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A novel finite-time controller integrated with disturbance observer is investigated for a rigid spacecraft 
in the presence of disturbance, actuator saturation and misalignment. As a stepping-stone, a second-
order disturbance observer is designed firstly such that the reconstruction of lumped disturbances is 
accomplished in finite time with zero error. Then, with the reconstructed information, a finite-time 
controller is synthesized even under actuator input saturation and misalignment, and the closed-loop 
system/state is proved to be finite-time stable and converges to the specified time-varying sliding mode 
surface. Moreover, the input saturation constraint is overcome via introducing an auxiliary variable to 
compensate for the overshooting. Numerical simulation results for the in-orbit rigid spacecraft show good 
performances, which validate the effectiveness and feasibility of the proposed schemes.

© 2014 Published by Elsevier Masson SAS.
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1. Introduction

Accurate and reliable attitude stabilization is always one of 
the most important problems in spacecraft control system design. 
However, the unknown environment disturbances, spacecraft/ac-
tuator uncertainties and actuator output saturation, etc., further 
increase the complexity and difficulty in control scheme design. 
Recently, many improvements involving the design of attitude con-
trol laws have been extensively studied in literatures based on 
several inspiring approaches, such as optimal control [19,20], non-
linear feedback control [31], adaptive control [15], and robust con-
trol or their integrated applications [11,12]. Whereas, sliding mode 
control (SMC) has been widely studied and explored in practical 
applications for recent decades, due to its particular characters to 
deal with the external disturbances and model uncertainties [21,
26]. Yeh [33] proposed two nonlinear attitude controllers, mainly 
consisting of the sliding mode controller and sliding mode adap-
tive controller, for a spacecraft with thrusters to follow the de-
manded trajectory in outer space. A robust adaptive fault tolerant 
control approach was also proposed for spacecraft attitude track-
ing in the presence of reaction wheels/actuators failures, external 
disturbances and time-varying inertia-parameter uncertainties [8]. 
However, the drawback of the predetermined sliding surface is that 
the robustness cannot be ensured in the reaching phase. To solve 
this problem, a time-varying sliding mode controller has been pro-
posed for attitude tracking of a rigid spacecraft [14]. In Ref. [6], 
the authors presented a dual-stage control system design method 
http://dx.doi.org/10.1016/j.ast.2014.08.009
1270-9638/© 2014 Published by Elsevier Masson SAS.
for the flexible spacecraft attitude maneuver and vibration sup-
pression, in which a switching mechanism was employed to design 
the attitude controller such that a variable structure control (VSC) 
law with a time-varying sliding mode surface was implemented 
outside the sliding region, and the VSC law with a linear sliding 
mode surface was activated inside the region. While, the chatter-
ing issue of SMC is still an open problem. Recently, several authors 
have introduced disturbance observer (DO) based SMC to alleviate 
the chattering problem and retain its nominal control performance 
[5,16,30]. In Ref. [32], a DO was proposed to reduce inherent chat-
tering of SMC and improve the stability and robustness of the 
spacecraft platform. Also, the advantages of the sliding mode based 
DO (SMDO) are, handling the disturbances and uncertainties in a 
robust way simply with fast response, alleviating the chattering 
problem and retaining its nominal control performance.

However, one practical problem is that technically speaking, 
these researches involved in literatures above achieve attitude 
asymptotic stability of the closed-loop system, which implies that 
the system’s trajectory converges to the equilibrium with infinite 
settling time, and that it is difficult to implement in practice. For 
this, finite-time control becomes an alternative way to obtain a 
faster convergence rate to the origin and achieve better robust dis-
turbance attenuation. In Refs. [13,28], the authors utilized terminal 
sliding mode control (TSMC) approach to achieve finite time at-
titude convergence for spacecraft system. Then a modified robust 
controller with finite time convergence for the rigid spacecraft at-
titude tracking was discussed in Ref. [17], in order to solve the 
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singularity phenomenon introduced by the common TSMC method. 
Ref. [18] proposed a class of SMC for the attitude tracking system 
applying DO to compensate for the uncertainties, which drove the 
states of the closed-loop system onto the sliding surface in finite 
time. In addition, the finite-time stabilization/convergence of the 
spacecraft attitude in the presence of disturbances has also been 
investigated/achieved in some other works [3,4,10,29].

While, it should be stressed that the above results have been 
derived from the implicit assumption that the actuators are able 
to provide any requested joint torques, and also the torques’ axis 
directions and/or input scaling of the actuators (such as gas jets, 
reaction fly-wheels) are exactly known. This assumption is rarely 
satisfied in practical engineering environment because of the exist-
ing limitation of actuator output signal and possible misalignment 
of the actuator during installation. To overcome these difficulties, 
several solutions that take the actuator constraints into account 
have been extensively studied by Hu [7,9], Bošković [1,2], Zhu et al. 
[34], in which the saturation function or standard hypertangent 
function is commonly applied. However, an auxiliary variable is 
introduced to compensate for the overshooting of the actuator out-
put by a second-order sliding mode observer in this paper.

