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Summary

This paper presents a robust neural network–based control scheme to deal with
the problem of tracking and stabilization simultaneously for a wheeled mobile
robot subject to parametric uncertainties, external disturbances, and input sat-
uration. At first, a new error-state transformation scheme is designed by intro-
ducing some auxiliary variables as an additional virtual control signals to reduce
the adverse effect caused by the underactuation. These variables can change
their structures for different desired trajectories to be tracked. Then, a robust
control law is proposed combining with a kinematic controller and a dynamic
controller, while a three-layer neural network system is applied to approximate
model uncertainties. Stability analysis via the Lyapunov theory shows that the
proposed controller can make tracking errors converge to bounded neighbor-
hoods of the origin. Finally, some simulation results are illustrated to verify the
effectiveness of the proposed control strategy.
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1 INTRODUCTION

The motion control of wheeled mobile robots (WMRs) with nonholonomic constraints has been a hot topic in control
area for several decades due to its wide application (see other works1-11 and the references therein) and due to the fact
that, under Brockett's necessary condition,12 nonholonomic systems cannot be stabilized by time-invariant state feed-
back controls. To circumvent this difficulty, various control schemes were proposed for the stabilization of WMRs or
similar nonholonomic systems. In the work of Samson and Ait-Abderrahim,13 a bounded state feedback approach was
introduced to stabilize a driftless controllable system. In the work of Zhang and Hirschorn,14 a discontinuous stabilizing
controller for a class of WMRs with nonholonomic constraints was presented. Fierro and Lewis15 proposed a neural net-
work (NN)–based control structure to achieve practical point stabilization for nonholonomic mobile robots. In the works
of Wu et al,16,17 continuous time-varying adaptive controllers were designed for mobile robots in a chain form by using
Lyapunov approach. In the work of Shang and Guo,18 the problem of finite-time state feedback stabilization was addressed
for nonholonomic mobile robot with stochastic disturbance in the forward velocity. In the work of Li and Ma,19 a global
continuous time-varying robust control law was proposed to stabilize the dynamic nonholonomic WMR with parameter
uncertainty. In the work of Chen,20 a systematic strategy was presented to achieve finite-time stabilization for a WMR
with parametric uncertainties.
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For the tracking problem of nonholonomic mobile robots, an adaptive tracking controller was introduced in the work
of Fukao et al21 to deal with modeling uncertainties. In the work of Hoang and Kang,22 an NN adaptive tracking controller
was proposed for mobile robots in the presence of wheel slip and external disturbances. In the work of Lee et al,23 the
tracking control problem with saturation constraint for a class of unicycle-modeled mobile robots was formulated and
solved by using backstepping technique. Shu et al24 proposed an adaptive trajectory tracking control scheme for a WMR
without velocity measurement. In the work of Ye,25 an NN-based adaptive backstepping technique was utilized for track-
ing control of nonholonomic mobile robots. Huang et al26 proposed an adaptive output feedback tracking control scheme
with high-gain observers for a nonholonomic mobile robot. Model predictive control method was used in the work of
Yang et al27 and Pei et al28 for solving the trajectory tracking control problem of WMRs. A reinforcement learning-based
adaptive neural tracking algorithm was proposed for the nonlinear discrete-time dynamic system of the WMR with skid-
ding and slipping in the work of Li et al.29 Shen and Ma30 presented a simple adaptive tracking control approach for WMR
with unknown parameters, as well as actuator dynamics.

However, input saturation is not considered in many existing literature. From a practical viewpoint, the magnitude of
the control signal is always constrained due to limited torque provided by WMR's motor. Thus, It often severely limits
system performance, giving rise to undesirable inaccuracy, or leading to instability. Furthermore, long-term saturation
may lead to serious physical damages and thermal or mechanical failures of the WMR actuators. One solution to alleviate
this problem is bounding of the closed-loop error variables by applying saturation functions to the design of the tracking
controller. In the works of Shojaei,31,32 two output feedback control schemes were proposed to solve actuator saturation
problem of WMR. A finite-time control technique and the virtual-controller-tracked method were adopted in the work
of Chen et al33 to take the actuator saturation problem into account for the motion control of WMRs. Izumi et al34 pro-
posed the method using switch function based on pseudocontinuous exponential stabilizing controller for chained form
to prevent from being state of saturation.

In the aforementioned literatures, we can know that tracking and stabilization were studied separately in most of
existing research achievements. Recently, some researchers are devoting to solve trajectory tracking and stabilization
problems simultaneously for nonholonomic mobile robots. In the work of Do et al,35 a time-varying global adaptive con-
troller was presented to simultaneously solve both tracking and stabilization for mobile robots with unknown kinematic
and dynamic parameters. An adaptive backstepping control method for trajectory tracking and stabilization of an omni-
directional WMR with parameter variations and uncertainties caused by friction and slip was proposed in the work of
Huang and Tsai.36 Due to the fact that magnitudes of control signals are always constrained, Jiang et al37 presented a
framework to deal with the problem of global stabilization and global tracking control for the kinematic model of a WMR
in the presence of input saturation. In the work of Huang et al,38 an adaptive control scheme was proposed for a non-
holonomic mobile robot with input saturation and disturbance, where the modeling uncertainties were assumed within
known bounded compact sets. Miao and Wang39 presented a novel time-varying adaptive controller at the torque level,
which was proposed to simultaneously solve the stabilization and the tracking problem of unicycle mobile robots with
unknown dynamic parameters.

In this paper, motivated by the above observations, we aim to seek a unified control strategy to solve practical track-
ing and stabilization simultaneously for a WMR subjected to parametric uncertainties, external disturbances, and input
saturation. For realistic consideration, we assume that external disturbances and all of the WMR's parameters includ-
ing inertia terms and damping terms are unknown. The main contributions of this paper are as follows. (i) A novel
error-state transformation scheme is presented to provide some auxiliary signals, which can be interpreted as addi-
tional virtual controls. Moreover, the proposed error-state transformation scheme can switch its structure for different
kinds of reference trajectories, which can simplify the control designing procedure and make it suitable for an imple-
mentation in practice. (ii) Based on the new error-state formulation, a kinematic controller is proposed for designing
of the dynamic controller. (iii) In combination with this error transformation scheme, a radial basis function NN
(RBFNN)–based robust control strategy is designed to deal with input saturation and modeling uncertainties. Based on
these three mentioned work, we prove that the proposed controller can guarantee not only the boundedness of the track-
ing errors but also that of the WMR's velocities. Finally, simulation studies are conducted to validate the controller design
procedure.

The remainder of this paper is organized as follows. The problem statement including WMR model, control objective
is presented in the next section. In Section 3, the controller is designed including kinematic controller and dynamic con-
troller by using a new error-state formulation, first-order filter and RBFNN. Lyapunov-based stability analysis is presented
in Section 4. In Section 5, some simulation results are presented to verify the effectiveness of the proposed controller.
Finally, some brief concluding remarks are given in Section 6.
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FIGURE 1 A wheeled mobile robot

2 PROBLEM STATEMENT

2.1 WMR model
The mathematic model of a WMR as illustrated in Figure 1 can be described as35,38{

𝜂̇ = R(𝜓)𝜔
M𝜔̇ = −C(𝜓̇)𝜔 − D𝜔 + 𝜏d + g(𝜏a).

