boilers [22e26]. In addition, SMC is intrinsically robust to uncer-
tainties and moreover it could be equipped by some adaptive laws
to increase the performance of the controller [27]. contains 
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a comparative study on robust and sliding mode control of
boiler system.

Objective of this work is to design a second-order SMC with
a PID sliding surface. Also, issues related to practical imple-
mentation of the controller on a boiler are addressed to
demonstrate applicability of the proposed sliding mode
controller compared to traditional SMCs and PID controllers in
industrial applications. Despite the fact that, under control
boiler is multivariable (multi input- multi output) with
strong interactions, the controller has other special features.
For instance the controller adaptively estimates the upper
bound of the uncertainties, and external disturbances and
reduces their harmful effects. The closed-loop system with
the proposed SMC is a Model Reference Adaptive System
(MRAS) and forces the outputs of the boiler system to follow
outputs of a multivariable reference model on a desired PID
sliding surface.

Moreover, the controller of this paper is a second-order SMC
for uncertain linear systems. Most of the second-order SMCs in
literature are suitable for systems without uncertainties or
systems with limited number of states, input, and outputs
[28e30], while the proposed second-order SMC of this paper is
applicable to uncertain multivariable linear systems. Using
a second-order SMC not only the state trajectories of the
controlled system on the sliding surface converge to zero but
also, the trajectories on the first-order time-derivative of the
sliding surface slide to zero as time increases to infinity. It
should be mentioned, compared to the first-order SMC, the
advantage of the second-order and higher-order SMCs is that
they attenuate chattering of control input and also, they have
better convergence rate, robustness to uncertainties, and greater
fault compensation capability.

In the simulation section the proposed controller is used for
FTC of a HRSG boiler system. In the first part, simulation results
for the boiler without any fault or disturbance, demonstrates
good tracking of the reference model output and suitable
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Fig. 1. Combined cycle p
performance of the controller. In the next parts, periodic
input to the reference model, input matrix faults, and
output matrix faults are taken into account respectively.
Results illustrate effectiveness of the second-order adaptive
robust SMC.

This paper is organized as follows. Section 2 gives an insight
study on modeling and linearization of boiler system
dynamical model. Section 3 contains the formulation of the
second-order adaptive robust SMC and proves the stability of
the closed-loop system when plant is affected by faults
and uncertainties. Simulation results and analysis of the faults
are presented in Section 4. Finally, conclusion notes are in
Section 5.

Also, the following notations have been used through the
paper.

2. Boiler dynamical model

A boilereturbine unit is a configuration that is widely used in
combined cycle power plants and many modern power plants.
This configuration utilizes a single boiler to generate steam and
directly feeds the steam to a steam turbine to generate elec-
tricity. Schematic diagram of the combined cycle power plant
and its HRSG boiler is illustrated in Fig. 1. Fig. 2 depicts a HRSG
boiler and boiler drum with details.

The boiler of Fig. 2 has two major parts, the steam drum and
the mud drum. The heated water in the steam drum vapors and
produces steam. The water in the steam drum is pumped down
through downcomers to the mud drum. Then, it is pumped back
to the steam drum via riser while impurities of water remain in
the mud drum. The heat Q, supplied to the risers causes boiling.
Gravity forces the saturated steam to rise causing a circulation in
the riser-drum-downcomer loop. The pressure of the steam and
level of the water in the steam drum are under control. Feed-
water, qf, is supplied to the drum and saturated steam, qs,is
taken from the drum to the superheaters and turbine. The
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Fig. 2. Schematic of a HRSG boiler and boiler drum.
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presence of steam below the liquid level in the drum causes the
shrink-and-swell phenomenon which makes level control diffi-
cult [32]. In reality the system is much more complicated than
what is shown in the figure. The system has a complicated
geometry and there are many downcomer and riser tubes. The
outflow from the risers passes through a separator to separate
the steam from water. In spite of the complexity of the system it
turns out that its behavior is well captured by global mass and
energy balances.