In this work, an attempt is made to provide a simple and ro-
bust attitude control strategy for spacecraft with finite time con-
vergence in the presence of external disturbances, inertial uncer-
tainties, actuator misalignments and even actuator saturation. The 
main contributions of this paper are that: 1) a second-order ob-
server is presented to estimate the sliding mode surface and the 
differentiable specified total disturbance, and zero errors of esti-
mation can be achieved in finite time, 2) a novel time-varying SMC 
scheme is proposed for the spacecraft attitude stabilization in the 
presence of uncertainties mentioned above, 3) the input satura-
tion rejection is explicitly considered and achieved via introducing 
an auxiliary variable to compensate for the overshooting. While, 
the specified total disturbances and input overshooting can be es-
timated effectively and accurately using the proposed DO, and the 
time-varying sliding mode technique based controller can provide 
fast and accurate response in view of this effective real-time com-
pensation in this paper. A key feature of the proposed controller 
ensures the convergence of both attitude and velocity in finite time 
with simple design procedures under input saturation, which is of 
great interest for aerospace industry for real-time implementation.

The paper is organized as follows: Next section states space-
craft modeling and control problem formulation. Attitude control 
laws are derived in Section 3. Next, numerical simulation results 
are presented to demonstrate various features of the proposed con-
trol schemes. Finally, the paper is completed with some concluding 
comments.

2. Spacecraft modeling and problem formulation

2.1. Spacecraft attitude dynamics

Consider a rigid spacecraft system described by the following 
attitude kinematics and dynamics equations [24][

q̇0
q̇

]
= 1

2

[ −qT

q0 I + q×
]
ω (1)

J ω̇ = −ω× Jω + u(t) + d(t) (2)

where q0 and q = [q1 q2 q3]T ∈ R3 are the scalar and vector com-
ponents of the unit attitude quaternion, respectively, satisfying the 
constraint qTq + q2

0 = 1; ω ∈ R3 is the angular velocity vector of a 
body-fixed reference frame of spacecraft with respect to the iner-
tial reference frame expressed in the body-fixed reference frame; 
I is an identity matrix with proper dimensions; J ∈ R3×3 is the 
Fig. 1. Configuration of reaction wheels.

Fig. 2. Configuration with misalignments.

total inertia matrix of the spacecraft; u(t) = [u1 u2 u3]T ∈ R3 de-
notes the combined control torque produced by the actuators; and 
d(t) = [d1 d2 d3]T ∈ R3 denotes the external disturbance torque 
from the environment, which is assumed to be unknown but 
bounded. Additionally, q× (or ω×) denotes a skew-symmetric ma-
trix given by

q× =
⎡
⎣ 0 −q3 q2

q3 0 −q1
−q2 q1 0

⎤
⎦ (3)

2.2. Actuator configuration with misalignment

For orbiting spacecraft, loosely speaking, they have more than 
three actuators aligned with the spacecraft body axes. A com-
mon configuration with four reaction wheels is shown in Fig. 1, in 
which three reaction wheels’ (such as reaction wheels 1, 2, and 3) 
rotation axes are orthogonal to the spacecraft ontology shaft and 
the fourth one is installed with the equiangular direction with the 
ontology three axis, noted as RW1, RW2, RW3 and RW4. In this cir-
cumstance, employing the configuration of four reaction wheels, as 
shown in Fig. 1, the spacecraft dynamics in Eq. (2) can be found as

J ω̇ = −ω× Jω + Dτ (t) + d(t) (4)

where D is configuration matrix of the reaction wheel, represent-
ing the influence of each wheel on the angular acceleration of the 
spacecraft, and τ = [τ1 τ2 τ3 τ4]T denotes the torques produced by 
the four reaction wheels. Note that the configuration matrix D is 
available for a given spacecraft.

However, in practice, the knowledge of orthogonal configuration 
of actuator will never be perfect. Whether due to finite manu-
facturing tolerances or warping of the spacecraft structure during 
launching, some misalignment can always exist. Referring to Fig. 2
and to model such uncertainties, it is assumed that the reaction 
wheel mounted on X axis is tilted over nominal direction with 
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constant angles, �α1 and �β1; also for other reaction wheels 
mounted left are assumed to be tilted over nominal direction with 
�α2, �β2, �α3, �β3, �α4 and �β4 respectively. To this end, the 
real reaction wheel torques with misalignment can be expressed 
as

u = τ1

⎡
⎣ cos�α1

sin�α1 cos�β1
sin�α1 sin�β1

⎤
⎦ + τ2

⎡
⎣ sin�α2 cos�β2

cos�α2
sin�α2 sin�β2

⎤
⎦

+ τ3

⎡
⎣ sin�α3 cos�β3

sin�α3 sin�β3
cos�α3

⎤
⎦

+ τ4

⎡
⎣ cos(α4 + �α4) cos(β4 + �β4)

cos(α4 + �α4) sin(β4 + �β4)

sin(α4 + �α4)