(1)

In Figure 1 and (1), b is the half width of the mobile robot, r is the wheel's radius, Pc denotes the center of mass of
WMR, P0 is the middle point between the left and right wheels, d is the distance between Pc and P0, 𝜂 = [x, y, 𝜓]⊤ denotes
the position and orientation of the robot, 𝜔 = [𝜔1, 𝜔2]⊤ represents the angular velocities of the left and right wheels,
𝜏d = [𝜏d1, 𝜏d2]⊤ represents the bounded unknown external disturbances, and g(𝜏a) = [g(𝜏1), g(𝜏2)]⊤ denotes the vector of
bounded control torques applied to the wheels and is given by

g(𝜏i) =
{

sign(𝜏i)𝜏iM , |𝜏i| ≥ 𝜏iM
𝜏i, |𝜏i| < 𝜏iM

, i = 1, 2, (2)

where 𝜏 iM is a known saturation bound of 𝜏 i.
The matrices R(𝜓), M, C(𝜓̇), and D are defined as follows:

⎧⎪⎪⎨⎪⎪⎩
R(𝜓) = r

2

⎡⎢⎢⎣
cos 𝜓 cos 𝜓
sin 𝜓 sin 𝜓

b−1 b−1

⎤⎥⎥⎦ , M =
[

m11 m12
m12 m11

]

C(𝜓̇) =
[

0 c𝜓̇
−c𝜓̇ 0

]
, D =

[
D11 0

0 D22

]
,

(3)

with ⎧⎪⎪⎨⎪⎪⎩

m11 = 0.25b−2 r2(mb2 + I) + Iw

m12 = 0.25b−2 r2(mb2 − I)
m = mc + 2mw,

I = mc d2 + 2mw b2 + Ic + 2Im,

c = 0.5b−1 r2 mcd,

(4)

where mc and mw are the mass of the body and wheel with a motor, respectively. Ic, Iw, and Im are the moments of inertia
of the body about the vertical axis through Pc, the wheel with a motor about the wheel axis, and the wheel with a motor
about the diameter, respectively. The positive terms D11 and D22 are the damping coefficients.
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Let 𝜈 = [v, w]⊤ be the new velocity vector of the robot satisfying 𝜈 = H𝜔 with H =
[

0.5r 0.5r
0.5b−1r −0.5b−1r

]
. Then, after

a simple transformation and calculation, we can rewrite (1) in the following form:{
𝜂̇ = R0(𝜓)𝜈
M0𝜈̇ = F(𝜈) + 𝜏w + 𝜏,

(5)

where M0 = diag[m1, m2] = BMH−1 with B = r
2b

[
1 1
b −b

]
, F(𝜈) = [F1, F2]⊤, 𝜏w = [𝜏w1, 𝜏w2]⊤ = B𝜏d, 𝜏 = [𝜏v, 𝜏w]⊤ =

Bg(𝜏a), the matrix R0(𝜓) is given as

R0(𝜓) =
⎡⎢⎢⎣

cos 𝜓 0
sin 𝜓 0

0 1

⎤⎥⎥⎦ , (6)

and

⎧⎪⎪⎨⎪⎪⎩

m1 = (m11 + m12)b−1, m2 = (m11 − m12)b−1

F1 = c𝜓̇w − d11v − d12w, F2 = −c𝜓̇v − d21v − d22w
d11 = D11+D22

2b
, d12 = D11−D22

2

d21 = D11−D22
2

, d22 = b(D11+D22)
2

.

(7)

Assumption 1. The uncertain item F(𝜈) and the external disturbance 𝜏w are bounded.

2.2 Control objective
Define 𝜂d = [xd, 𝑦d, 𝜓d]T as the desired trajectory to be tracked, which is generated by a virtual mobile robot as

𝜂̇d = R0(𝜓d)𝜈d, (8)

where 𝜈d = [vd, wd]⊤ with vd and wd being the linear and angular velocities of the virtual robot, respectively, R0(𝜓d) has
the same form as that in (6).

In this paper, the aim of our control is to design a robust control scheme so that the control inputs 𝜏v and 𝜏w, which
are subjected to input saturation, can force a WMR to track the desired trajectory including fixed points in the presence
of modeling uncertainties and time-varying disturbances. For this goal, we can achieve it by guaranteeing the tracking
position, orientation errors (x − xd, y − yd, 𝜓 − 𝜓d) of WMR converge to bounded areas around the zero.

Assumption 2. The desired linear and angular velocities vd, wd and their first-order derivatives v̇d, ẇd are bounded.

3 CONTROLLER DESIGN

In this section, we will design the control inputs 𝜏v and 𝜏w to achieve the boundedness of the tracking errors (x − xd,

y − yd, 𝜓 − 𝜓d). The control designing procedure is divided into three steps. In the first step, we introduce a novel
transformation form of the tracking errors, which can produce some auxiliary virtual control signals. In the second step,
we develop virtual control laws for v and w based on the kinematic model in such a way that the mobile robot will follow
a desired trajectory. The final step is designing a control scheme for 𝜏v and 𝜏w based on dynamic model to make v and w
converge to the designed virtual controls.

3.1 Error-state formulation
In order to reduce the adverse effect caused by the underactuation in the sway direction, a new error-state formulation
scheme is introduced in this section, which can provide some auxiliary virtual control signals. These auxiliary signals can
automatically switch its structures for different tracking cases, which will simplify the subsequent designing procedure.
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At first, we define a new orientation angle as follows:

𝜓̄ = 1 + s(vd)
2

𝜓 + 1 − s(vd)
2

𝜓d, (9)

where s(∗) = 1
2
[1 + tanh(𝜅(∗ −𝜍))] with 𝜅 ≫ 1 and 𝜍 > 0 a suitable small constant. The function s(∗) can be −1, 0, 1

when ∗ takes a different value.
Then, we can define a new tracking error vector as follows:

⎡⎢⎢⎣
xe
𝑦e
𝜓e

⎤⎥⎥⎦ =
⎡⎢⎢⎣

cos 𝜓 sin 𝜓 0
− sin 𝜓 cos 𝜓 0

0 0 1

⎤⎥⎥⎦
⎡⎢⎢⎣

x − xd
𝑦 − 𝑦d
𝜓̄ − 𝜓d

⎤⎥⎥⎦ +
⎡⎢⎢⎣

𝛼x
0

arctan 𝛼𝜓

⎤⎥⎥⎦ , (10)

where 𝛼x and 𝛼𝜓 are two auxiliary variables, which are generated by{
𝛼x = s̄(vd)s(wd)𝛼x1 + s̄(wd) s̄(vd)𝛼x2

𝛼𝜓 = s(vd)𝛼𝜓1 + s̄(wd) s̄(vd)𝛼𝜓2,
(11)

where s̄(∗) = 1−s(∗), 𝛼xi and 𝛼𝜓i(i = 1, 2) are some bounded variables to be chosen later. Furthermore, due to the definition
of s(∗), we can rewrite (11) in the following reduced switching forms:

⎧⎪⎨⎪⎩
𝛼x ≈ 0, 𝛼𝜓 ≈ 𝛼𝜓1, |vd| > 𝜍

𝛼x ≈ 𝛼x1, 𝛼𝜓 ≈ 0, |vd| < 𝜍&|wd| > 𝜍

𝛼x ≈ 𝛼x2, 𝛼𝜓 ≈ 𝛼𝜓2.|vd| < 𝜍&|wd| < 𝜍.

