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Article

Discrete-time adaptive sliding mode
control for a class of uncertain time
delay systems

Toshio Yoshimura

Abstract

This paper is concerned with a discrete-time adaptive sliding mode control for a class of uncertain time delay systems.

It is assumed that the dynamic systems are described by a discrete-time time delay state equation with mismatched

uncertainties, and that the states are measured in the contamination with independent random noises. The augmented

state equations are derived based on the state of the time delay, and the weighted extended Kalman filter and the

weighted least squares estimator to take the estimates for the augmented states and the uncertainties are proposed.

The discrete-time adaptive sliding mode control is designed using the integral-type sliding surface and the output infor-

mation obtained from the estimators. It is verified that the estimation errors converge to zero as time increases, and the

states for the dynamic systems are ultimately bounded under the action of the proposed adaptive sliding mode control.

The effectiveness of the proposed method is indicated by the simulation experiment in a simple numerical example.

Keywords

Adaptive sliding mode control, uncertain time delay system, weighted extended Kalman filter, weighted least squares

estimator
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1. Introduction

The sliding mode control (SMC), which is a particular
mode of the variable structure control (VSC), is very
effective for designing robust controllers for dynamic
systems in the presence of uncertainties. Although
most parts of the methodologies of the SMC have
been presented on the fact that the dynamic systems
are insensitive to the uncertainties satisfying the match-
ing condition, it is frequently encountered in realistic
situations that the uncertainties do not satisfy the
matching condition, and the complete information of
the states for the dynamic systems is untenable by
the measurement restriction of available sensors
and/or by the contamination with measurement
noises. Numerous methodologies and their applications
of the SMC have been devoted to dynamic systems
with uncertainties (Edwards and Spurgeon, 1998;
Utkin et al., 1999; Cheng et al., 2000; Furuta and
Pan, 2000; Feng et al., 2002; Bartolini et al., 2003;
Edwards et al., 2003; Wang et al., 2003; Efe et al.,
2004; Huang and Chen, 2004; Hwang, 2004; Chen,

2006; Janardhanan and Bandyopadhyay, 2006; Lai
et al., 2007; Yoshimura, 2008).

The researches for the dynamic systems with time
delays are considerably important because time delays
frequently exist in various engineering systems such as
automotive systems, electrical networks, aircraft sys-
tems, nuclear reactors, pneumatic and hydraulic sys-
tems, biological systems, chemical processes, etc. The
existence of the time delays causes system instability
and the degraded control performance as a default so
that considerable attention is directed to the control of
such dynamic systems. Various kinds of methodologies
of the SMC for dynamic systems with time delays have
been recently presented as follows. The methodology of
the SMC has been developed in dynamic systems with
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unknown constant or time-varying time delays via the
linear matrix inequalities (LMIs) (Gouaisbaut et al.,
2002; Xia and Jia, 2003; Niu et al., 2005; Xia et al.,
2008). Some approaches of the adaptive SMC have
been presented for uncertain time delay systems
(Chou and Cheng, 2001; Li and Decarlo, 2003;
Qucheriah, 2005). Moreover, the observer-based SMC
(Niu et al., 2004) and the memory-less state feedback
SMC (Hua et al., 2008) have been proposed for such
systems. However, in spite of engineering importance,
there are few investigations related to the adaptive
SMC for discrete-time uncertain time delay systems.

This paper proposes a discrete-time adaptive SMC for
a class of uncertain time delay systems. It is assumed that
the dynamic systems are described by a time delay state
equation with mismatched uncertainties, and the com-
plete information of the states is untenable by the mea-
surement restriction of available sensors and by the
contaminationwith independent randomnoises. The aug-
mented state equation is derived on the basis of the time
delay of the states, and the weighted extended Kalman
filter (WEKF) and the weighted least squares estimator
(WLSE) to take the estimates for the augmented states
and the uncertainties are designed. The discrete-time
adaptive SMC is developedbyusing the integral-type slid-
ing surface and the output information obtained from the
estimators. It is verified that the estimation errors
obtained from the WEKF converge to zero as time
increases, and the states for the time delay systems are
ultimately bounded under the action of the proposed
adaptive SMC. It is assumed that the time delay is
known so that the robustness concernedwith the amounts
of the time delay is not discussed. However, the adaptive
or robust SMC for a class of discrete-time uncertain sys-
tems with unknown constant or time-varying time delays
is left to future investigations.

2. Description of discrete-time
uncertain time delay systems

Consider the dynamic systems described by a discrete-
time uncertain time delay state equation with mis-
matched uncertainties where the time delay l represents
a known positive integer as follows.

xðkþ 1Þ ¼ FxðkÞ þ Flxðk� l Þ þGuðkÞ þ fðx, kÞ þ wðkÞ

xðkÞ ¼ x0ðkÞ k 2 ½�l, 0�, uð0Þ ¼ u0ð0Þ

ð1Þ

The following notations are used in equation (1):
xðkÞ 2 Rn and xðk� l Þ 2 Rn are, respectively, the state
vectors; uðkÞ 2 Rm is the control vector ðm � nÞ;
x0ðkÞ 2 Rn and u0ð0Þ 2 Rm represent, respectively, the
initial conditions for xðkÞ and uðkÞ; wðkÞ 2 Rn represents
unknown bounded and persistent disturbance vector;

F 2 Rn�n, Fl 2 Rn�n and G 2 Rn�m are, respectively,
known constant matrices; fðx, kÞ 2 Rn represents the
unknown modeling error vector. It is assumed that
the pair ðF, GÞ is controllable, and that mismatched
uncertainties are, respectively, expressed in a parame-
terized form as

fðx, kÞ ¼ (ðx, kÞa ð2Þ

wðkÞ ¼ )ðkÞb ð3Þ

where

(ðx, kÞ ¼

u
T

1ðx, kÞ 0T � � � � � � 0T

0T u
T

2ðx, kÞ 0T � � � � � �

� � � 0T � � � � � � � � �

� � � � � � � � � � � � 0T

0T � � � � � � 0T u
T

nðx, kÞ

2
6666664

3
7777775

a ¼

a1
a2

..