⎤
⎦ (5)

Generally, the misalignment angle errors (�αi, �βi ) are very 
small in practice, and the following relationships are adopted to 
approximate Eq. (5)

cos�αi ≈ cos�βi ≈ 1, sin�αi ≈ �αi,

sin�βi ≈ �βi (6)

Then for the considered actuator configuration, the configura-
tion matrix D can be represented as

D = D0 + �D (7)

with

D0 =
⎡
⎣ 1 0 0 cosα4 cosβ4

0 1 0 cosα4 sinβ4
0 0 1 sinα4

⎤
⎦ (8a)

�D =
[

0 �α2 cos �β2 �α3 cos �β3 −�α4 sinα4 cos β4 − �β4 cosα4 sinβ4

�α1 cos �β1 0 �α3 sin�β3 −�α4 sinα4 sinβ4 + �β4 cosα4 cos β4

�α1 sin�β1 �α2 sin�β2 0 �α4 cosα4

]

(8b)

where D0 denotes the nominal value, and �D denotes the uncer-
tainty of configuration matrix. Accordingly, the spacecraft dynam-
ics under this uncertainty can be established as

J ω̇ = −ω× Jω + (D0 + �D)τ (t) + d(t) (9)

For synthesis of control system design, the following reasonable 
assumptions are made:

Assumption 1. The external disturbances d(t) including gravita-
tional perturbations, aerodynamic torque, radiation torque, and 
other environmental or non-environmental torques, are assumed 
to be bounded. Thus, it is reasonable to assume that there always 
exists a constant d0 such that∥∥d(t)

∥∥ ≤ d0 (10)

Assumption 2. The total inertia matrix of the spacecraft J ∈ R3×3

is in the form of J = J0 + � J , where J0 is a defined symmetri-
cal matrix; � J denotes the uncertainties of the spacecraft inertia, 
which is caused by the external environment disturbances or self-
energy/fuel consuming or components/payloads releasing, also are 
assumed to be differentiable.

Assumption 3. Due to physical limitations on actuators, the actua-
tor control actions are limited by certain values. For simplicity, we 
assume that outputs of actuator torques have the same constraint 
values (τ , τ̄ ), i.e.
τ (t) ∈ Ω := {
τ ∈ Rm

∣∣ τ i ≤ τi ≤ τ̄i, i = 1,2, . . . ,m
}

(11)

where τ (t) is the torque output vector of actuators, with τ̄i > 0
and τ i < 0.

Further consider the definitions and assumptions above, the at-
titude dynamic equation (2) can be obtained in the form of

( J0 + � J )ω̇ = −ω×( J0 + � J )ω + (D0 + �D)τ (t) + d(t) (12)

Note that it is assumed that ( J0 + � J )−1 = J−1
0 − J−1

0 � J (I3 +
J−1

0 � J )−1 J−1
0 and � J̄ = J−1

0 � J (I3 + J−1
0 � J )−1 J−1

0 [25].

2.3. Preliminaries

For the simplicity of expression, the following notations are de-
fined as:

sigα(x) = sign(x)|x|α
= [

sign(x1)|x1|α, sign(x2)|x2|α, . . . , sign(xn)|xn|α]T
(13)

where x = [x1, x2, . . . , xn]T ∈ Rn , |x| = [|x1|α, |x2|α, . . . , |xn|α]T, 0 <
α < 1, and sign(.) is the sign function.

Then for the purpose of control system design, some definitions 
and lemmas are given from [10,13,18,35].

Definition 1. Consider the nonlinear system ẋ = f (x, u), with x is 
a state vector, u is the input vector, f (x) is a continuous function 
with f (0) = 0. If the system is Lyapunov stable, x(t) = 0 is con-
stantly established for all t > T (x), then the system is finite time 
stable. And the solution is practical finite-time stable, if there exist 
ε > 0 and T (ε, x0) < ∞ with x(t0) = x0, such that ‖x(t)‖ < ε , for 
all t > T + t0.

Lemma 1. Consider the system defined in Definition 1 and suppose that 
there exist λ > 0, 0 < α < 1 and 0 < η < ∞ such that the continu-
ous function V (x) satisfies V̇ (x) ≤ −λV α(x) + η. Then, the trajectory 
of system is practical finite-time stable. The reaching time is bounded by 
T ≤ V 1−α(x0)

λθ0(1−α)
with 0 < θ0 < 1, and V (x0) is the initial value of V (x).

Lemma 2. For 0 < p < 2, x = [x1, x2, . . . , xn]T ∈ Rn, the following in-
equality holds(
x2

1 + x2
2 + . . . + x2

n

)p ≤ (∣∣xp
1

∣∣ + ∣∣xp
2

∣∣ + . . . + ∣∣xp
n

∣∣)2
.