(12)

Remark 1. It should be noted that we do not consider the situation |vd| = 𝜍 or |wd| = 𝜍. When |vd| = 𝜍 or |wd| = 𝜍,
s(vd) and s(wd) will be 1

2
. This situation will lead to the complication of the expressions of 𝛼x and 𝛼𝜓 . In our proposed

controller, 𝜍 is a value that can be changed to avoid |vd| = 𝜍 or |wd| = 𝜍. Thus, we can set a determination condition
that |vd| = 𝜍 or |wd| = 𝜍 to choose suitable 𝜍.

Because 𝛼x and 𝛼𝜓 are bounded variables, it can be easily concluded that the boundedness of (xe, ye, 𝜓 e) and the tracking
errors (x − xd, y − yd, 𝜓 − 𝜓d) are equivalent. Thus, we will design a control scheme to guarantee the boundedness of
the new error vector (xe, ye, 𝜓 e) rather than that of (x − xd, y − yd, 𝜓 − 𝜓d).

Differentiate (10) both sides with respect to time yields

⎧⎪⎨⎪⎩
ẋe = ̇̄𝜓 𝑦e + v cos(𝜗 arctan 𝛼𝜓 ) − vd cos(arctan 𝛼𝜓 ) + 𝛼̇x + Hx 𝜓e

𝑦̇e = − ̇̄𝜓 xe + ̇̄𝜓 𝛼x − v sin(𝜗 arctan 𝛼𝜓 ) − vd sin arctan 𝛼𝜓 + H𝑦𝜓e

𝜓̇e = ̇̄𝜓 − wd +
𝛼̇𝜓

1+𝛼2
𝜓

,

(13)

where 𝜓 − 𝜓̄ = 𝜗(𝜓̄ − 𝜓d) with 𝜗 = 1−s(vd)
1+s(vd)

Hx = v(cos(𝜗𝜓e)−1) cos(𝜗 arctan 𝛼𝜓 )+v sin(𝜗𝜓e) sin(𝜗 arctan 𝛼𝜓 )
𝜓e

+ −vd(cos 𝜓e−1) cos arctan 𝛼𝜓−vd sin 𝜓e sin arctan 𝛼𝜓

𝜓e

H𝑦 = v sin(𝜗𝜓e) cos(𝜗 arctan 𝛼𝜓 )−v(cos(𝜗𝜓e)−1) sin 𝜗 arctan 𝛼𝜓

𝜓e

+ vd sin 𝜓e cos arctan 𝛼𝜓−vd(cos 𝜓e−1) sin arctan 𝛼𝜓

𝜓e
.

(14)

Remark 2. cos(𝜗𝜓e)−1
𝜓e

= cos(𝜗𝜓e)−1
𝜗𝜓e

· 𝜗 = 𝜗 · ∫ 1
0 sin(𝛼𝜗𝜓e)d𝛼 ≤ 𝜗, sin(𝜗𝜓e)

𝜓e
= sin(𝜗𝜓e)

𝜗𝜓e
· 𝜗 = 𝜗 · ∫ 1

0 cos(𝛼𝜗𝜓e)d𝛼 ≤ 𝜗. Thus, we

can know that cos(𝜗𝜓e)−1
𝜓e

and sin(𝜗𝜓e)
𝜓e

are smooth functions in 𝜃e.

For ̇̄𝜓 , we can obtain from (9) that

̇̄𝜓 = 1 + s(vd)
2

w + 1 − s(vd)
2

wd +
ṡ(vd)𝜓e

′

1 + s(vd)
, (15)
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with ṡ(vd) = 𝜅

2
[1 − tanh2(𝜅(vd − 𝜍))]v̇d. Due to Assumption 1, we know that ṡ(vd) is bounded and can be nonzero only

within a small neighborhood centered by vd = 𝜍, where the neighborhood can be sufficiently small by chosen 𝜅 large
enough. Thus, for simplicity of consideration, we assume that ṡ(vd) ≈ 0, and as a similar result, ṡ(wd) ≈ 0. Then, (15) can
be rewritten as

̇̄𝜓 = 1 + s(vd)
2

w + 1 − s(vd)
2

wd. (16)

3.2 Kinematic controller
To stabilize the tracking errors xe, ye, and 𝜓 e, due to (13), we choose the velocities v and w as virtual controls satisfying

⎧⎪⎪⎨⎪⎪⎩
vc = 1

cos(𝜗 arctan 𝛼𝜓 )

(
vd√
1+𝛼2

𝜓

− 𝛼̇x − kx tanh xe

)
wc = wd − 2

1+s(vd)

(
𝛼̇𝜓

1+𝛼2
𝜓

+ k𝜓 tanh 𝜓e

)
,

(17)

Remark 3. According to Proposition 1, we can know that 𝛼𝜓 is bounded so that arctan 𝛼𝜓 cannot be 𝜋

2
. Thus,

𝜗 arctan 𝛼𝜓 <
𝜋

2
is satisfied with 𝜗 ≤ 1, arctan 𝛼𝜓 < 𝜋∕2. Finally, we have a conclusion that cos(𝜗 arctan 𝛼𝜓 ) ≠ 0.

where vc and wc are the command values of v and w, respectively, kx and k𝜓 are positive constants, 𝛼̇x and 𝛼̇𝜓 are the
first-order time derivatives of 𝛼x and 𝛼𝜓 , respectively, which, due to (11) and the assumptions ṡ(vd) ≈ 0 and ṡ(wd) ≈ 0, can
be expressed as {

𝛼̇x = s̄(vd)s(wd)𝛼̇x1 + s̄(wd) s̄(vd)𝛼̇x2

𝛼̇𝜓 = s(vd)𝛼̇𝜓1 + s̄(wd) s̄(vd)𝛼̇𝜓2,
(18)

where 𝛼xi and 𝛼𝜓 i(i = 1, 2) are determined by the following differential equations:⎧⎪⎪⎨⎪⎪⎩
T𝛼 𝛼̇x1 + 𝛼x1 = k𝛼 wd tanh 𝑦e

T𝛼 𝛼̇𝜓1 + 𝛼𝜓1 = k𝛼 vd tanh 𝑦e[
𝛼̇x2
𝛼̇𝜓2

]
= 1

Λ

[
kΛΛe Γ
−ZΓ −kΛZΛe

] [
𝛼x2
𝛼𝜓2

]
,

(19)

where T𝛼 , k𝛼 , and kΛ are positive constant, Λ = 𝛼2
x2 + 𝛼2

𝜓2, Λe = Λ − 𝛼0, 𝛼0 > 0, Z = (1 + 𝛼2
𝜓2), and Γ = −k𝑦 tanh 𝑦e −

kx𝛼𝜓2 tanh xe − wd 𝛼x2 +
2vd 𝛼𝜓2√

1+𝛼2
𝜓2

with ky > 0.

We state our first result by means of the following proposition.