.

..

.

an

2
66666664

3
77777775

)ðkÞ ¼

t
T

1ðkÞ 0T � � � � � � 0T

0T t
T

2ðkÞ 0T � � � � � �

� � � 0T � � � � � � � � �

� � � � � � � � � � � � 0T

0T � � � � � � 0T t
T

nðkÞ

2
6666664

3
7777775

b ¼

b1
b2

..

.

..

.

bn

2
66666664

3
77777775

The (ðx, kÞ 2 Rn�q1 and )ðkÞ 2 Rn�q2 are, respec-
tively, known matrices whose elements are, respectively,
expressed as sets of state function and time-varying func-
tion vectors, and a 2 Rq1 and b 2 Rq2 are, respectively,
unknown vectors whose components are expressed as
sets of constant parameter vectors (Yoshimura, 2008,
2010). Moreover, it is assumed that the vectors included
in the above matrices satisfy the following inequalities:

uiðx, kÞ
�� �� � L1i xðkÞ

�� �� i ¼ 1, 2, . . . n ð4Þ

tiðkÞ
�� �� � L2i i ¼ 1, 2, . . . n ð5Þ

where L1i and L2i are, respectively, positive con-
stants, and

���� denotes the Euclidean norm of
vectors. Rewriting equation (1) by using
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equations (2) and (3) gives

xðkþ1Þ ¼FxðkÞþFlxðk� lÞþGuðkÞþ(ðx,kÞaþ)ðkÞb

¼FxðkÞþFlxðk� lÞþGuðkÞþ!ðx,kÞh

ð6Þ

where !ðx, kÞ 2 Rn�q ðq ¼ q1 þ q2Þ and h 2 Rq are,
respectively, defined as

!ðx, kÞ ¼ (ðx, kÞ )ðkÞ
� �

h ¼ aT bT
� �T

The measurement equation is in a discrete form
taken as

yðkÞ ¼ HxðkÞ þ vðkÞ ð7Þ

where yðkÞ 2 Rp is the measurement vector ð p � nÞ,
vðkÞ 2 Rp is the zero-mean independent measurement
noise vector, and H 2 Rp�n is the known constant
matrix satisfying the pair ðF, HÞ to be observable.

3. Discrete-time adaptive SMC

To design the discrete-time adaptive SMC, the aug-
mented state vector xðkÞ 2 Rðlþ1Þn is defined as

xaðkÞ ¼ ½x
Tðk� l Þ xTðk� lþ 1Þ � � � � � � xTðk� 1Þ xTðkÞ�T

so that the augmented state and measurement equa-
tions are, respectively, obtained as

xaðkþ 1Þ ¼ FaxaðkÞ þGauðkÞ þ !aðxa, kÞh ð8Þ

yðkÞ ¼ HaxaðkÞ þ vðkÞ ð9Þ

where Fa 2 Rðlþ1Þn�ðlþ1Þn, Ga 2 Rðlþ1Þn�m, !aðxa, kÞ 2
Rðlþ1Þn�q and Ha 2 Rp�ðlþ1Þn are, respectively, defined as

Fa ¼

O I O � � � O

� O I O � � �

� � O � � � �

� � � � � � �

� � � � � � O

O � � � � O I

Fl O � � � O F

2
666666666664

3
777777777775

Ga ¼

O

O

�

�

�

O

G

2
666666666664

3
777777777775

!aðxa, kÞ ¼

O

O

�

�

�

O

!ðx,kÞ

2
666666666664

3
777777777775

Ha ¼ O O � � � O H
� �

The sliding surface is proposed as

pðkÞ ¼ SxaðkÞ � S
Xk�1
i¼0

ðFa þGaT� IÞxaðiÞ ð10Þ

where pðkÞ 2 Rm is the sliding surface vector,
S 2 Rm�ðlþ1Þn and T 2 Rm�ðlþ1Þn are, respectively, con-
stant sliding coefficient matrices, and I 2 Rðlþ1Þn�ðlþ1Þn

is the unit matrix. The proposed sliding surface pðkÞ
is derived based on the integral-type sliding surface in
continuous systems (Sam et al., 2004; Niu et al., 2005).

It is assumed that the discrete-time adaptive SMC
usðkÞ is composed of two kinds of controls given as

usðkÞ ¼ ueðkÞ þ unðkÞ ð11Þ

where the first and second terms on the right hand of
equation (11), respectively, correspond to the equiva-
lent and switching controls. The equivalent control is
obtained by substituting equation (8) into the time dif-
ference of pðkÞ defined as "�ðkþ 1Þ ¼ pðkþ 1Þ � pðkÞ
and by setting the resultant equation to zero. Then,
ueðkÞ is obtained as

ueðkÞ ¼ TxaðkÞ � ðSGaÞ
�1S!aðxa, kÞh ð12Þ

According to the SMC in continuous uncertain sys-
tems, the switching control unðkÞ is assumed to be

unðkÞ ¼ � �unðxa, kÞðSGaÞ
�1 pðkÞ

pðkÞ
�� �� ð13Þ

where �unðxa, kÞ is a positive function of xaðkÞ. Hence,
substituting equations (12) and (13) into equation (11)
provides usðkÞ as

usðkÞ ¼ TxaðkÞ � ðSGaÞ
�1S!aðxa, kÞh

� �unðxa, kÞðSGaÞ
�1 pðkÞ

pðkÞ
�� ��

ð14Þ

Unlike to the SMC in continuous uncertain systems,
it is generally not easy for the states of the discrete-time
systems to be maintained completely on the sliding sur-
face under the action of the SMC even if the switching
control is included in equation (14), because the control
signal is generated only at a certain sampling instant
and is kept over the entire sampling period. Therefore,
assuming that �uðxa, kÞ is � pðkÞ