2.4. Control objective

Consider the spacecraft attitude system given by Eqs. (1) and 
(12) with the actuator misalignment under Assumptions 1–3, the 
control objective is to design control input τ (t) ∈ Ω such that, for 
all physically realizable initial conditions, the states of the closed-
loop system are stable in finite time, which can be expressed as 
limt→T q = limt→T ω = 0. And T is the convergence time, which is 
a function of the initial values of the system states.

3. Control law design

For convenience, an equivalent representation of Eq. (4) can be 
given as

J ω̇ = −ω× Jω + Buu(t) + d(t) (14a)

Buu(t) = Bτ τ (t) (14b)

where u(t) is the virtual control input or called combined control 
torque produced by the actuators, Bu is the virtual input matrix, 
and Bτ is used to describe distribution of the physical actuators 
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with Bτ = D0 + �D , here, representing the influence of each actu-
ator on the angular acceleration of the spacecraft considered. For 
the considered spacecraft, the virtual input matrix Bu as the iden-
tity Bu = I3×3 is defined. With such a choice, the virtual input u(t)
represents exactly the total torques produced by the actuators, and 
the following virtual equivalent plant can be established

J ω̇ = −ω× Jω + u(t) + d(t) (15a)

u(t) = (D0 + �D)τ (t) (15b)

J = J0 + � J (15c)

In what follows, attitude control schemes will be developed for 
spacecraft given by Eqs. (1) and (15) to achieve the control target 
stated in Section 2.4.

3.1. Disturbance observer design

Firstly, define the following coordinate transformation

z = ω + kq (16)

In view of Eqs. (1) and (12), it yields to

ż = J−1
0

(
−ω× J0ω + 1

2
k J0

(
q0ω + q×ω

))

+ J−1
0

(
−ω×� Jωτ + 1

2
k� J

(
q0ω + q×ω

))

+ � J̄

(
−ω× Jω + 1

2
k J

(
q0ω + q×ω

)) + (
J−1

0 + � J̄
)
d

+ J−1
0 D0τ + ( J�D + � J̄ D)τ (17)

Denote the following symbols as

A = J−1
0

(
−ω× J0ω + 1

2
k J0

(
q0ω + q×ω

))
B = J−1

0 D0

d̄ = (
J−1

0 + � J̄
)
d

E = J−1
0

(
−ω×� Jωτ + 1

2
k� J

(
q0ω + q×ω

))

+ � J̄

(
−ω× Jω + 1

2
k J

(
q0ω + q×ω

))
+ ( J�D + � J̄ D)τ

F = d̄ + E

Then, the simplified spacecraft system model can be given as

ż = A + Bτ + F (18)

Remark 1. All the terms defined above especially for � J and � J̄
are considered as sufficiently smooth functions, and they are as-
sumed differentiable, then E is differentiable. Similarly, d is the 
differentiable disturbance and J−1

0 is a smooth term, thus d̄ is also 
a differentiable function. So is the combination term of uncertain-
ties and disturbances defined as F = [F1, F2, F3]T.

For the purpose of the attitude control system design, the slid-
ing mode surface is selected as

s = z = ω + kq (19)

where k is a time-varying variable but k > 0 is necessary and re-
quired to ensure the stability of the sliding mode surface. And the 
reaching law is involved
ṡ = −k1s − k2 sig(s)α (20)

with k1 > 0, k2 > 0, and 0 < α < 1. In view of above sliding mode 
surface and reaching law, the derivative of s can be established as

ṡ = ż = A + Bτ + F (21)

It is clear that the sliding motion can converge to a neighbor-
hood of the equilibrium in finite time, and then remain there by 
the reaching motion controller [18].

To estimate the uncertainty term F , the following lemma 
should be recalled.

Lemma 3. (See [5,18,22,23].) Consider the simplified control system 
model governed by Eq. (18) and Eq. (21), the following second-order ob-
server can estimate the total disturbances F

ζ̇0 = v0 + Bτ + A

v0 = −a0 diag
(
L1/3|ζ0 − s|2/3) sign(ζ0 − s) + ζ1

ζ̇1 = v1

v1 = −a1 diag
(
L1/2|ζ1 − v0|1/2) sign(ζ1 − v0) + ζ2

ζ̇2 = −a2L sign(ζ2 − v1) (22)

where ζ0 , ζ1 and ζ2 are the observed values of s, F and Ḟ ; diag(.) de-
notes the diagonal matrix of the corresponding vector, that is, diag(L) =
diag(L1, L2, L3) with L = [L1, L2, L3]T , Li ≥ ‖ F̈ i‖ are Lipschitz con-
stants with i = 1, 2, 3.