The outflow steam from the steam drum is feed to the steam
turbine which turns the steam generator. The exhausted steam in
the turbine passes through the condenser and goes to the HRSG.
The combustion of air and fuel in the compressor of the gas turbine
increase the pressure of the gas. The high pressure gas turns the gas
turbine and consequently gas generator. The exhausted hot gas of
gas turbine passes through HRSG and reheats the drum water,
condenser output water, and maybe some new water to the loop
(feed water). The combined cycle power plants have higher effi-
ciency compared to the steam power plants and gas combustion
power plants.

In order to control the overall combined cycle power plant,
parameters of each part i.e. turbines, boiler, compressor, and etc
should be controlled separately. The main focus of this paper is on
the HRSG boiler. In the rest of this section and next section these
steps are followed. First, the inputs and outputs of the boiler from
the control design point of view should be specified. Then,
a nonlinear dynamical model for the boiler is obtained using
thermodynamic lows. Next, the nonlinear model is written in the
state space form and is linearized around the nominal operating
point. Finally, using a suitable method the parameters of the boiler
are controlled.

Boiler model of this paper is similar to model used in papers
[31] and [32]. In this model much of the system dynamical
behavior is captured by considering the mass and energy
balance equations. Model describes the response of the drum
pressure, p, and the total water volume, Vt, to changes in output
power, feed water flow rate, qf, and steam flow rate, qs, very
well. The behavior of the drum level is obtained by accounting
for the distribution of steam and water in the system. The global
mass and energy balances for the system as a whole, balance
equations for the distribution of water and steam in the riser
and drum, responses for steam-mass fraction, and volume of
steam under the liquid level, are obtained. Standard notations
introduced in introduction are used to write the balance equa-
tions. The global mass balance is

d
dt

ðrsVst þ rwVwtÞ ¼ qf � qs (1)

The global energy balance is

d
dt

�
rsusVst þ rwuwVwt þmtCptm

� ¼ Q þ qf hf � qshs: (2)

Since the internal energy is u ¼ h � p/r, (2) could be
written as

d
dt

�
rshsVst þ rwhwVwt þ pVt þmtCptm

� ¼ Q þ qf hf � qshs:

(3)

and

Vt ¼ Vst þ Vwt: (4)

The metal temperature tm and saturation temperature ts are
functions of pressure p.

Also, to obtain a model which describes the behavior of the
drum level wemust account for the distribution of steam andwater
in the system. The redistribution of steam and water in the boiler
system causes the shrink-and-swell effect which causes the non-
minimum phase behavior of level dynamics [33],. This behavior
changes significantly with the operating conditions and makes it
difficult to control the system. One manifestation is that the level
increases when the steam valve is opened because the drum
pressure drop causes a swelling of the steam bubbles below the
drum level.

The concluding model is a set of differential and algebraic
equations. Since, most available simulation software and control
algorithms require state equations; a state space model is also
derived. By tedious calculations, state space model is derived
with four state variables, drum pressure, p, (which is measured
easily), total water volume, Vwt, steam-mass fraction in the risers,
ar, and steam volume in the drum, Vsd. These state variables give
a good physical interpretation that describes storage of mass,
energy, and momentum in the boiler. The obtained state space
model is

e11
dVwt

dt
þ e12

dp
dt

¼ qf � qs

e12
dVwt

dt
þ e22

dp
dt

¼ Q þ qf hf � qshs

e32
dp
dt

þ e32
dar
dt

¼ Q � arhcqdc

e42
dp
dt

þ e42
dar
dt

þ e44
dVsd
dt

¼ rs
Td

�
V0
sd � Vsd

�
þ hf � hw

hc
qf

(5)

where hc ¼ hs � hw and
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e11 ¼ rw � rs