�� �� where � denotes con-
stant, equation (14) is rewritten as

usðkÞ ¼ TxaðkÞ � ðSGaÞ
�1
½S!aðxa, kÞhþ �pðkÞ� ð15Þ
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Since xðkÞ, h and pðkÞ included in equation (15)
cannot be directly measured, the variables are, respec-
tively, replaced by their estimates, x̂ðkÞ, ĥðkÞ and p̂ðkÞ
where these are obtained as a set of the measurements
fyð1Þ, yð2Þ � � � � � � yðkÞg is given. Then, the discrete-time
adaptive SMC usðkÞ is designed as

usðkÞ ¼ Tx̂aðkÞ � ðSGaÞ
�1
½S!aðx̂a, kÞĥðkÞ þ �p̂ðkÞ�

ð16Þ

where

p̂ðkÞ ¼ Sx̂aðkÞ � S
Xk�1
i¼0

ðFa þGaT� IÞx̂aði kj Þ ð17Þ

and x̂aði kÞ
�� included in equation (17) denotes the smoo-

thed estimate for xaðiÞ as a set of the measurements
fyð1Þ, yð2Þ � � � � � � yðkÞg is given. It is a well-known fact
that the trajectory of xaðkÞ is kept on the vicinity of
pðkÞ ¼ 0 and slides with the direction to the origin if
the following inequality is satisfied (Yoshimura, 2008):

pTðkþ 1Þpðkþ 1Þ � pTðkÞpðkÞ5 0 ð18-1Þ

or equivalently,

pTðkÞ"pðkþ 1Þ þ
1

2
"pðkþ 1Þ
�� ��2 5 0 ð18-2Þ

Substituting equations (8), (10) and (16) into
inequality (18-2), the resultant equation becomes

pTðkÞ"pðkþ 1Þ þ
1

2
pðkþ 1Þ
�� ��2

¼ pTðkÞ½dðkÞ � �p̂ðkÞ� þ
1

2
dðkÞ � �p̂ðkÞ
�� ��2 5 0

ð19Þ

where

dðkÞ ¼ �S½GaT~xaðkÞ þ !aðxa, kÞ~hðkÞ þ ~!aðxa, kÞĥðkÞ�

~xaðkÞ ¼ xaðkÞ � x̂aðkÞ, ~hðkÞ ¼ h� ĥðkÞ,

~!aðxa, kÞ ¼ !aðxa, kÞ � !aðx̂a, kÞ

Assuming that p̂ðkÞ and dðkÞ, respectively, approach
to pðkÞ and zero as k increases, inequality (19) becomes

pTðkÞ"pðkþ 1Þ þ
1

2
pðkþ 1Þ
�� ��2

¼ �
1

2
�ð2� �ÞpTðkÞpðkÞ5 0 ð20Þ

Then, inequality (20) is satisfied if 05 �5 2.

4. Design of estimators

4.1. Proposed weighted extended kalman
filter (WEKF)

The extended Kalman filter (EKF) is very popular as
an estimator to take the estimates for xaðkÞ and h in
discrete-time uncertain systems as a set of the measure-
ments fyð1Þ, yð2Þ � � � � � � yðkÞg is given (Jazwinski, 1970).
Defining the augmented state vector composed of xaðkÞ
and h in equation (8), the augmented state and mea-
surement equations are respectively derived as

xeðkþ 1Þ ¼ feðxe, kÞ þGeuðk Þ ð21Þ

yðkÞ ¼ HexeðkÞ þ vðkÞ ð22Þ

where xeðkÞ 2 Rðlþ1Þnþq, feðxe, kÞ 2 Rðlþ1Þnþq, Ge 2

R½ðlþ1Þnþq��m and He 2 Rp�½ðlþ1Þnþq� are, respectively,
defined as

xeðkÞ ¼
xaðkÞ

h

� �
feðxe, kÞ ¼

FaxaðkÞ þ !aðxa, kÞh

h

� �

Ge ¼
Ga

O

� �
He ¼ Ha O

� �

Assuming that the measure to design the EKF is given
as

Je ¼
Xk
i¼1

½yðiÞ �HexeðiÞ�
TR

�1

v
½yðiÞ �HexeðiÞ�

þ ½xeð0Þ � x̂eð0Þ�
TP

�1

e ð0Þ½xeð0Þ � x̂eð0Þ� ð23Þ

where Rv 2 Rp�p is a positive definite constant matrix
corresponding to the covariance for vðkÞ in equa-
tion (22), and x̂eð0Þ 2 Rðlþ1Þnþq and Peð0Þ 2
R½ðlþ1Þnþq��½ðlþ1Þnþq� are, respectively, the initial estimate
for xeð0Þ and a positive definite matrix corresponding to
the covariance for xeð0Þ. Then, the EKF is derived by
minimizing the measure subject to the constraint of
equation (21) and taking a linear approximation to
the nonlinearity feðxe, kÞ (Jazwinski, 1970). It is well-
known that the EKF has improved performance in the
estimation of the states and the uncertainties under the
assumption that the nonlinearities included in the aug-
mented state equation (21) are negligibly small, a
number of unknown parameters are relatively limited
and enough information about the system output is
obtained by the measurement equation (22). However,
it is frequently experienced that the estimation errors
obtained from the EKF are much degraded or diverged
if the above situation is not satisfied. The main reason is