For the second-order DO in Eq. (22), further define auxiliary variables 
e0 = ζ0 − s, e1 = ζ1 − F and e2 = ζ2 − Ḟ , the error dynamics can be 
found in the form of

ė0 = ζ̇0 − ṡ = −a0 diag
(
L1/3|e0|2/3) sign(e0) + ζ1 − F

= −a0 diag
(
L1/3|e0|2/3) sign(e0) + e1 (23a)

ė1 = ζ̇1 − Ḟ = −a1 diag
(
L1/2|ζ1 − v0|1/2) sign(ζ1 − v0) + ζ2 − Ḟ

= −a1 diag
(
L1/2|e1 − ė0|1/2) sign(e1 − ė0) + e2 (23b)

ė2 = ζ̇2 − F̈ = −a2L sign(e2 − ė1) − F̈ (23c)

then the stability of the disturbance observer can be achieved by selecting 
appropriate parameters a0, a1 , a2 and L such that the errors e0, e1 and 
e2 can converge to zero in finite time Td.

Remark 2. Generally speaking, the sliding-mode based disturbance 
observer is an effective and useful method to deal with the dis-
turbance/uncertainty rejection problem. According to Ref. [16], the 
disturbance observer error states defined in Eq. (23) will converge 
to zero in finite time. Note that here ζ0, ζ1 and ζ2 are the real-time 
estimated values of s, F and Ḟ respectively in this work.

3.2. Finite-time attitude controller design

In this subsection, a novel sliding mode based finite time con-
trol algorithm is investigated to achieve the target given in Sec-
tion 2.4 with the help of DO designed in Eq. (23). Now come to 
the main result of this paper summarized and presented as fol-
lows.

Theorem 1. Consider the spacecraft system governed by Eq. (18) with 
the second-order DO given in Eq. (22), there exist the observer gains such 
that the estimated states ζ0, ζ1 and ζ2 converge to s, F2 and Ḟ2 in finite 
time, respectively. And also under the control laws proposed in Eqs. (24)
and (25)



JID:AESCTE AID:3114 /FLA [m5G; v 1.135; Prn:3/09/2014; 13:52] P.5 (1-9)

Q. Hu et al. / Aerospace Science and Technology ••• (••••) •••–••• 5

1 67

2 68

3 69

4 70

5 71

6 72

7 73

8 74

9 75

10 76

11 77

12 78

13 79

14 80

15 81

16 82

17 83

18 84

19 85

20 86

21 87

22 88

23 89

24 90

25 91

26 92

27 93

28 94

29 95

30 96

31 97

32 98

33 99

34 100

35 101

36 102

37 103

38 104

39 105

40 106

41 107

42 108

43 109

44 110

45 111

46 112

47 113

48 114

49 115

50 116

51 117

52 118

53 119

54 120

55 121

56 122

57 123

58 124

59 125

60 126

61 127

62 128

63 129

64 130

65 131

66 132
u0 = −k2 sig(s)α − J0ζ1 − s

‖s‖μ1‖ω‖ − βk2 Tanh
(
s/p2) (24)

k̇ = −γk
(
sT Tanh

(
s/p2) + 3κ(βk + 1)p2 + sig(k)α

)
(25)

with μ1 = ‖ω× J0‖ + ‖ 1
2 k(q0 + q×)‖, k(0) = k0 > 0 and γk > 0, the 

following can be achieved:

(a) the controller will drive the sliding surface s to zero in finite time;
(b) the signals q and ω will also converge to zero and q0 tending to 1 is 

guaranteed in finite time, in the closed-loop system.

Note that here p2(t) is strictly a bounded above zero scalar sharpness 
function [27], which governs the magnitude of the control rates, and 0 <
p2

min ≤ p2 ∈ L∞ , ṗ ∈ L∞ .

Proof. The proof of Theorem 1 is organized in the following two 
steps.

Step 1: Consider a Lyapunov function candidate as

V 1 = 1

2
sT J0s (26)

which satisfies 1
2 φ Jmin‖s‖2 ≤ 1

2 sT J0s ≤ 1
2 φ Jmax‖s‖2.

Differentiating the above Lyapunov function, it yields to

V̇ 1 = sT
(

−ω× J0ω + 1

2
k
(
q0ω + q×ω

)) + sT D0τ + sT J0 F

≤
(∥∥ω× J0

∥∥ +
∥∥∥1

2
k
(
q0 + q×)∥∥∥)

‖s‖‖ω‖
+ sTu0 + sT J0 F (27)

In view of control law equation (24), one has

V̇ 1 ≤ −k2sT sig(s)α − sT( J0e1 + βk2 Tanh
(
s/p2)) (28)

From Lemma 3, it can be obtained that F is compensated by 
the real-time second-order disturbance observer. In other words, 
the observer error e1 = ζ1 − F = 0 after finite time Td . Under this, 
from the second term of Eq. (28), one can obtain

−sT( J0e1 + βk2 Tanh
(
s/p2)) = −βk2

3∑
i=1

si Tanh
(
si/p2) (29)

To this end, one has V̇ 1 ≤ −k2‖s‖α+1 −βk2 ∑3
i=1 si Tanh(si/p2). 