Proposition 1. Suppose Assumption 2 holds. Due to the definitions of vc and wc defined in (17) and 𝛼x and 𝛼𝜓 defined
in (11), (18), and (19), the virtual controls vc and wc, and the auxiliary signals 𝛼x and 𝛼𝜓 , are all bounded.

Proof. The proof is separated into three parts. In the first part, we will show that 𝛼x, 𝛼𝜓 and their time derivatives 𝛼̇x,
𝛼̇𝜓 are bounded. Then, the proof that vc and wc are bounded will follow. Finally, by using the above results, it will be
proved that (xe, ye, 𝜓 e) converge to a bounded neighborhood of the origin.

Boundedness of 𝜶x and 𝜶𝝍 . According to (11) and (12), it can be concluded that

|𝛼x| = max (|𝛼x1|, |𝛼x2|) , |𝛼𝜓 | = max
(|𝛼𝜓1|, |𝛼𝜓2|) . (20)

For 𝛼x1 and 𝛼𝜓1, by integrating both sides of the first two equations of (19), we can yield⎧⎪⎨⎪⎩
𝛼x1(t) = e−

t
T𝜎

[
𝛼x1(0) + 1

T𝜎

∫ t
0 k𝛼 wd tanh 𝑦e e

s
T𝜎 ds

]
𝛼𝜓1(t) = e−

t
T𝜎

[
𝛼𝜓1(0) + 1

T𝜎

∫ t
0 k𝛼 vd tanh 𝑦e e

s
T𝜎 ds

]
.

(21)
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Note that | tanh 𝑦e| ≤ 1, so we have the following results:{ |𝛼x1(t)| ≤ max (|𝛼x1(0)| , |k𝛼wd|)||𝛼𝜓1(t)|| ≤ max
(||𝛼𝜓1(0)|| , |k𝛼vd|) . (22)

From Assumption 2, we know that vd and wd are bounded. Thus, it is obvious that 𝛼x1 and 𝛼𝜓1 are bounded. As a
result, it can be easily concluded from (22) and the first two equations of (19) that

⎧⎪⎨⎪⎩
|𝛼̇x1(t)| ≤ 1

T𝜎

max (|𝛼x1(0)| + |k𝛼 wd|, 2|k𝛼 wd|)||𝛼̇𝜓1(t)|| ≤ 1
T𝜎

max
(||𝛼𝜓1(0)|| + |k𝛼vd|, 2|k𝛼vd|) , (23)

which implies that 𝛼̇x1 and 𝛼̇𝜓2 are bounded.
For 𝛼x2 and 𝛼𝜓2, one can interpret 𝛼𝜓2 as a function of 𝛼𝜓2 according to the last equation of (19) for simplicity of

analysis, ie, 𝛼𝜓2 = 𝛼𝜓2(𝛼x2). Then, we consider the Lyapunov function candidate V𝛼 = 𝛼2
x2 ∫ 1

0 𝜛S(p)d𝜛 + 1
2
𝛼2
𝜓2 with

S(p) = 1 + 𝛼′2
𝜓2(p) and p = 𝜛𝛼x2, where 𝛼′2

𝜓2(p) satisfies that 𝛼′
𝜓2 = 𝛼𝜓2 when 𝜛 = 1. Differentiating V𝛼 yields

V̇𝛼 = 𝛼x2 𝛼̇x2

[
2∫

1

0
𝜛S(p)d𝜛 + 𝛼x2∫

1

0
𝜛

𝜕S(p)
𝜕𝛼x2

d𝜛
]
+ 𝛼𝜓2 𝛼̇𝜓2. (24)

Since 𝜕S(p)
𝜕𝛼x2

= dS(p)
dp

𝜛 and 𝜕S(p)
𝜕𝜛

= dS(p)
dp

𝛼x2, we have 𝜛
𝜕S(p)
𝜕𝜛

= 𝛼x2
𝜕S(p)
𝜕𝛼x2

, and as a result, we can rewrite (24) as

V̇𝛼 = 𝛼x2 𝛼̇x2

[
2∫

1

0
𝜛S(p)d𝜛 +

[
𝜛2S(p)

]1
0 − 2∫

1

0
𝜛S(p)d𝜛

]
+ 𝛼𝜓2 𝛼̇𝜓2

= 𝛼x2 𝛼̇x2
(
1 + 𝛼2

𝜓

)
+ 𝛼𝜓2 𝛼̇𝜓2. (25)

Combining with the last equation of (19), (25) can be expressed as

V̇𝛿 = −kΛ
(
1 + 𝛼2

𝜓

)
Λe, (26)

which implies, according to the definition ofΛe, that V̇𝛼 ≤ 0 whenΛ ≥ 𝛼0, which implies that 𝛼x2 and 𝛼𝜓2 are globally
bounded and converge to a bounded neighborhood of the origin with the radius not greater than

√
𝛼0, and as a result,

from the last equation of (19), the boundedness of 𝛼̇x2 and 𝛼̇𝜓2 are guaranteed, too.
So far, we have proved that 𝛼xi, 𝛼𝜓 i(i = 1, 2) and their first-order time derivatives are bounded, then from (11) and

(18), we can conclude that 𝛼x, 𝛼𝜓 and their first-order time derivatives are bounded.
Boundedness of vc and wc. According to (17) and the fact that 𝜗 ∈ (0, 1) and s(vd) ∈ (0, 1), the following

inequalities hold:

⎧⎪⎨⎪⎩
|vc| ≤ √

1 + 𝛼2
𝜓 (|vd| + |𝛼̇x| + kx)|wc| ≤ |wd| + 2
(|𝛼̇𝜓 | + k𝜓

)
,

(27)

where the relationship 1
cos(𝜗 arctan 𝛼𝜓 )

≤ 1
cos(arctan 𝛼𝜓 )

=
√

1 + 𝛼2
𝜓 has been used. Recalling Assumption 2 and the

boundedness of 𝛼x, 𝛼𝜓 and their first-order time derivatives, we can conclude that vc and wc are bounded.
Convergence of xe, ye, 𝝍e. Substituting the second equation of (17) into the last equation of (13) yields

𝜓̇e = −k𝜓 tanh 𝜓e, (28)

which implies that 𝜓 e is globally asymptotically stable, ie, 𝜓 e(t) → 0 as t goes to infinity. Then, we rewrite the first
two equations of (13) as follows:

⎧⎪⎨⎪⎩
ẋe = ̇̄𝜓 𝑦e − kx tanh xe

𝑦̇e = − ̇̄𝜓 xe +
(

wd −
𝛼̇𝜓

1+𝛼2
𝜓

)
𝛼x + v sin(𝜗 arctan 𝛼𝜓 ) +

vd𝛼𝜓√
1+𝛼2

𝜓

,
(29)

where the relationship sin(arctan 𝛼𝜓 ) =
𝛼𝜓√
1+𝛼2

𝜓

has been used.
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Then, we will discuss xe and ye from the following three cases according to (12).
Case 1. (|vd| > 𝜍). In such case, we have s(vd) = 1, which follows that 𝜗 = 0, 𝛼x = 0, and 𝛼𝜓 = 𝛼𝜓1, and then

(29) can be rewritten as ⎧⎪⎨⎪⎩
ẋe = ̇̄𝜓 𝑦e − kx tanh xe

𝑦̇e = − ̇̄𝜓 xe −
vd 𝛼𝜓1√

1+𝛼2
𝜓

. (30)