1012 Journal of Vibration and Control 17(7)
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that the dynamics between themodels to design the EKF
and the exact systems are very different because the
higher order terms of the nonlinearities are ignored
in the models. As an approach to improve the degrada-
tion or the divergence of the estimation errors due to
the EKF, the higher weight for more recent output
information has been placed to modify the EKF
(Jazwinski, 1970; Yoshimura, 2008, 2010). The
approach simply states that R

�1

v is replaced as
exp½�ceðk� iÞ�R

�1

v at ðk� iÞth sampling instant in (23)
where ce is a positive constant denoting the weighting
factor of the output measurement information so that
the modified EKF is called the weighted extended
Kalman filter (WEKF) (Jazwinski, 1970; Yoshimura,
2008, 2010). The proposed WEKF takes the estimate
x̂eðkÞ for xeðkÞ as

x̂eðkþ 1Þ ¼ x̂eðkþ 1 kÞ
�� þ Keðkþ 1Þ½yðkþ 1Þ

�Hex̂eðkþ 1 kÞ�
�� ð24Þ

x̂eðkþ 1 kÞ ¼ fe
�� ðx̂e, kÞ þGeusðkÞ ð25Þ

Keðkþ 1Þ ¼expðceÞPeðkþ 1 kÞHT
e

��
� ½expðceÞHePeðkþ 1

��kÞHT

e þ Rv�
�1

Peðkþ 1Þ ¼ expðceÞPeðkþ 1
��kÞ

� expðceÞKeðkþ 1ÞHePeðkþ 1 kj Þ ð27Þ

Peðkþ 1 kj Þ ¼ Feðx̂e, kÞPeðkÞF
T

e ðx̂e, kÞ ð28Þ

where Feðx̂e, kÞ 2 R½ðlþ1Þnþq��½ðlþ1Þnþq� is defined as the
partial derivative of feðxe, kÞ with respect to xeðkÞ
evaluated at xeðkÞ ¼ x̂eðkÞ, and it is assumed nonsingular
and bounded matrix based on the inequalities (4) and
(5). It is easily seen that the WEKF is in a structure
identical to the EKF if ce is set to zero. It is verified in
Appendix that the estimation errors obtained from the
WEKF converge to zero as time k increases. Therefore,
usðkÞ is designed by equations (16) and (17) where the
estimates, x̂aðkÞ and ĥðkÞ, are obtained by the WEKF,
and the smoothed estimate x̂aði kj Þ is derived by the
smoothing equation derived from the WEKF
(Meditch, 1969).

4.2. Proposed weighted least squares
estimator (WLSE)

It is seen that the dimension of the augmented state vector
xeðkÞ is more increased if the time delay l is longer. As a
result, theWEKFgiven by equations (24) to (28) becomes
quite complicated in a structure and necessitates
much computational load, and hence it is not suitable
in a realistic situation because the time delay l is relatively

long. Therefore, a weighted least squares estimator
(WLSE) that decreases the computational load is
proposed for the time delay systems. The proposed
WLSE takes the estimates, x̂aðkÞ and ĥðkÞ, for xaðkÞ
and h as

x̂aðkþ 1Þ ¼ Fax̂aðkÞ þGaus ðk Þ þ !aðx̂a, kÞĥðkþ 1Þ

ð29Þ

ĥðkþ 1Þ ¼ ĥðkÞ þ K�ðkþ 1Þ½yðkþ 1Þ �Hax̂aðkþ 1 kÞ�
��
ð30Þ

x̂aðkþ 1 kj Þ ¼ Fax̂aðkÞ þGaus ðk Þ þ !aðx̂a, kÞĥðkÞ ð31Þ

K�ðkþ1Þ ¼ expðceÞP�ðkÞ!
T

aðx̂a,kÞH
T

a

�½expðceÞHa!aðx̂a,kÞP�ðkÞ!
T
a ðx̂a,kÞH

T

aþRv�
�1

ð32Þ

P�ðkþ1Þ¼expðceÞP�ðkÞ�expðceÞP�ðkÞ!
T

aðx̂a,kÞ

�H
T

a ½expðceÞHa!aðx̂a,kÞP�ðkÞ

�!
T

aðx̂a,kÞH
T

aþRv�
�1expðceÞHa!aðx̂a,kÞP�ðkÞ

ð33Þ

It is easily seen that the proposed WLSE is derived
by tending the covariance Pxð0Þ for the initial state xð0Þ
to infinite in the WEKF given by equations (24) to (28),
and that the WLSE decreases the computational load
more when compared with theWEKF because the correc-
tive gain matrixKeðkÞ in theWLSE can only be computed
by using P�ðkÞ. However, it is noted that x̂aði kj Þ in equa-
tion (17) is not obtained because the smoothing equation
cannot be derived in the WLSE. Hence, x̂aði kj Þ is replaced
by x̂aðiÞ in equation (17). Then, usðkÞ is designed by using
equation (16) and the equation given as

p̂ðkÞ ¼ Sx̂aðkÞ � S
Xk�1
i¼0

ðFa þGaT� IÞx̂aðiÞ ð34Þ

5. System stability and selection
of the sliding surface

The trajectory of xðkÞ is kept in the vicinity of pðkÞ ¼ 0

and slides with the direction to the origin in finite sam-
pling instant under the action of the proposed adaptive
SMC if the sliding surface pðkÞ is suitably selected. As
the dynamic systems described by equation (8) are sub-
ject to usðkÞ given by (16), those are expressed as follows:

xaðkþ 1Þ ¼ ðFa þGaTÞxaðkÞ þ ½I�GaðSGaÞ
�1S�

� !aðxa, kÞhþ mðkÞ

¼ �FaxaðkÞ þ �!aðxa, kÞhþ mðkÞ

ð35Þ
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where

�Fa ¼ Fa þGaT �!aðxa, kÞ ¼ ½I�GaðSGaÞ
�1S�!aðxa, kÞ

and

mðkÞ ¼ �Gaf�ðSGaÞ
�1p̂ðkÞ þ T~xaðkÞ � ðSGaÞ

�1

� S½!aðxa, kÞ~hðkÞ þ ~!aðxa, kÞĥðkÞ�g
ð36Þ

It is seen that mðkÞ approaches to ��GaðSGaÞ
�1pðkÞ

as k increases, and it is bounded because pðkÞ is kept on
the vicinity of pðkÞ ¼ 0.