Then, if the parameter β > 0 is chosen such that βk2 > 0, one has 
V̇ 1 < 0, which implies the sliding mode state s is bounded for all 
the time under the control law equation (24).

Step 2: Consider the following extended Lyapunov function

V = 1

2
sT J0s + 1

2γk
k2 (30)

Differentiating the above Lyapunov function with respect to 
time, it follows that

V̇ = sT
(

−ω× J0ω + 1

2
k0

(
q0ω + q×ω

)) + sT D0τ + sT J0 F

− 1

γk
kγk

(
sT Tanh

(
s/p2) + 3κ(βk + 1)p2 + sig(k)α

)
≤

(∥∥ω× J0
∥∥ +

∥∥∥1

2
k0

(
q0 + q×)∥∥∥)

‖s‖‖ω‖ + sTu0

+ sT J0 F − ksT Tanh
(
s/p2) − 3κ(βk + 1)kp2 − k sig(k)α

(31)

According to the control law equation (24) and the auxiliary 
time-varying gain function in Eq. (25), it follows:
V̇ ≤ −k2sT sig(s)α − sT(βk2 + k
)

Tanh
(
s/p2)

− 3κ(βk + 1)kp2 − k sig(k)α (32)

Using the following factors

0 ≤ |m|(1 − tanh |m/n|) ≤ κ |n| (33)

where m and n 	= 0 are real scalar variables, and κ is a positive 
constant with minimum value κ0 = m0(1 − tanhm0) < e−1 for any 
m0 satisfying e−2m0 + 1 − 2m0 = 0. Thus, one can obtain that

−sT(βk + 1)k Tanh
(
s/p2)

= −(βk + 1)k‖s‖1 + (βk + 1)k

(
3∑

i=1

|si |
(
1 − Tanh

(
si/p2)))

≤ −(βk + 1)k‖s‖1 + 3κ(βk + 1)kp2 (34)

In view of the results of Step 1, the sliding mode state s is 
bounded by ‖s‖1 ≤ cm with cm a positive scalar constant. Then 
one can get

V̇ ≤ − k2

(1/2φ J max)
α+1

2

(
1

2
sT J0s

) α+1
2

− (2γk)
α+1

2

(
1

2γk
k2

) α+1
2

+ (βk + 1)kcm

≤ −χ V α+1/2 + η (35)

with γk = 1
2 χ

2
α+1 , χ = k2

(1/2φ Jmax)
α+1

2
, η = βk2cm , and appropri-

ate value of the parameters should be chosen by the constraint 
of (βk + 1)kcm > 0. According to Lemma 1, the decreasing Lya-
punov function V (x) can drive the states of the closed-loop system 
into V α+1/2(x) ≤ η

(1−θ0)χ , which implies that the trajectories of the 
spacecraft attitude stabilization system are bounded in finite time 
under the control scheme, Eqs. (24) and (25), as

lim
t→T

s(t) ∈
(

‖s‖ ≤
√

φ J max

φ J min

(
η

(1 − θ0)k2

)α+1/2)

which is a small set involving the origin of the closed-loop attitude 
control system. �
3.3. Finite time controller design under actuator saturation

Another important problem encountered in practice is that of 
actuator saturation issue. In theory, actuators are required to pro-
duce fast and large enough joint torques under desired control 
schemes, which will be hardly achieved due to limited magnitude 
and slew rate constraints for practical actuators. As a consequence, 
the demanded control signals will quickly saturate actuators striv-
ing to maintain fine performances to the best of their abilities. 
Then, the occurrence of actuator saturation will subsequently re-
duce performances and even destabilize the closed-loop system, if 
the system is not equipped with an appropriate control scheme 
to reject the issue of saturation. However, the actuator saturation 
problem, which can lead to severe discrepancies between com-
manded input signals and actual control efforts, is not considered 
in the above controller design explicitly. Therefore, it is important 
to study the stability, robustness, and effective control law of those 
systems with actuator input saturation. While, taking account of 
some practical problems, such as energy saving (minimizing en-
ergy consumption), capability for actuator saturation avoidance, 
a modified DO based finite time controller will be developed in 
this subsection.
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Table 1
Main parameters of rigid spacecraft.