e12 ¼ Vwt
vrw
vp

þ vrs
vp

e21 ¼ rwhw � rshs

e22 ¼ Vwt

�
hw

vrw
vp

þ rw
vhw
vp

�
þ Vst

�
hs
vrs
vp

þ rs
vhs
vp

�
� Vt þmtCp

vts
vp

e32 ¼
�
rw

vhw
vp

� arhc
vrw
vp

�
ð1� avÞ Vr þ

�
ð1� arÞhcvrs

vp
þ rs

vhs
vp

�
avVr þ ðrs þ ðrw � rsÞÞ hcVr

vav
vp

� Vr þmr

e32 ¼ ðð1� arÞrs þ arrwÞ hcVr
vav
vp

e42 ¼ Vsd
vrs
vp

þ 1
hc

�
rsVsd

vhs
vp

þ rwVwd
vhw
vp

� Vsd � Vwd þmdCp
vts
vp

�
þ arð1þ bÞVr

�
av
vrs
vp

þ ð1� avÞ vrw
vp

þ ðrs � rwÞ
vav
vp

�

e42 ¼ arð1þ bÞðrs � rwÞ Vr
vav
vp

e42 ¼ arð1þ bÞðrs � rwÞ Vr
vav
vp

e44 ¼ rs

(6)
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The steam volume fraction, av, residence time, Td, and down-
comer mass flow rate, qdc, are

av ¼ rw
rw � rs

�
1� rs

ðrw � rsÞar
ln
�
1þ rw � rs

rs
ar

��
(7)

Td ¼ rsV0
sd

qsd
(8)

0:5k q2dc ¼ rw Adcðrw � rsÞgavVr (9)

The outputs of the system are chosen as the drum level l and the
drum pressure p where

l ¼ Vsd þ Vwd
Ad

¼ lw þ ls (10)

lw ¼ Vwd/Ad represents level variations caused by changes of the
amount of water in the drum and ls ¼ Vsd/Ad represents level
variations caused by the steam in the drum.

Vwd ¼ Vwt � Vdc � ð1� avÞVr (11)

In addition, steam tables are required to evaluate hs, hw, rs, rw, ts,
tm, vhs/vp, vhw/vp, vrs/vp, vrw/vp, and vts/vp at saturation pressure p.
The following approximations have been used that represent the
steam table over the desired operating points

hs ¼ a01 þ ða11 þ a21ðp� 10ÞÞðp� 10Þ
rs ¼ a02 þ ða12 þ a22ðp� 10ÞÞðp� 10Þ
hw ¼ a02 þ ða12 þ a23ðp� 10ÞÞðp� 10Þ
rw ¼ a04 þ ða14 þ a24ðp� 10ÞÞðp� 10Þ
Cp ¼ a06 þ a16ðp� 10Þ

�
tfw � ts

�
(12)

where,

a01 ¼ 2:728e6; a11 ¼ 1:792e4; a21 ¼ �924:0
a02 ¼ 55:43; a12 ¼ 7:136; a22 ¼ 0:224
a02 ¼ 1:408e6; a13 ¼ 4:565e4; a31 ¼ �1010:0
a04 ¼ 691:35; a14 ¼ �1:867; a24 ¼ 0:081
a05 ¼ 311:0; a15 ¼ 7:822; a25 ¼ �0:32
a06 ¼ 5900; a16 ¼ 250

(13)
The partial derivatives of the enthalpies, densities, and
temperature with respect to pressure in equation (6), can be ob-
tained from quadratic functions in equation (12).

A normal procedure for designing controllers starts by obtaining
a linear model with constant parameters around an operating point
by linearization methods. Since dynamic characteristics even for
a reduced mathematical model is usually nonlinear, time-variant,
and governed by strong cross coupling of inputs, the parameters
of the linearized model tend to be functions of time and operating
point.

In the rest of this paper and in the simulations the linearized
HRSG boiler model is used. Consider a boiler with the following
parameters, Vd ¼ 40 m3, Vr ¼ 37 m3, Vdc ¼ 11 m3, Ad ¼ 20 m3,
mt ¼ 300,000 kg, mr ¼ 160,000 kg, k ¼ 25, b ¼ 0.3, and Td ¼ 12 s.
These parameters are of a Swedish 160 MW power plant named
P16-G16.