To verify the stability of the dynamic systems des-
cribed by equation (35), the Lyapunov function candi-
date is defined as

VsðkÞ ¼ xTa ðkÞPsxaðkÞ ð37Þ

where Ps 2 Rðlþ1Þn�ðlþ1Þn is some symmetric positive def-
inite matrix. Defining the time difference "Vsðkþ 1Þ of
VsðkÞ as

"Vsðkþ 1Þ ¼ Vsðkþ 1Þ � VsðkÞ

¼ xTa ðkþ 1ÞPsxaðkþ 1Þ � xTa ðkÞPsxaðkÞ

ð38Þ

the dynamic systems described by equation (35) are stable
if "Vsðkþ 1Þ is always negative except at xaðkÞ ¼ 0:
Substituting equation (35) into equation (38) yields

"Vsðkþ1Þ¼�x
T
a ðkÞðPs� �FT

aPs
�FaÞxaðkÞ

þhT �!
T

a ðxa,kÞPs
�!aðxa,kÞh

þmTðkÞPsmðkÞþ2x
T
a ðkÞ

�FT
aPs

�!aðxa,kÞh

þ2xTa ðkÞ
�FT
aPsmðkÞþ2h

T �!
T

a ðxa,kÞPsmðkÞ

ð39Þ

Therefore, the first term on the right hand of (39)
means that there exist some symmetric positive definite
matrix Qs satisfying

Ps � �FT
aPs

�Fa ¼ Qs ð40-1Þ

if the term is always negative except at xaðkÞ ¼ 0: Using
the inequalities (4) and (5), the 2nd–6th terms on the
right hand of (39) are, respectively, denoted as the fol-
lowing inequalities:

hT �!
T

a ðxa,kÞPs
�!aðxa,kÞh�C11 xaðkÞ

�� ��2þC21 xakÞ
�� ��þC31

ð40-2Þ

mTðkÞPsmðkÞ � C32 ð40-3Þ

��2xTa ðkÞ �FT
aPs

�!aðxa, kÞh
�� � C13 xaðkÞ

�� ��2þC23 xaðkÞ
�� ��
ð40-4Þ

��2xTa ðkÞ �FT
aPsmðkÞ

�� � C24 xaðkÞ
�� �� ð40-5Þ

2hT �!
T

a ðxa, kÞPsmðkÞ
��� ��� � C25 xaðkÞ

�� ��þ C35 ð40-6Þ

where the coefficients, C11 � C35, in (40-2) to (40-6)
are, respectively, positive constants. Using (40-1) to
(40-6), "Vsðkþ 1Þ becomes

"Vsðkþ 1Þ ��½�minðQsÞ�C1� xaðkÞ
�� ��2þC2 xaðkÞ

�� ��þC3

ð41Þ

where �minðQsÞ is the minimum eigenvalue of Qs, and

C1 ¼ C11 þ C13 C2 ¼ C21 þ C23 þ C24 þ C25

C3 ¼ C31 þ C32 þ C35

It is seen on the right hand of equation (41) that
"Vsðkþ 1Þ is always negative if the following inequal-
ities are satisfied:

�minðQsÞ4C1 ð42-1Þ

xaðkÞ
�� ��4 C2 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2

2 þ 4½�minðQsÞ � C1�C3

q
2½�minðQsÞ � C1�

¼ CV

ð42-2Þ

Then, the trajectory of xaðkÞ approaches with the
direction to the origin on the vicinity of pðkÞ ¼ 0 as k
increases if "Vsðkþ 1Þ is negative, but it lies inside of
the domain centered at the origin given by
xaðkÞ
�� �� � CV if "Vsðkþ 1Þ is positive or zero.
Therefore, the inequality (42-1) corresponds to the sta-
bility condition denoting that xaðkÞ is ultimately
bounded. Without loss of generality, the inequalities
(40-2) to (40-6) can be evaluated by partitioning
G ¼ ½OT GT

2 �
T in equation (6) where G2 2 Rm�m and

O 2 Rn�m are respectively nonsingular and null matri-
ces (Yoshimura, 2008).

It is not easy to select suitably T so as to satisfy
(42-1) if the dimension of xaðkÞ is relatively large.
Therefore, T is selected as the steady-state control
gain matrix in the LQ (Linear Quadratic) control
(Meditch, 1969) where the pair ðFa, GaÞ is assumed
controllable. It is derived by minimizing the given per-
formance index with respect to the control subject to
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the constraint of the system dynamics. The perfor-
mance index is assumed as

Jc ¼
1

N

XN
k¼1

h
xTa ðkÞQcxaðkÞ þ uTðk� 1ÞRcuðk� 1Þ

i
ð43Þ

where Qc 2 Rðlþ1Þn�ðlþ1Þn and Rc 2 Rm�m are, respec-
tively, some positive semi-definite and positive definite
matrices denoting the trade-off between the state and
the control, and N is the total sampling number.
Minimizing Jc with respect to uðkÞ subject to the con-
straint of equation (35) where the second and third
terms on the right hand of the equation are ignored,
the LQ control uLðkÞ is obtained as uLðkÞ ¼ TðkÞxaðkÞ
where TðkÞ corresponds to the time-varying control
gain matrix. The TðkÞ is obtained by performing the
recursive relation given as

TðkÞ ¼ �½GT
aUðkþ 1ÞGa þ Rc �

�1GT
aUðkþ 1ÞFa ð44-1Þ

UðkÞ ¼ FT
aUðkþ 1ÞFa þ FT

aUðkþ 1ÞGaTðkÞ þQc

ð44-2Þ

for k ¼ N� 1, N� 2, . . . , 0 where UðNÞ ¼ Qc.
Performing the recursive relation where N is assumed
relatively large, TðkÞ approaches to T in the steady
state. It is noted that T is modified so as to satisfy the
stability condition given by (42-1) by changing the
trade-off, Qc and Rc.