Mission Attitude stabilization

Mass (kg) 874.56

Inertia moments (kg m2)
Principal moments of inertia J11 = 20, J22 = 17, J33 = 15
Products of inertia J12 = 0, J23 = 0, J13 = 0.9
Uncertainties of inertia � J11 = 1.2, � J22 = 1.0, � J33 = 0.8

� J12 = 0.1, � J13 = −0.1, � J21 = 0.2
� J23 = 0.2, � J31 = −0.3, � J32 = 0.1

Orbit
Type Circular
Attitude (km) 500
The inclination (deg) 97.4
The right ascension of the ascending node 10.30 am

Attitude
Attitude control type Three axis control by four reaction fly-wheels
Initial attitude quaternion Q 0 = [q0,qT]T = [0.9, −0.3, 0.26, 0.18]
Initial angular velocity(rad/s) w0 = [0,0,0]T

Reaction fly-wheels
Inertia moments (kg m2) 0.409
The assembling location/angles (deg) α4 = 35.26, β4 = 45
The misalignment error angles (deg) �αi = [0.2; 0.1; 0.2; 0.1], �βi = [0.1; 0.2; 0.1; 0.2]
The limitation output torques (N m) τ̄i = 1.5, τ i = −1.5
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Consider the sliding mode surface in Eq. (19) with actuator in-
put saturation, Eq. (21) has the form of

ṡ = ż = A + B sat(τ ) + F1 (36)

with

A = J−1
0

(
−ω× J0ω + 1

2
k J0

(
q0ω + q×ω

))
B = J−1

0 D0

d̄ = (
J−1

0 + � J̄
)
d, F1 = d̄ + E1 and

E1 = J−1
0

(
−ω×� Jω sat(τ ) + 1

2
k� J

(
q0ω + q×ω

))

+ � J̄

(
−ω× Jω + 1

2
k J

(
q0ω + q×ω

))
+ ( J�D + � J̄ D) sat(τ ).

Note that here sat(τ ) = [sat(τ1) sat(τ2) sat(τ3) sat(τ4)]T is the 
actual actuator control vector, in which sat(τi), i = 1, 2, 3, 4, is de-
fined as

sat(τi) =
⎧⎨
⎩

τ̄i, τi > τ̄i
τi, τ ≤ τi ≤ τ̄i
τ i, τi < τ

(37)

Further define an auxiliary variable δ = [δ1 δ2 δ3 δ4]T as

δi =
⎧⎨
⎩

τ̄i − τi, τi > τ̄i
0, τ ≤ τi ≤ τ̄i
τ i − τi, τi < τ

(38)

Eqs. (37) and (38) yield to

sat(τ ) = δ + τ (39)

Then, submitting Eq. (39) into Eq. (36), it follows that

ṡ = ż = A + Bτ + F2 (40)

where E2 = J−1
0 (−ω×� Jω sat(τ ) + 1

2 k� J (q0ω + q×ω)) +
� J̄ (−ω× Jω + 1

2 k J (q0ω + q×ω)) + ( J�D + � J̄ D) sat(τ ) + Bδ, and 
F2 = d̄ + E2 is the uncertainty which can be estimated by the 
second-order DO designed in Eq. (22). Therefore, one can obtain 
another main result of this paper stated as follows.
Table 2
Control parameters for numerical simulation.

Control schemes Control gains

Observer a0 = 3.2, a1 = 1.0, a2 = 0.6, L = diag(0.6, 0.6, 0.6)

Controller k2 = 8.6, α = 0.6, κ = 0.02, p2 = 1.2, β = 0.12, 
γk = 0.05, k0 = 0.9, β = 0.02, ωd = 0.1.

Theorem 2. Consider the spacecraft system governed by Eq. (18) with 
the second-order DO given in Eq. (22) and the proposed control laws in 
Eqs. (24) and (25). If there exist observer gains such that the estimated 
states ζ0 , ζ1 and ζ2 converge to s, F2 and Ḟ2 in finite time, respectively, 
then the following results are achieved.

(a) The controller will drive the sliding surface s to zero in finite time.
(b) The signals q and ω will also converge to zero and q0 tending to 1 is 

guaranteed in finite time.
(c) The actuator output will be prevented from saturation via the com-

pensation of the observer.

Proof. The proof of Theorem 2 is similar to that of Theorem 1, 
which is omitted here. �

4. Simulation and analysis

To verify the effectiveness and performance of the proposed 
second-order DO in Eq. (22) (presented in Lemma 3) and time-
varying attitude stabilization controller in Eqs. (24) and (25) (noted 
as DOFTC), numerical simulations have been conducted in this 
section using the rigid spacecraft system governed by Eqs. (1)
and (15). The simulation parameters are presented in Tables 1
and 2, and the external disturbances are assumed to be

d(t) = 0.2 × 10−3 ∗
⎡
⎣ 3 cos(10ωdt) + 4 sin(3ωdt) − 10

−1.5 sin(2ωdt) + 3 cos(5ωdt) + 15
3 sin(10ωdt) − 8 sin(4ωdt) + 10

⎤
⎦ N m.

For the purpose of comparison, both the finite-time controller 
presented in Ref. [18] (noted as FTC-Ref. [18]) and the robust con-
troller under control input saturation in Ref. [21] (noted as SRC-
Ref. [2]) are also applied to the control issue considered above. 
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Fig. 3. Time responses of the spacecraft attitude angular velocity ω.