From the second equation of (19), we have 𝛼𝜓1 ≈ k𝛼vd tanh 𝑦e by choosing T𝛼 small enough, then the last equation of
(30) can be replaced by

𝑦̇e = − ̇̄𝜓 xe −
k𝛼 v2

d tanh 𝑦e√
1 + k2

𝛼 v2
d tanh2 𝑦e

. (31)

Choose the positive definite function Vx𝑦 = 1
2
(x2

e + 𝑦2
e ) and differentiate it along the solution of the equation of (30),

then we obtain

V̇x𝑦 = −kx xe tanh xe −
k𝛼 v2

d 𝑦e tanh 𝑦e√
1 + k2

𝛼 v2
d tanh2 𝑦e

. (32)

We can easily get from (32) that xe and ye will globally uniformly converge to a bounded area around zero.
Case 2. (|vd| < 𝜍&|wd| > 𝜍). In such case, we have s(vd) = 0, s(wd) = 1, 𝜗 = 1, 𝛼𝜓 = 0, and 𝛼x = 𝛼x1. By

choosing T𝛼 sufficiently small in the first equation of (19), we have 𝛼x1 ≈ k𝛼 wd tanh 𝑦e. Then, we can rewrite (29) as{ ẋe = ̇̄𝜓 𝑦e − kx tanh xe

𝑦̇e = − ̇̄𝜓 xe − k𝛼 w2
d 𝑦e tanh 𝑦e.

(33)

Let Vxy given above be the Lyapunov function and differentiate it along the solutions of (33) yields

V̇x𝑦 = −kx xe tanh xe − k𝛼 w2
d 𝑦e tanh 𝑦e. (34)

It is easy to get a conclusion that xe and ye will globally uniformly converge to a bounded area around zero.
Case 3. (|vd| < 𝜍&|wd| < 𝜍). In such case, we have s(vd) = 0, s(wd) = 0, 𝜗 = 1, 𝛼𝜓 = 𝛼𝜓2, and 𝛼x = 𝛼x2.

Substitute the last equation of (19) into (29) yields{
ẋe = ̇̄𝜓 𝑦e − kx tanh xe

𝑦̇e = − ̇̄𝜓 xe − k𝑦 tanh 𝑦e.
(35)

Still choose Vxy as a Lyapunov function candidate and differentiate it along the solutions of (35) yields

V̇x𝑦 = −kx xe tanh xe − k𝑦 𝑦e tanh 𝑦e. (36)

Then, we can get the same conclusion as Case 1 and Case 2.
According to the above analysis, we can conclude that xe and ye will globally uniformly converge to a bounded area

around zero. This completes the proof.

3.3 Dynamic controller
Since vc and wc are not actual controls, we will present a control scheme in this section for the actual inputs 𝜏v and 𝜏w to
stabilize the difference between v and w, and their desired ones given by (17). Furthermore, a three-layer NN method will
be used to approximate the WMR's unknown parameters during the design of the dynamic controller.

3.3.1 Three-layer NN
In this paper, a three-layer NN as shown in Figure 2 is introduced to approximate the uncertain terms of WMR in the next
design.11,40-42 The output of NN can be expressed as

𝑦i =
Nh∑
𝑗=1

wi𝑗 𝜎𝑗(z) = W⊤
i 𝜎(z), i = 1, 2, … , No, (37)
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FIGURE 2 The structure of a three-layer neural network

where z = [z1, z2, … , zNi]⊤ denotes the input vector of NN, Wi = [wi1, wi2, … , wiNh]
⊤, 𝜎(z) = [𝜎1(z), 𝜎2(z), … , 𝜎Nh (z)]

⊤,
Ni, Nh, and No represent the numbers of input neurons, hidden neurons, and output neurons, respectively, 𝜎j(z) is the jth
RBF with the form

𝜎𝑗(z) = exp
(
−||z − 𝜇𝑗||2∕𝜆𝑗

2) , 𝑗 = 1, 2, … , Nh, (38)

where 𝜇𝑗 = [𝜇𝑗1, 𝜇𝑗2, … , 𝜇𝑗Nh]
⊤ and 𝜆j are the jth center vector and the jth standard deviation, respectively.

For a given continuous function f (x) ∶ U → ℜ, where U ⊂ ℜNi is a compact set, there exists an RBFNN in the form
(37) with an ideal weight vector W∗ ∈ ℜNh such that

𝑓 (x) = W∗⊤𝜎(z) + 𝜀, (39)

where 𝜀 is the approximation error satisfying |𝜀| ≤ 𝜖0, 𝜖0 can be any given positive constant.

Assumption 3. The ideal weight of the RBFNN (39) is bounded such that ||W∗||F ≤ WM with WM an unknown
positive constant, in which || ∗ ||F =

√
tr(∗⊤ ∗).

3.3.2 Robust neural network–based controller design
In order to avoid the complexity of the actual control expressions caused by the direct differentiations of vc and wc, we
apply the dynamic surface control technique43 here by means of the following first-order filters:

q𝜈
̇̄𝜑v + 𝜑̄v = vc, q𝜈

̇̄𝜑w + 𝜑̄w = wc, (40)

where 𝜑̄v and 𝜑̄w are filtered outputs of vc and wc, respectively, q𝜈 > 0 is a time constant. Since vc and wc are bounded as
proved in the previous section, one can obtain from (27) that 𝜑̄v and 𝜑̄w are bounded, too. Besides, the difference between
vc and wc, and 𝜑̄v and 𝜑̄w, respectively, can be arbitrarily small by choosing q𝜈 small enough. Thus, for simplicity, we can
assume here 𝜑̄v ≈ vc and 𝜑̄w ≈ wc.

Let ve = v − 𝜑̄v and we = w − 𝜑̄w be the new error variables and differentiate these errors along the solutions of the
second equation of (5), we have {

m1 v̇e = F1 + 𝜏w1 + 𝜏v − m1 q−1
𝜈

̇̄𝜑v

m2 ẇe = F2 + 𝜏w2 + 𝜏w − m2 q−1
𝜈

̇̄𝜑w.
(41)

Due to the fact the parameters mi, Fi, and 𝜏wi(i = 1, 2) are unknown, by using the properties of the three-layer RBFNN
introduced in the previous section, we can rewrite the unknown terms in (41) as follows:{

W∗⊤
v 𝜎(zv) = −

(
F1 − m1 q−1

𝜈
̇̄𝜑v
)
− 𝜀v

W∗⊤
w 𝜎(zw) = −

(
F2 − m2 q−1

𝜈
̇̄𝜑w
)
− 𝜀w,

(42)

where zv = [𝜓̇ , v, w, ̇̄𝛽v]⊤, zw = [𝜓̇ , v, w, ̇̄𝛽w]⊤, 𝜀v and 𝜀w are the approximation errors.
Then, we choose the control inputs 𝜏v and 𝜏w as{

𝜏v = −kv tanh ve + Ŵ⊤
v 𝜎(zv)

𝜏w = −kw tanh we + Ŵ⊤
w𝜎(zw),

(43)
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where kv and kw are positive constants to be determined later, Ŵv and Ŵw are updated by the following adaptation rules:{
̇̂W v = −𝛾v tanh ve𝜎(zv) − 𝛾v 𝛿v Ŵv
̇̂W w = −𝛾w tanh we𝜎(zw) − 𝛾w 𝛿w Ŵw,