While S is selected so as to reduce the amplitude of
xaðkÞ as small as possible and to satisfy the stability
condition given by (42-1). However, since S is generally
not possible to select as the dimension of xaðkÞ is rela-
tively large, it is performed by the simulation
experiment.

6. Numerical example

Consider the simple dynamic system described by a
discrete-time uncertain time delay state equation and
the measurement equation given by

x1ðkþ 1Þ

x2ðkþ 1Þ

� �
¼

0:5 0:3

0:3 0:4

� �
x1ðkÞ

x2ðkÞ

� �

þ
0:4 0:2

0:2 0:3

� �
x1ðk� 1Þ

x2ðk� 1Þ

� �

þ
0

1

� �
uðkÞ þ

sin 0:5k 0

0 tanh x2ðkÞ

� �

�
�1

�2

� �

ð45Þ

y1ðkÞ
y2ðkÞ

� �
¼

1 0
0 1

� �
x1ðkÞ
x2ðkÞ

� �
þ

v1ðkÞ
v2ðkÞ

� �
ð46Þ

Then, the augmented state and the measurement
equations are, respectively, obtained as

xaðkþ 1Þ ¼ FaxaðkÞ þGau ðk Þ þ !aðxa, kÞh ð47Þ

yðkÞ ¼ HaxaðkÞ þ vðkÞ ð48Þ

where

xaðkÞ ¼

x1ðk� 1Þ

x2ðk� 1Þ

x1ðkÞ

x2ðkÞ

2
6664

3
7775 Fa ¼

0 0 1 0

0 0 0 1

0:4 0:2 0:5 0:3

0:2 0:3 0:3 0:4

2
6664

3
7775

Ga ¼

0

0

0

1

2
6664

3
7775

!aðxa, kÞ ¼

0 0

0 0

sin 0:5k 0

0 tanh x2ðkÞ

2
6664

3
7775 h ¼

�1

�2

� �

Ha ¼
0 0 1 0

0 0 0 1

� �

The uncertainties are, respectively, given as �1 ¼ 0:2
and �2 ¼ 0:5, and the measurement noises, v1ðkÞ
and v2ðkÞ, are, respectively, zero-mean independent
random sequences with the standard deviations given
as 10�3. Assuming that Qc ¼ diag½102 102 103 103� and
Rc ¼ 1 on Jc given by (43), T 2 R1�4 and U 2 R4�4 are,
respectively, calculated by performing the recursive
relation given by (44-1) and (44-2) as

T ¼ ½�0:377 �0:388 �0:740 �0:642 �

U ¼

0:415 0:158 0:526 0:321

0:158 0:179 0:281 0:161

0:562 0:281 2:259 0:650

0:321 0:161 0:650 1:465

2
6664

3
7775� 103

where U is denoted as Ps 2 R4�4, and S is selected as
½ 0:1 0:1 0:1 0:1 � by performing the simulation
experiment. Then, �minðQsÞ ¼ 100 and C1 ¼ 0 are,
respectively, evaluated from (40-1), (40-2) and (40-4)
so that the stability condition given by (42-1) is satis-
fied. Defining the augmented state vector as

xeðkÞ ¼ ½x1ðk� 1Þ x2ðk� 1Þ x1ðkÞ x2ðkÞ �1 �2�
T
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the augmented state and measurement equations for
xeðkÞ corresponding to equations (21) and (22) are,
respectively, derived, and the proposed WEKF and
WLSE are respectively designed.

The simulation experiment is carried out with the
initial conditions given by

xað0Þ ¼ ½ 0 0 1 1 �T

uoð0Þ ¼ 0 x̂eð0Þ ¼ ½ 0 0 0 0 0 0 �T

Peð0Þ ¼ diag½ 1 1 1 1 1 1 � ĥð0Þ ¼ ½ 0 0 �T

P�ð0Þ ¼ diag½ 1 1 �

The time evolutions of the state x1ðkÞ and its estimate
x̂1ðkÞ, the state x2ðkÞ and its estimate x̂2ðkÞ, the estimates

for the uncertainties, �̂1ðkÞ and �̂2ðkÞ, and the adaptive
SMC usðkÞ and the sliding surface �ðkÞ are respectively
shown in Figures 1(a) to 1(d) for Method 1 (Proposed
adaptive SMC using the WEKF: � ¼ 0:1, ce ¼ 0:4),
and in Figures 2(a) to 2(d) for Method 2 (Proposed
adaptive SMC using the WLSE: � ¼ 0, ce ¼ 0:5)
where the total sampling number is assumed as 200. In
Methods 1 and 2, the parameter values of � and ce are
selected from the time evolutions of the variables shown
in these figures by performing the simulation experi-
ment. It is seen from Figures 1(a) to 1(c) and 2(a) to
2(c) that the proposedWEKF andWLSEmuch improve
the performance of the estimation because x̂1ðkÞ and
x̂2ðkÞ respectively converge to x1ðkÞ and x2ðkÞ at short
sampling instant, and that �̂1ðkÞ and �̂2ðkÞ respectively
do to �1 and �2 at almost 100th sampling instant.
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Figure 1. (a). The time evolutions of x1ðkÞ (thick line) and x̂1ðkÞ (thin line) obtained from Method 1.; (b). The time evolutions of x2ðkÞ

(thick line) and x̂2ðkÞ (thin line) obtained from Method 1.; (c). The time evolutions of �̂1ðkÞ (thick line) and �̂2ðkÞ (thin line) obtained

from Method 1.; (d). The time evolutions of usðkÞ (thick line) and �ðkÞ (thin line) obtained from Method 1.