Consider that the nonlinear HRSG boiler state space model is
written as

_x ¼ f ðx;uÞ
y ¼ gðx;uÞ (14)

where, the variables of the state vector x, input vector u, and output
vector y are

xT ¼ ½Vwt p Vsd ar �
uT ¼ �

qf Q qs
	

yT ¼ ½ l p �
(15)

The values of the states, inputs, and outputs in the nominal
operating point are

x0 ¼ ½57:5 8:5 0:051 4:8 �
u0 ¼ ½32:00147798 32:00147798 80:40437506e6 �
y0 ¼ ½1:2089 1 �

(16)

x0 is the nominal values if the states, u0 is the nominal values if
the inputs, and y0 is the nominal values if the outputs. Linearization
of state space model (14) around the nominal operating point is
done by the Jacobean matrix approach. The approximated linear-
ized state space model matrices are  
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D _x ¼ ADxþ BDu
Dy ¼ CDxþ DDu

A ¼

2
664

3:7451e� 15 7:6548e� 06 0 0
�4:0887e� 06 �6:5527e 0 0
2:3773e� 06 5:9026e� 04 �0:1426 0
�8:1593e� 14 �5:5355e� 02 18:216 0:083333

3
775

B ¼

2
664

0:0015 �0:0015 �6:9678e� 12
�5:9548e� 05 �9:0316e� 05 5:9647e� 11
3:4622e� 05 5:2512e� 05 3:2492e� 11

�0:0167 0:0239 �1:0733e� 09

3
775

C ¼


0:0500 �0:0484 6:7129 0:0500

0 1 0 0

�

D ¼


0 0 0
0 0 0

�

(17)

Dx ¼ x � x0, u ¼ u � u0, and Dy ¼ y � y0. The poles of
the linearized model are at, �0.08333 0.08333, �0.1426
0, �0.000065527, and 0.0, and then boiler is marginally unstable.
Also, it is worthmentioning that the linearizedmodel is just valid in
a neighborhood of the nominal operating point.
3. Formulation of the fault-tolerant controller

In the sequel, the formulations of the second-order adaptive
robust SMC for uncertain linear systems are developed. Consider
uncertain system

_xðtÞ ¼ ½Aþ DAðw1ðtÞÞ�xðtÞ þ ½Bþ DBðw2ðtÞÞ�uðtÞ þ DðwaðtÞÞ
yðtÞ ¼ C xðtÞ

(18)

x˛Rnx, y˛Rny, and u˛Rnu , are state, output, and input vectors,
respectively and constant matrices A˛Rnx�nx , B˛Rnx�nu , and
C˛Rny�nx have appropriate dimensions. Dð,Þ˛Rnx is a function of
w2(t) and represents system disturbance and linearization errors.
w1(t), w2(t), and w3(t) are Lebesgue measurable and take values in
compact setsU1,U2, andU3.DA(w1(t)) andDB(w2(t)) are continuous
functions of w1(t) and w2(t) respectively, and present system’s
time-varying uncertainties or linearization errors. The proposed
SMC of this paper not only regulates the outputs of the system to
a desired fixed value but also it tracks the outputs of a desired
reference model,
Reference Model

Sliding Mode 
Controller

uc

um ym

v
xm

Fig. 3. Block diagram of closed-loop
_xmðtÞ ¼ AmxmðtÞ þ BmumðtÞ
ymðtÞ ¼ CmxmðtÞ

(19)

where xm˛Rnxm ; ym˛Rnym and um˛Rnum are state, output, and input
vectors. Matrices Am˛Rnxm�nxm , Bm˛Rnxm�num , and Cm˛Rny�nxm are
constant. Also, it is supposed that the time-derivative of the refer-
ence model states are always bounded, i.e. k _xmk � Kxm . This is not
a strong condition because for a real plant all variables in the right
hand side of (19) are bounded and then the left hand side is
bounded.

Remark 1. The advantage of the proposed controller is that,
system and reference model could have state and input vectors
with different dimensions but, output vectors y and ym have the
same dimensions. Meanwhile, in many papers it is required that
dimensions of state and input vectors shall be similar.