(44)

where 𝛾v and 𝛾w can be any positive constants, 𝛿v and 𝛿w are positive constants to be chosen later.
Due to the definitions of 𝜏v and 𝜏w, we have

𝜏v =
r

2b
[g(𝜏1) + g(𝜏2)] , 𝜏w = r

2
[g(𝜏1) − g(𝜏2)] . (45)

Then, since the function g(𝜏i)(i = 1, 2) satisfy |g(𝜏i)| ≤ 𝜏iM , the following inequalities hold|𝜏v| ≤ r
2b

(𝜏1M + 𝜏2M), |𝜏w| = r
2
(𝜏1M + 𝜏2M). (46)

On the other hand, combining (44) with (43), we can easily yield|𝜏v| ≤ kv + 𝛿−1
v ‖𝜎(zv)‖2

F , |𝜏w| ≤ kw + 𝛿−1
w ‖𝜎(zw)‖2

F . (47)

Comparing (47) with (46) and noting ||𝜎(zi)||2F ≤ Nh(i = v, w), we know that the control inputs defined in (43) can be
guaranteed strictly within the saturation bounds by choosing the control parameters ki and 𝛿i(i = v, w) satisfying

kv + 𝛿−1
v Nh ≤ r

2b
(𝜏1M + 𝜏2M), kw + 𝛿−1

w Nh ≤ r
2
(𝜏1M + 𝜏2M). (48)

Substitute (43) into (41) yields {
m1v̇e = −kv tanh ve − 𝜒v + Ŵ⊤

v 𝜎(zv) + 𝜏w1

m2 ẇe = −kw tanh we − 𝜒w + Ŵ⊤
w𝜎(zw) + 𝜏w2,

(49)

where 𝜒i = W⊤
i 𝜎(zi) + 𝜀i(i = v, w).

4 MAIN RESULT

The main result of this paper is stated by means of the following theorem.

Theorem 1. Consider the WMR model (5) and suppose that Assumptions 1 to 3 hold. For arbitrary practical reference
trajectories (xd, yd, 𝜓d) including fixed points and time varying trajectories, the controls 𝜏v and 𝜏w given by (43) achieve
a practical stabilization of the tracking errors (x − xd, y − yd, 𝜓 − 𝜓d), and guarantee the boundedness of the WMR's
velocities v and w.

Proof. Substituting (17) into (13) and combining with (49), we can obtain the error system as follows:⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

ẋe = ̇̄𝜓 𝑦e + ve cos(𝜗 arctan 𝛼𝜓 ) − kx tanh xe +𝜛x

𝑦̇e = − ̇̄𝜓 xe +
(

wd −
𝛼̇𝜓

1+𝛼2
𝜓

)
𝛼x −

vd𝛼𝜓√
1+𝛼2

𝜓

− v sin(𝜗 arctan 𝛼𝜓 ) +𝜛𝑦

𝜓̇e = −k𝜓 tanh 𝜓e +
1+s(vd)

2
we

v̇e = m−1
1
[
−kv tanh ve − 𝜒v + Ŵ⊤

v 𝜎(𝜒v) + 𝜏w1
]

ẇe = m−1
2
[
−kw tanh we − 𝜒w + Ŵ⊤

w𝜎(zw) + 𝜏w2
]
,

(50)

where the approximations v ≈ vc + ve and w ≈ wc + we have been used, 𝜛x and 𝜛y are given by{
𝜛x = v𝛽c(𝜗) − vd 𝛽c(1)

𝜛𝑦 = 𝛼x

(
−k𝜓 tanh 𝜓e +

1+s(vd)
2

we

)
+ v𝛽s(𝜗) + vd𝛽s(1),

(51)

with {
𝛽c(∗) = (cos(∗ 𝜓e) − 1) cos(∗ arctan 𝛼𝜓 ) − sin(∗ 𝜓e) sin(∗ arctan 𝛼𝜓 )
𝛽s(∗) = (cos(∗ 𝜓e) − 1) sin(∗ arctan 𝛼𝜓 ) − sin(∗ 𝜓e) cos(∗ arctan 𝛼𝜓 )

, ∗ = 𝜗, 1.
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From the knowledge of trigonometry, we know that 𝛽c(∗), 𝛽s(∗),
𝛽c(∗)
𝜓e

, and 𝛽s(∗)
𝜓e

are all bounded. Then, according to
the boundedness of 𝛼x, vc, and vd, it can easily concluded that

|𝜛x| ≤ 𝜛x1|𝜓e| +𝜛x2|ve|, |𝜛𝑦| ≤ 𝜛𝑦1|𝜓e| +𝜛𝑦2|ve| +𝜛𝑦3|we|, (52)

where 𝜛xi and 𝜛yi are appropriate positive constants.
Then, for the sake of simplicity and due to the definitions of 𝛼x, 𝛼𝜓 , and 𝜗, we will analyze the stability of the error

system (50) in the three different cases: (i) |vd| ≥ 𝜍; (ii) |vd| < 𝜍 and |wd| ≥ 𝜍; (iii) |vd| < 𝜍 and |wd| < 𝜍.
Case 1. (|vd| > 𝜍). In such case, we have s(vd) = 1, which follows that 𝜗 = 0, 𝛼x = 0, and 𝛼𝜓 = 𝛼𝜓1. From the

second equation of (19), we have 𝛼𝜓1 ≈ k𝛼vd tanh 𝑦e by choosing T𝛼 small enough, and then the first two equations of
(50) can be rewritten as

⎧⎪⎨⎪⎩
ẋe = ̇̄𝜓 𝑦e + ve − kx tanh xe +𝜛x

𝑦̇e = − ̇̄𝜓 xe −
k𝛼 vd

2 tanh 𝑦e√
1+k𝛼

2 vd
2 tanh2 𝑦e

+𝜛𝑦.
(53)

Choose the following Lyapunov function candidate

V =
x2

e

2
+

𝑦2
e

2
+ 𝜆1 ln cosh 𝜓e + 𝜆2

(
m1 ln cosh ve +

W̃⊤
v W̃v

2𝛾v

)
+ 𝜆3

(
m2 ln cosh we +

W̃⊤
w W̃w

2𝛾w

)
, (54)

where W̃i = Wi − Ŵi(i = v, w), 𝜆1, 𝜆2, and 𝜆3 are positive constants to be determined later. Differentiating V along the
solutions of (44), (50), and (53) yields

V̇ = −kx xe tanh xe + xe ve + xe 𝜛x −
k𝛼 v2

d 𝑦e tanh 𝑦e√
1 + k2

𝛼 v2
d tanh2𝑦e

+ 𝑦e 𝜛𝑦 + 𝜆1(−k𝜓 tanh2𝜓e + tanh 𝜓e we)

+ 𝜆2
(
−kv tanh2 ve − 𝜀v tanh ve + 𝜏w1 tanh ve + 𝛿v W̃⊤

v Ŵv
)

+ 𝜆3
(
−kw tanh2 we − 𝜀w tanh we + 𝜏w2 tanh we + 𝛿w W̃⊤

w Ŵw
)
. (55)