1016 Journal of Vibration and Control 17(7)

 at National Dong Hwa University on April 6, 2014jvc.sagepub.comDownloaded from 

http://jvc.sagepub.com/
http://jvc.sagepub.com/


These figures denote that the WEKF is better in the per-
formance of the estimation than theWLSE. Figures 1(d)
and 2(d) show that the time evolutions of usðkÞ are
respectively subject to the effect of the external distur-
bance, and the trajectory of the states is kept in the vicin-
ity of �ðkÞ ¼ 0 as k increases. The root mean squares of
x1ðkÞ, x2ðkÞ and usðkÞ are, respectively, evaluated as
0:2566, 0:2536 and 0:2615 for Method 1, and
0:3942, 0:5067 and 0:5348 for Method 2. It indicates
that Method 1 using the WEKF is much better in the
performance of the estimation and the control than
Method 2 using the WLSE because the former decreases
the amplitudes of x1ðkÞ and x2ðkÞ with smaller ampli-
tude of usðkÞ more than the latter. However, the
former increases the computational load more than
the latter.

The proposed adaptive SMC is compared with the
adaptive SMC already presented (Yoshimura, 2008)
where �ðkÞ is assumed as

�ðkÞ ¼ SxaðkÞ ð49Þ

Then, usðkÞ is obtained by

usðkÞ ¼�ðSGaÞ
�1
½SðFa� IÞx̂aðkÞþ!aðx̂a,kÞĥðkÞþ �

0�̂ðkÞ�

ð50Þ

where �̂ðkÞ ¼ Sx̂aðkÞ and 05 � 05 2. The simulation
experiment is performed using Method 3 (adaptive
SMC already presented using the WEKF: � 0 ¼ 1,
ce ¼ 0:4) and Method 4 (adaptive SMC already pre-
sented using the WLSE: � 0 ¼ 1, ce ¼ 0:5) where S in
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Figure 2. (a) The time evolutions of x1ðkÞ (thick line) and x̂1ðkÞ (thin line) obtained from Method 2.; (b) The time evolutions of x2ðkÞ

(thick line) and x̂2ðkÞ (thin line) obtained from Method 2; (c) The time evolutions of �̂1ðkÞ (thick line) and �̂2ðkÞ (thin line) obtained from

Method 2; (d) The time evolutions of usðkÞ (thick line) and �ðkÞ (thin line) obtained from Method 2.
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Methods 3 and 4 is equal to T in Methods 1 and 2.
Other conditions for the simulation experiment are the
same as Methods 1 and 2 already presented, and the
parameter values of � 0 and ce in Methods 3 and 4 are,
respectively, selected by applying the same procedure as
Methods 1 and 2. In the simulation experiment, the root
mean squares of x1ðkÞ, x2ðkÞ and usðkÞ are, respectively,
evaluated as 0:2913, 0:3063 and 0:3573 for Method 3,
and 0:4008, 0:5214 and 0:5385 for Method 4. It indi-
cates that Method 3 is better in the performance of the
estimation and the control, but increases the compu-
tational load more than Method 4.

Comparing the result obtained by Method 1 with
that obtained by Method 3, the former is better than
the latter, and comparing the result obtained by
Method 2 with that obtained by Method 4, the
former is better than the latter. It is concluded from
the simulation experiment that the proposed discrete-
time adaptive SMC is very effective in the performance
of the estimation and the control.

7. Conclusion

This paper proposes a discrete-time adaptive SMC for a
class of uncertain time delay systems. It was assumed
that the dynamic systems were described by a discrete-
time time delay state equation with mismatched uncer-
tainties, and that complete information of the states
was untenable by the measurement restriction of avail-
able sensors and by the contamination with indepen-
dent random noises. The augmented state equation was
derived based on the time delay of the states, and the
EEKF and the WLSE were designed to take the esti-
mates for the augmented states and the uncertainties.

The proposed adaptive SMC was designed using the
integral-type sliding surface and the output information
from the estimators. It was seen from the simulation
experiment in a simple system that the WEKF
improved the performance of the estimation and the
control, but also increased the computational load,
more than the WLSE. It was verified that the estima-
tion errors obtained from the proposed WEKF con-
verged to zero as time increased, and the states of the
dynamic systems were ultimately bounded under the
action of the proposed discrete-time adaptive SMC.
The simulation experiment indicated that the proposed

method was more excellent in the performance of the
estimation and the control than the adaptive SMC
already presented.

Appendix

Convergence of the estimation errors obtained
from the WEKF

Defining the estimation error ~xeðkÞ as ~xeðkÞ ¼
xeðkÞ � x̂eðkÞ where xeðkÞ and x̂eðkÞ are, respectively,
assumed bounded, and using equations (8), (9), (24)
and (25), the equation for ~xeðkÞ provides

~xeðkþ 1Þ ¼ ½I� Keðkþ 1ÞHe�Feðx̂e, kÞ~xeðkÞ

� Keðkþ 1Þvðkþ 1Þ ðA-1Þ

where the higher order terms of ~xeðkÞ are assumed neg-
ligibly small. It is verified in equation (A-1) that
~xeðkþ 1Þ converges to zero from ~xeð0Þ 6¼ 0 as k
increases at the first stage where vðkþ 1Þ is ignored,
and secondly the effect of vðkþ 1Þ is disappeared as k
increases.