The proposed SMC is a model reference controller and
therefore the overall closed-loop system is a Model Reference
Adaptive System (MRAS). MRAS may be regarded as an adaptive
servo system in which the desired performance is expressed in
terms of a reference model, that gives the desired response to
a command signal. In the MRAS the desired behavior of the
system is specified by reference model, which is a convenient
way to give specifications for a servo problem. The block
diagram of the model reference SMC of this paper is given in
Fig. 3.

The system has an ordinary feedback loop composed of the
process and the SMC. Also, there is another feedback loop that
tunes the controller parameters. The parameters are adjusted based
on the output error, which is the difference between the output of
the system and the output of the reference model. The ordinary
feedback loop is called the inner loop, and the parameter adjust-
ment loop is called the outer loop. The mechanism for adjusting the
parameters in a model reference adaptive system can be obtained
in different ways such as, gradient method or by applying stability
theory [34].

Also, following assumptions hold for the system and reference
model. These assumption help to design the desired model refer-
ence SMC.

Assumption 1. There exist constant matrices G˛Rnx�nxm ,
H˛Rnu�nxm , and M˛Rnu�nxm such that

2
4A B 0
C 0 0
0 0 B

3
5
2
4 G
H
M

3
5 ¼

2
4GAm

Cm
GBm

3
5; (20)
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Since choosing a suitable reference model is a design parameter
and versatile, it is possible to select different Am, Bm, and Cm then,
mentioned constant matrices are achievable.

Assumption 2. The pair (A,B) is controllable.

Assumption 3. There exist continuous functions of suitable
dimensions XAðw1ðtÞÞ, XBðw2ðtÞÞ, and XDðw3ðtÞÞ such
that DAðw1ðtÞÞ ¼ BXAðw1ðtÞÞ, DB(w2(t)) ¼ BXB(w2(t)), and
D(w3(t))¼ BXD(w3(t)). If Assumption 3 holds then system (18) could
be written as

_xðtÞ ¼ AxðtÞ þ BuðtÞ þ BFðw1ðtÞ;w2ðtÞ;w3ðtÞ; x; tÞ (21)

where,

Fðw1ðtÞ;w2ðtÞ;w3ðtÞ; x; tÞXAðw1ðtÞÞ þ XBðw2ðtÞÞ þ XDðw3ðtÞÞ
(22)

is called lumped perturbation.

Assumption 4. For the lumped perturbation there exist unknown
positive constants r0 and r such that

�� _Fðw1ðtÞ;w2ðtÞ;w3ðtÞ; x; tÞ
�� � r0 þ r

�� _x�� (23)

In order to have suitable output tracking of ym, we propose the
control input

uðtÞ ¼ HxmðtÞ þMumðtÞ þ vðtÞ (24)

v(t) is an auxiliary control input and is introduced in the
followings. Consider new state variable z(t) which is a linear
combination of x(t) and xm(t).

zðtÞ ¼ xðtÞ � GxmðtÞ (25)

Taking time-derivative of (25) and using Assumption 1, equa-
tions (18) and (19), yield

_zðtÞ ¼ _xðtÞ � G _xmðtÞ ¼ AzðtÞ þ BvðtÞ þ B~F (26)

where F
w
ðw1ðtÞ;w2ðtÞ;w3ðtÞ; z; tÞ ¼ Fðw1ðtÞ;w2ðtÞ;w3ðtÞ; x; tÞ

¼ Fðw1ðtÞ;w2ðtÞ;w3ðtÞ; zþ GxmðtÞ; tÞ. This system is called auxil-
iary error system or simply error system. Also, Assumption 4 yields,

�� _Fðw1ðtÞ;w2ðtÞ;w3ðtÞ; z; tÞ
�� � bþ r

�� _z��; (27)

where b > 0 is constant. A good output tracking means
lim
t/N

yðtÞ � ymðtÞ ¼ 0. On the other hand y(t) � ym(t) ¼ Cz(t) then.
Since, C is bounded then, lim

t/N
zðtÞ ¼ 0 results in lim

t/N
CzðtÞ ¼ 0,

and then, lim
t/N

yðtÞ � ymðtÞ ¼ 0. The designed SMC asymptotically
stabilize states of error system (26) in the origin.