Due to (52) and the Young's inequality of the form ab ≤ 𝜇a2 + b2

4𝜇
, ∀a, b ∈ ℜ, 𝜇 ∈ ℜ+, we have

V̇ ≤ −k̄x xe tanh xe −
k̄𝑦 v2

d 𝑦e tanh 𝑦e√
1 + k2

𝛼 v2
d

− 𝜆1 k̄𝜓 tanh2 𝜓e − 𝜆2 k̄v tanh2 ve

− 𝜆3 k̄w tanh2 we − 𝜆2 𝛿v||W̃v||2F − 𝜆3 𝛿w||W̃w||2F + 𝜆2

4𝜇v𝜀
𝜀2

v +
𝜆2

4𝜚v
𝜏2

w1

+ 𝜆3

4𝜇w𝜀

𝜀2
w + 𝜆3

4𝜚w
𝜏2

w2 +
𝜆2 𝛿

2
v

4𝜇Wv
‖W∗

v ‖2
F +

𝜆3 𝛿
2
w

4𝜇Ww
‖W∗

w‖2
F , (56)

with

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

k̄x = kx − 𝜇x𝜓 − 𝜇xv

k̄𝑦 = k𝛼 − 𝜇𝑦𝜓 − 𝜇𝑦v − 𝜇𝑦w

k̄𝜓 = k𝜓 − xe 𝜛
2
x1 𝜓

2
e

4𝜆1 𝜇x𝜓 tanh xetanh2𝜓e
−

𝑦e 𝜛
2
𝑦1 𝜓

2
e

√
1+k2

𝛼
v2

d

4𝜆1 𝜇𝑦𝜓 v2
d tanh 𝑦etanh2𝜓e

− 𝜇𝜓w

k̄v = kv −
xe 𝜛

2
x2 v2

e

4𝜆2 𝜇xv tanh xetanh2 ve
−

𝑦e 𝜛
2
𝑦2 v2

e

√
1+k2

𝛼
v2

d

4𝜆2 𝜇𝑦v v2
d tanh 𝑦etanh2ve

− 𝜇v𝜀 − 𝜚v

k̄w = kw −
𝑦e 𝜛

2
𝑦3 w2

e

√
1+k2

𝛼
v2

d

4𝜆3 𝜇𝑦w v2
d tanh 𝑦etanh2we

− 𝜆1 w2
e

4𝜆3 𝜇𝜓w tanh2 we
− 𝜇w𝜀 − 𝜚w

𝛿v = 𝛿v − 𝜇Wv

𝛿w = 𝛿w − 𝜇Ww,
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where 𝜇x𝜓 , 𝜇xv, 𝜇y𝜓 , 𝜇yv, 𝜇yw, 𝜇𝜓w, 𝜇v𝜀, 𝜇w𝜀, 𝜚v, 𝜚w, 𝜇Wv, and 𝜇Ww are positive constants to be chosen, by combining
with appropriate choices of 𝜆i(i = 1, 2, 3), such that k̄x, k̄𝑦, k̄𝜓 , k̄v, k̄w, 𝛿v, and 𝛿w are strictly positive. On the other
hand, according to Assumption 3 and the definition of 𝜀w, we know that there exist unknown positive constants
WiM, 𝜏wiM(i = 1, 2), 𝜀i0(i = v, w) satisfying ||W∗

i ||F ≤ WiM , |𝜏wi| ≤ 𝜏wiM, |𝜀i| ≤ 𝜀i0. Then, due to the fact that
a tanh a ≥ tanh2a, ∀a ∈ ℜ, we can obtain from (56) that

V̇ ≤ −𝜅1||X||2 + C0, (57)

with

⎧⎪⎪⎪⎨⎪⎪⎪⎩

X =
[
tanh xe, tanh 𝑦e, tanh 𝜓e, tanh ve, tanh we, ||W̃v||F , ||W̃w||F]⊤

𝜅1 = min

(
k̄x,

k̄𝑦 v2
d√

1+k2
𝛼

v2
d

, 𝜆1 k̄𝜓 , 𝜆2 k̄v, 𝜆3 k̄w, 𝜆2 𝛿v, 𝜆3 𝛿w

)
C0 = 𝜆2 𝜀

2
v0

4𝜇v𝜀
+ 𝜆3 𝜀

2
w0

4𝜇w𝜀

+ 𝜆2
4𝜚v

𝜏2
w1M + 𝜆3

4𝜚w
𝜏2

w2M + 𝜆2 𝛿
2
v

4𝜇Wv
W 2

vM + 𝜆3 𝛿
2
w

4𝜇Ww
W 2

wM .

Due to the definitions of V and X, it can be concluded from (57) that V̇(t) is negative definite outside the bounded area||X|| ≤ √
C0
𝜅1

, which implies that X, or equivalently, the error states xe, ye, 𝜓 e, ve, we, ||W̃v||F and ||W̃w||F , will globally

asymptotically converge to a bounded neighborhood of the origin satisfying ||X|| ≤ √
C0
𝜅1

.
Case 2. (|vd| < 𝜍 &|wd| > 𝜍). In such case, we have s(vd) = 0, s(wd) = 1, 𝜗 = 1, 𝛼𝜓 = 0, and 𝛼x = 𝛼x1. From

the first equation of (19), we have 𝛼x1 ≈ k𝛼wd tanh 𝑦e by choosing T𝛼 small enough, and then the first two equations
of (50) can be rewritten as { ẋe = ̇̄𝜓 𝑦e + ve − kx tanh xe +𝜛x

𝑦̇e = − ̇̄𝜓 xe − k𝛼 w2
d tanh 𝑦e +𝜛𝑦.

(58)

Then, we choose V defined in (54) as the Lyapunov function candidate, whose derivative satisfies

V̇ = −kx xe tanh xe + xe ve + xe 𝜛x − k𝛼 w2
d 𝑦e tanh 𝑦e + 𝑦e 𝜛𝑦 + 𝜆1

(
−k𝜓 tanh2 𝜓e +

1
2

tanh 𝜓e we

)
+ 𝜆2

(
−kv tanh2 ve − 𝜀v tanh ve + 𝜏w1 tanh ve + 𝛿v W̃⊤

v Ŵv
)

+ 𝜆3
(
−kw tanh2 we − 𝜀w tanh we + 𝜏w2 tanh we + 𝛿w W̃⊤

w Ŵw
)
. (59)

After a similar calculation process as stated in the previous case, we have

V̇ ≤ −𝜅2||X||2 + C0, (60)

with 𝜅2 > 0 an appropriate constant, which implies from the definition of X that the error states xe, ye, 𝜓 e, ve, we,||W̃v||F and ||W̃w||F , will globally asymptotically converge to a bounded neighborhood of the origin satisfying ||X|| ≤√
C0
𝜅2

.