To verify that ~xeðkþ 1Þ converges to zero from
~xeð0Þ 6¼ 0 as k increases in equation (A-1) at the first
stage, the Lyapunov function candidate is defined as

VeðkÞ ¼ ~xTe ðkÞP
�1

e ðkÞ~xeðkÞ ðA-2Þ

It is seen that ~xeðkÞ converges to zero as k increases if
the time difference of VeðkÞ defined as "Veðkþ 1Þ ¼
Veðkþ 1Þ � VeðkÞ is always negative except at
~xeðkÞ ¼ 0. The "Veðkþ 1Þ is evaluated as (Yoshimura,
2008, 2010)

where

QeðkÞ ¼ ½1� expð�ceÞ�P
�1

e ðkÞ (A-4)

Reðkþ 1Þ ¼HT
eR

�1

v He�HT
eR

�1

v He

� ½expð�ceÞP
�1

e ðkþ 1 kj Þ þHT
eR

�1

v He�
�1

�HT
eR

�1

v He

ðA-5Þ

�Veðkþ 1Þ ¼ ~xTe ðkþ 1ÞP
�1

e ðkþ 1Þ~xeðkþ 1Þ � ~xTe ðkÞP
�1

e ðkÞ~xeðkÞ

¼ ~xTe ðkþ 1 kj Þ½I� Keðkþ 1ÞHe�
T
½expð�ceÞP

�1

e ðkþ 1 kj Þ þHT
eR

�1

v He�

� ½I� Keðkþ 1ÞHe�~xeðkþ 1 kj Þ � ~xTe ðkÞP
�1

e ðkÞ~xeðkÞ

¼ �~xTe ðkÞQeðkÞ~xeðkÞ � ~xTe ðkþ 1 kj ÞReðkþ 1Þ~xeðkþ 1 kj Þ

ðA-3Þ
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It is seen that QeðkÞ is symmetric positive definite
matrix because PeðkÞ is symmetric positive definite
matrix and ce is a positive constant. Using the fact
that Reðkþ 1Þ is positive semi-definite matrix,
"Veðkþ 1Þ is denoted as

"Veðkþ 1Þ � ��min½QeðkÞ� ~xeðkÞ
�� ��2�~xTe ðkþ 1 kj Þ

� Reðkþ 1Þ~xeðkþ 1 kj Þ

� ��min½QeðkÞ� ~xeðkÞ
�� ��2

ðA-6Þ

where �min½QeðkÞ� is the minimum eigenvalue of QeðkÞ.
It is seen from (A-6) that "Veðkþ 1Þ is always negative
except at ~xeðkÞ ¼ 0 so that ~xeðkÞ converges to zero as
k increases.

Secondly, setting ~xeð0Þ ¼ 0 in equation (A-1) and
computing repeatedly from k ¼ 0 till k gives

~xeðkþ 1Þ ¼ �Leðkþ 1Þ
Xkþ1
i¼1

L
�1

e ðiÞKeðiÞvðiÞ ðA-7Þ

where

Leðiþ 1Þ ¼½I�Keðiþ 1ÞHe�Feðx̂e, iÞ½I�KeðiÞHe�

�Feðx̂e, i� 1Þ� � � �� ½I�Keð2ÞHe�Feðx̂e, 1Þ

¼½Iþ expðceÞFeðx̂e, iÞPeðiÞF
T
e ðx̂e, iÞH

T
eR

�1

e He�
�1

�Feðx̂e, iÞ½Iþ expðceÞFeðx̂e, i� 1Þ

�Peði� 1ÞFT
e ðx̂e, i� 1ÞHT

eR
�1

e He�
�1

�Feðx̂e, i� 1Þ� � � �� ½Iþ expðceÞFeðx̂e, 1Þ

�Peð1ÞF
T
e ðx̂e, 1ÞH

T
eR

�1

e He�
�1Feðx̂e, 1Þ

ði� 1Þ Leð1Þ ¼ I

ðA-8Þ

Using equations (26) to (28) provides

P
�1

e ðiþ 1Þ ¼ ½expðceÞFeðx̂e, iÞPeðiÞFeðx̂e, iÞ�
�1
þHT

eR
�1He

ðA-9Þ

Since PeðiÞ is positive definite and decreasing matrix
with time, and Feðx̂e, iÞ is nonsingular and bounded
matrix, it is assumed that

MP1
1

i
� expðceÞFeðx̂e, iÞPeðiÞF

T

e ðx̂e, iÞ
��� ����MP2

1

i
ðA-10Þ

MQ1
i

iþ1
� ½IþexpðceÞFe ðx̂e,iÞPeðiÞF

T
e ðx̂e,iÞH

T
eReHe�

�1
�� ��

�MQ2
i

iþ1
ðA-11Þ

where MP1, MP2, MQ1 and MQ2 are respectively posi-
tive constants. Using (A-9), (26) and (28) provides

and applying (A-10) and (A-11) yields

MR1 � L
�1

e ðiþ 1ÞKeðiþ 1Þ
��� ��� �MR2 ðA-13Þ

where MR1 and MR2 are positive constants. Therefore,
equation (A-7) becomes

~xeðkþ 1Þ
�� �� ¼ Leðkþ 1Þ

Xkþ1
i¼1

L�1e ðiÞKeðiÞvðiÞ

�����
�����

�
MS

kþ 1

Xkþ1
i¼1

L�1e ðiÞKeðiÞvðiÞ

�����
�����

ðA-14Þ

where MS is a positive constant. Since vðiÞ i ¼
1, 2, . . . , kþ 1 are zero-mean independent random
sequences, the right hand of (A-14) converges to zero
as k increases by applying the ergodic theorem so that
~xeðkþ 1Þ converges to zero as k increases. Hence, it is
verified that ~xeðkþ 1Þ described by equation (A-1) con-
verges to zero as k increases.
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