The auxiliary control signal has two parts
vðtÞ ¼ veqðtÞ þ vswðtÞ (28)

veq(t) is the equivalent control forcing the nominal system to the
sliding surface and it is the main control action. Initially, the error is
not on the sliding surface, and veq drives it to the sliding surface,
this is called reaching phase. vsw(t) is the switching control keeping
system states on the sliding surface and suppressing the effects of
the uncertainties, disturbances, and un-modeled dynamics, this is
called sliding phase. The proposed switching control law has an
integral form

vswðtÞ ¼
Z 

GS� ðgþ hÞsign� _S��ds (29)

G is a negative definite matrix and g and h are positive constants
where

h ¼ bþ r
�� _z�� (30)
and g is arbitrary and is related to convergence rate. In equation
(30) the constants b and r are unknown, but they are adaptively
estimated by b̂ and r̂ respectively. The estimation errors ~b ¼ b̂� b

and ~r ¼ r̂� r are calculated by adaptation laws

_~b ¼ a�1
0

�� _S�� (31)

_~r ¼ a�1
1

�� _S���� _z�� (32)

where a0 and a1 are positive constant adaptation gains. By using b̂

and r̂, the estimated h, i.e. ĥ, is

ĥ ¼ b̂þ r̂
�� _z�� (33)

Therefore, instead of (29) the following switching control law is
used

vswðtÞ ¼
Z 

GS� ðgþ ĥÞsign� _S��ds (34)

The sign function on the switching control causes high
frequency chattering, especially when the time-derivative of the
control input is close to zero. Chattering is harmful for system
actuators and is not convenient in practical applications. To miti-
gate chattering, instead of (34), switching control law

vswðtÞ ¼
Z 

GS� ðgþ ĥÞtanh� _S=B��ds (35)

is applied.B ˛ Rþ denotes the thickness of the boundary layer
around the sliding surface, the larger bound (B) results in larger
error magnitude and less chattering. In addition, for more chat-
tering attenuation a second-order sliding control law is used. The
proposed SMC employs PID sliding surface

_SðtÞ þ KSSðtÞ ¼ KPzðtÞ þ KI

Zt

0

zðsÞdsþ KD _zðtÞ (36)

Constant matrices KP, KI, and KD are the independent propor-
tional, integral, and differential coefficients of the PID sliding
surface. Also, constant matrix KS helps damping of the sliding
surface.

Assumption. 5 Matrix KD should be chosen such that

lðKDBÞ � 0 and ð1þ lðKDBGÞÞ � 0

Definition 1. Sliding surface S is from order r if
S ¼ _S ¼ _S_ ¼ / ¼ Sðr�1Þ ¼ 0.

In this paper we are going to design a second-order SMC for the
PID sliding surface, therefore, S ¼ 0 and _S ¼ 0. Using veq(t), the
states are forced toward the sliding surface and they are kept there
by lim

t/N
zðtÞ ¼ 0, which yields _S_ ¼ 0. _S_ ¼ 0 is a necessary condition

for second-order SMC which enforces the errors to stay on the
sliding surface. In order to design veq(t), first, time-derivative of (36)
is taken,

_S_ðtÞ þ KS
_SðtÞ ¼ Kp _zðtÞ þ KIzðtÞ þ KD _z_ðtÞ (37)

Substituting _z_ðtÞ from (26) yields

_S_ðtÞ þ KS
_SðtÞ ¼ KP _zðtÞ þ KIz

�
t
�
þ KD

n
A _zðtÞ þ B _vðtÞ þ B _~F

o

(38) 
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To have _S_ ¼ 0 for the nominal system (i.e. ~F ¼ 0), veq(t) should
be

veqðtÞ ¼ ðKDBÞ�1
Z 

KS
_SðsÞ � KP _zðsÞ � KIzðsÞ � KDA _zðsÞ

�
ds

(39)

Theorem 1. Let Assumption 1 to 5 hold for uncertain system (18)
and reference model (19). Then, using the sliding mode control
laws (24), (28), (34), (39), and adaptation laws (31) and (32), the
error system (26) is asymptotically stable.