Case 3. (|vd| < 𝜍 &|wd| < 𝜍). In such case, we have s(vd) = s(wd) = 0, 𝜗 = 1, 𝛼x = 𝛼x2 and 𝛼𝜓 = 𝛼𝜓2. Substitute
the last equation of (19) into the first two equations of (50) yields⎧⎪⎨⎪⎩

ẋe = ̇̄𝜓 𝑦e +
ve√

1+𝛼2
𝜓2

− kx tanh xe +𝜛x

𝑦̇e = − ̇̄𝜓 xe − k𝑦 tanh 𝑦e −
ve 𝛼𝜓2√

1+𝛼2
𝜓2

+𝜛𝑦.
(61)

By choosing V defined in (54) as the Lyapunov function candidate again, we have

V̇ = −kx xe tanh xe +
xe ve√
1 + 𝛼2

𝜓2

+ xe 𝜛x − k𝑦 𝑦e tanh 𝑦e −
𝑦e ve 𝛼𝜓2√

1 + 𝛼2
𝜓2

+ 𝑦e 𝜛𝑦 + 𝜆1(−k𝜓 tanh2 𝜓e + tanh 𝜓e we)

+ 𝜆2
(
−kv tanh2 ve − 𝜀v tanh ve + 𝜏w1 tanh ve + 𝛿v W̃⊤

v Ŵv
)

+ 𝜆3
(
−kw tanh2 we − 𝜀w tanh we + 𝜏w2 tanh we + 𝛿w W̃⊤

w Ŵw
)
. (62)
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FIGURE 3 Comparative simulation results for trajectory tracking. A, Reference trajectory and actual trajectories; B, Tracking errors;
C, Control inputs; D, Norm of neural network weights of wheeled mobile robot [Colour figure can be viewed at wileyonlinelibrary.com]

Following a similar way as stated above, we can obtain

V̇ ≤ −𝜅3||X||2 + C0, (63)

with 𝜅3 > 0 an appropriate constant, which implies from the definition of X that the error states xe, ye, 𝜓 e, ve, we,||W̃v||F and ||W̃w||F , will globally asymptotically converge to a bounded neighborhood of the origin satisfying ||X|| ≤√
C0
𝜅3

.
So far, we have proved that the error states xe, ye, 𝜓 e, ve, and we globally asymptotically converge to a bounded

neighborhood of the origin. Then, due to the definition of xe, ye, 𝜓 e and the boundedness of 𝛼x and 𝛼𝜓 , we can conclude
from (10) that the tracking errors (x − xd, y − yd, 𝜓 − 𝜓d) are globally bounded. Besides, due to the boundedness of
𝜑̄v and 𝜑̄w, the boundedness of v and w directly follows. The proof is completed.

5 SIMULATION RESULTS

In this section, some numerical simulations have been performed to illustrate the effectiveness of the proposed controller.
To begin with, the WMR's parameters are selected as38: b = 0.75, d = 0.3, r = 0.5, mc = 10, mw = 1, Ic = 5.6,

http://wileyonlinelibrary.com
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FIGURE 4 Comparative simulation results for stabilization. A, Actual trajectories; B, Tracking errors; C, Control inputs; D, Norm of
neural network weights of wheeled mobile robot [Colour figure can be viewed at wileyonlinelibrary.com]

Iw = 0.005, Im = 0.0025, D11 = D22 = 1. The initial estimates for the unknown parameters are set to be 75% of their
true values. The external disturbances are given as 𝜏w1 = 0.05 sin(0.1t), 𝜏w2 = 0.05 sin(0.1t).

In practice, the good performance of most control system is obtained by trying lots of simulations and adjusting the
parameters. For control parameters, in general, we set large value for the control gain at first, and then, reduce the value
properly by many simulations to make sure the parameter is valid. As for the number of NN node, it should be smallest
and can be employed to approximate the model uncertainty sufficiently.

Following the above tuning process, a three-layer NN with five hidden nodes (Nh = 5), two output nodes (No = 2), and
the initial weights Ŵi(i = v, w) are set to zeros.

The control parameters are given as: kv = kw = 20, kx = 2, ky = 1.5, k𝜓 = 1, k𝛼 = 0.4, kΛ = 0.1, 𝜆 = 50, 𝜍 = 0.2,
𝛼0 = 0.01, T𝛼 = 1, q𝜈 = 0.2, 𝛼x2(0) = 2, 𝛼𝜓2(0) = 0.5, 𝛾v = 𝛾w = 20, 𝛿v = 𝛿w = 2, 𝜏vM = 100, 𝜏wM = 100.

The desired trajectory 𝜂d is generated by (8) with the initial condition 𝜂d(0) = [0, 0, 0]⊤. In this section, two kinds of
desired trajectories are considered. The first one consists of two parts, ie, the reference velocities are selected as vd = 2
and wd = 0 for the first 50 seconds, which is a straight line, and vd = 2, wd = 0.5 for the rest of simulation, which is a
circle. The second one is a fixed point, ie, vd = wd = 0 for the whole simulation. The initial states in these two cases are
both chosen as 𝜂(0) = [ −8, 4, 𝜋∕2]⊤. Furthermore, to investigate the performance of the proposed controller, we selected
the control schemes presented in the works of Huang et al38 and Miao and Wang39 as comparisons. Simulation results are
shown in Figures 3 and 4.

http://wileyonlinelibrary.com
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FIGURE 5 Comparative simulation results for trajectory tracking in large initial position. A, Reference trajectory and actual trajectories;
B, Tracking errors; C, Control inputs; D, Norm of neural network weights of wheeled mobile robot [Colour figure can be viewed at
wileyonlinelibrary.com]

It can be seen from the above figures that the proposed controller, the controller of Huang et al,38 and the controller
of Miao and Wang39 can track the desired trajectories. However, the proposed controller illustrates a better performance
than the other two on the steady-state errors and initial control inputs.

In order to further illustrate the comparative results of the tracking performance of the proposed control scheme and
comparison controllers, we perform the last two simulations for the problems of tracking control and stabilization of WMR
subjected to large values of initial tracking errors, where the initial postures of WMR are chosen as 𝜂 = [−150, 100, 𝜋∕3]⊤.
In the simulation of tracking, the desired trajectory satisfies that vd = 2 and wd = 0 for the first 100 seconds and vd = 2,
wd = 0.5 for the rest of simulation. The results are shown in Figures 5 and 6.

It can be seen that the proposed controller still has a good performance on the steady-state errors and control inputs in
both tracking and stabilization problems, and while, the controllers in the works of Huang et al38 and Miao and Wang39

suffer from apparent oscillations of the steady-state errors and control inputs. Therefore, we can conclude from the above
simulations that the proposed controller has a better performance than the controller of Huang et al38 and the controller
of Miao and Wang.39

http://wileyonlinelibrary.com
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FIGURE 6 Comparative simulation results for stabilization in large initial position. A, Actual trajectories; B, Tracking errors; C, Control
inputs; D, Norm of neural network weights of wheeled mobile robot [Colour figure can be viewed at wileyonlinelibrary.com]

6 CONCLUSION

In this paper, a unified robust neural network–based control scheme has been presented for trajectory tracking and
stabilization of a WMR with unknown parameters, time-varying disturbances, and input saturation. A new error-state
transformation form has been introduced to provide auxiliary signals, which can be interpreted as additional controls in
the underactuated direction. An RBFNN has been used to deal with the parametric uncertainties. A Lyapunov-based sta-
bility analysis has been used to verify that the proposed controller can guarantee the boundedness of the tracking errors.
Simulation results have demonstrated the effectiveness of the proposed controller. The presented control scheme will be
extended to the formation control problems of WMR or underactuated ships in our future work.
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