Fig. 4. Time responses of the spacecraft attitude quaternion q.

More specially, the simulations (performances) of the attitude con-
trol system with actuator/inertia uncertainties and external distur-
bances even actuator saturation are carried out as follows, using 
the same values of parameters designed above.

All computations and plots are performed using the MAT-
LAB/SIMULINK software package. Figs. 3 and 4 show time re-
sponses of spacecraft attitude angular velocity and the attitude 
quaternion. As we can see, the spacecraft attitude system achieves 
stabilization in finite time smoothly with a settling time less than 
10 s with a high accuracy with 10−3 in steady-state error. Al-
though the other two schemes can achieve the attitude stabiliza-
tion, more time or larger control torque (system energy/fuel) need 
to be required. From the point view of practice, the spacecraft 
attitude responses using Euler angle [φ θ ψ]T (φ, θ and ψ are, 
respectively, the roll, pitch, and yaw angles), are shown as Fig. 5. It 
is clear that the results of SRC-Ref. [2] and FTC-Ref. [18] schemes 
show poorer performances with great stabilization error or drift-
Fig. 5. Time responses of the attitude angles.

Fig. 6. Time responses of the demand control torques τ .

ing or non-optimal tracking trajectory than the proposed control 
scheme. Accordingly, the case of DOFTC achieves the best perfor-
mance among of the three cases above, which further illustrates 
the effectiveness and feasibility of the proposed method.

Time responses of the demand control torques τ are depicted 
in Fig. 6. Note that the restrictions on the actuator output torque 
magnitude (τ , τ̄ ) with τ̄i = 1.5 N m and τ i = −1.5 N m are consid-
ered explicitly. From the curves of the control torques τ , we can 
see that the actuator output derived from the proposed strategy 
DOFTC has been avoided from saturation successfully due to com-
pensation design in Subsection 3.3. As shown in Fig. 6, comparing 
the cases among FTC-Ref. [18], SRC-Ref. [2] and DOFTC, the out-
put control signals [τ1, τ2, τ3, τ4]T of the controller FTC-Ref. [18]
are obviously larger than the other two controllers with input sat-
uration, and it also leads to the saturated reaction wheel torque 
in τ1 and τ2 with a longer period. Whereas, the output control 
torques of the controller SRC-Ref. [2] still generate saturation of 
the reaction wheels at the beginning period of the time responses, 
although the control input saturation is considered in the robust 
controller design, especially in τ1 and τ2.

Furthermore, for analyzing the effectiveness of the second-order 
DO proposed in Eq. (22), Figs. 7 and 8 show the state observed 
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Fig. 7. Time responses of the observe value s − ζ 0.

Fig. 8. Time responses of the observe value F 2 − ζ 1.

Fig. 9. Time responses of the time-varying gain k.

values of the sliding-mode s and the combined disturbances F 2
defined in Eq. (39), respectively. As one can see, the observer states 
ζ 0 and ζ 1 achieve a fine and fast tracking to the actual variables s
and F 2, and ζ 0 tracks to s entirely and exactly within 5 s then 
ζ 1 to F 2 within 10 s. In brief, the DO can estimate the states 
such as time-varying sliding mode and total disturbances effec-
tively. Additionally, the time response of the adaptive variable k
(the time-varying gain of sliding mode surface) is shown in Fig. 9, 
which decreases to zero monotonically in finite time.

Summarizing all the cases above, it is noted that the proposed 
controller (DOFTC) can significantly achieve better performances 
than FTC-Ref. [18] or SRC-Ref. [2] method in both theory and simu-
lation. Moreover, the flexibility in the choice of control parameters 
can be utilized to obtain desirable performance while meeting the 
constraints on the control magnitude and uncertainties. These con-
trol approaches provide the theoretical basis for the practical appli-
cation of the advanced control theory to spacecraft control system 
design.

5. Conclusion

In this paper, a novel time-varying sliding mode control based 
finite-time controller incorporated a second-order disturbances ob-
server is proposed for a rigid spacecraft attitude stabilization con-
trol system. More specially, a second-order observer/differentia-
tor is designed firstly to estimate the time-varying sliding mode 
manifold and the combined disturbances caused by external dis-
turbances, spacecraft inertia uncertainties and actuator misalign-
ments. With the estimated values derived from the observer, a 
finite-time controller and an adaptive law of the time-varying vari-
able gain are presented, and Lyapunov stability analysis shows that 
finite-time convergence of the uncertain spacecraft attitude con-
trol system to the equilibrium point can be accomplished with 
great robustness to disturbances and uncertainties even actuator 
saturations. Numerical simulation results for in-orbit rigid space-
craft model show fine performance, which validates the effective-
ness and feasibility of the proposed scheme. However, the actuator 
faults such as lose of effectiveness or stuck are not considered di-
rectly in this paper, this is one of subjects for future research.
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