Proof. Asymptotic stability of (26) is proved via second Lyapunov
stability theorem. Consider the Lyapunov function candidate

VðtÞ ¼ 1
2
STSþ 1

2
_S
T _Sþ 1

2
a0

~b
2 þ 1

2
a1~r

2 (40)

Time-derivative of (40) is

_VðtÞ ¼ _S
T
Sþ _S

T _S_þ a0
~b
_~bþ a1~r

_~r (41)

On the other hand, replacing (35) and (39) in (38) gives

_S_ðtÞ ¼ KDBGS� KDBðgþ ĥÞsign� _S�þ KDB
_~F (42)

Then, Substituting (42) in (41) and using equations (27) and (33)
yield
_VðtÞ ¼ _S
T
Sþ _S

Tn
KDBGS� KDBðgþ ĥÞsign� _S�

þ KDB
_~F
o
þ a0

_b
_~bþ a1 _r

_~r � �� _S��kSkð1þ lðKDBGÞÞ �
�� _S��lðKDBÞgþ

�
a0

_~b� �� _S��lðKDBÞ
�
~bþ

�
a1

_~r� �� _z���� _S��lðKDBÞ
�
~r (43)
Assumption 5, (31), and (32) give _VðtÞ � 0 which shows
asymptotic stability of the system (26) and the proof is complete.

Asymptotic stability of the error system ( lim
t/N

zðtÞ ¼ 0) confirms
that output of the system tracks the output of the reference model
and output tracking error converges to zero.
4. Numerical simulations

In previous section an adaptive robust second-order SMC is
proposed which is applicable to systems with faults, uncer-
tainties, and time-varying disturbances. In this section, second-
order SMC is designed for fault-tolerant control of the HRSG
boiler given in Section 2. For control the following reference
model is considered,

Am ¼
2
4�0:01 0 0

0 �0:02 0
0 0 �0:03

3
5; Bm ¼

2
41 0 0
0 1 0
0 0 1

3
5;

Cm ¼


0 1 0
1 0 0

�
; Dm ¼



0 0 0
0 0 0

� (44)

This model has the desired properties such as acceptable
response speed, zero steady state error to step inputs, and it is
without overshoot. Then, using the system matrices (17) and
reference matrices (44), equality (20) is solved. The PID sliding
surface parameters are calculated based on the assumptions and
conditions of Section 3 by using evolutionary algorithms.
KP ¼
2
41:3731 0 0 1:3731

0 1:3731 0 0
0 0 1:3731 0

3
5;

KI ¼
2
42:6355 0 0 2:6355

0 2:6355 0 0
0 0 2:6355 0

3
5;

KD ¼
2
40:0691 0 0 0:0691

0 0:0691 0 0
0 0 0:0691 0

3
5;

KS ¼
2
41:4800 0 0

0 1:4800 0
0 0 1:4800

3
5:

Other parameters are

g ¼ 0:0013;a0 ¼ 8:0314;a1 ¼ 1:4713:

After designing the SMC controller and using it in the closed-
loop MRAS, different fault signals have been applied and their
effects on the tracking error are investigated. In the first part, the
boiler without reference model input (um ¼ 0), uncertainty, and
disturbance is simulated. In the second part, the input of the
reference model changes periodically. In the third and fourth parts,
fault signals are applied to the boiler dynamics and their effects are
investigated.

 

Part I: In this part, the boiler and controller are simulated as
regulator in the nominal state which means reference
model input is zero and there is no uncertainty or fault.
Fig. 4 and Fig. 5 depict the states of the boiler and reference
model.

In Fig. 4 from top to down the states are drum pressure, p,
total water volume, Vwt, steam-mass fraction in the risers, ar, and
steam volume in the drum, Vsd. The states of the linearized boiler
go to zero (Dx ¼ 0) and therefore the states of the boiler are
converged to the operating point values of (16). Fig. 6 illustrates
the outputs (drum level and pressure) and output errors of the
boiler and reference model. Output errors decrease gradually and
boiler outputs follow reference model outputs without overshoot
or bias.

States of the auxiliary system are depicted in Fig. 7. The SMC
pushes the states of this system to sliding surface and zero and
therefore the output error will converges to zero.

Part II: In this part a periodic square signal is used as the second
input of the reference model. Fig. 8 depicts the outputs and outputs
error of the boiler and reference model. Boiler outputs track the
reference model outputs and the tracking errors are relatively
small.

Part III: In this part, beside reference model input, it is supposed
that because of a fault in the boiler, the boiler dynamics and
therefore, input matrix of the linearized boiler model suddenly
changes. This type of faults is called actuator or input fault. The
variation of input matrix is  
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Fig. 4. States of the linearized boiler.
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DB ¼

2
664

1 2 0
0 0 0
1 �1 0
20 �20 0

3
775

Fault causes a variation about 10% of the input matrix B, and
has effects on two inputs of the system qf (feedwater flow rate)
and Q (heat flow rate). Also, fault happens at 80th second and
stays until the end of the simulation time. Outputs and output
errors of the boiler and reference model are illustrated in Fig. 9.
Right after the fault, there is a very small transient in the error
signals but as time goes to infinity the output errors converge to
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Reference Bolie
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Fig. 5. States of the r
their ordinary values. This confirms that the SMC is robust
against input faults.

Part IV: In this part, beside reference model periodic input and
input matrix fault, it is supposed that because of an unintentional
change in the boiler sensors or parameters, the boiler output
dynamics and therefore, output matrix of the boiler changes. This
type of fault is called sensor or output fault. The variation of output
matrix is

DC ¼



0:002 �0:001 0 0
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�
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Fig. 6. (a) Boiler outputs in blue (solid), reference model outputs in red (dashed). (b) Output errors. (For interpretation of the references to color in this figure legend, the reader is
referred to the web version of this article.)
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which is 2% for the output matrix C. It is clear that this faults has
effect on both drum level and pressure dynamics. The output fault
happens at 120th second and continues to the end of the simulation
time. The outputs and output errors of the boiler and reference
model are depicted in Fig. 10. After fault happens, there is a short
transient in the output error signal but as time passes the transient
error vanishes and boiler transfers to its ordinary behavior and
tracks the reference model. Comparing Part III and Part IV it is clear
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Fig. 7. Auxiliary s
that the output faults, i.e. faults in sensors, aremore disturbing than
input faults, i.e. faults in actuators. However, the controller is
capable to simultaneously reduce harmful effects of both types of
the faults.

Based on numerical simulations, using the proposed fault-
tolerant SMC, the HRSG boiler tracks reference model outputs
and the tracking errors are small compared to the output signals
magnitudes.
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ystem states.  
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Fig. 9. (a) Boiler outputs in blue (solid), reference model outputs in red (dashed). (b) Output errors. (For interpretation of the references to color in this figure legend, the reader is
referred to the web version of this article.)
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Fig. 8. (a) Boiler outputs in blue (solid), reference model outputs in red (dashed). (b) Output errors. (For interpretation of the references to color in this figure legend, the reader is
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5. Conclusions

This paper presents a fault-tolerant second-order SMC for an
uncertain multivariable HRSG boiler system. The proposed SMC is
a reference model controller and results in a closed-loop system
with suitable output tracking of desired reference model, and
suppression of the faults and disturbances harmful effects. The
controller adaptively estimates the upper bound of disturbances and
faults and utilizes them in the control input signal design procedure.
Therefore, the closed-loop system is robust to faults and system
uncertainties with or without reference inputs. The controller
employs a PID surface and a second-order sliding law which slide
the error system states and their first and second time-derivatives to
zero. Moreover, the SMC tracks time-varying outputs of a desired
reference model with relatively small tracking errors.

The SMC is used in a fault-tolerant control scheme for HRSG
boiler system. Different simulations are prepared to investigate the
effectiveness of the controller in output tracking and suppressing
fault effects. Simulations illustrate that the closed-loop system
tracks the reference model output while suddenly different faults
happen in the sensors and actuators of the HRSG boiler.
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