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Abstract—This paper addresses the problem of sliding mode
control (SMC) for a type of uncertain time-delay nonlinear
descriptor systems represented by T–S fuzzy models. One crucial
contributing factor is to put forward a novel integral fuzzy
switching manifold involved with time delay. Compared with
previous results, the key benefit of the new manifold is that
the input matrices via different subsystems are permitted to be
diverse, and thus much more applicability will be achieved. By
resorting to Frobenius’ theorem and double orthogonal comple-
ment, the existence condition of the fuzzy manifold is presented.
The admissibility conditions of sliding motion with a strictly dis-
sipative performance are further provided. Then, the desired
fuzzy SMC controller is synthesized by analyzing the reachabil-
ity of the manifold. Moreover, an adaptive fuzzy SMC controller
is also proposed to adapt the input saturation and the matched
uncertainty with unknown upper bounds. The feasibility and
virtue of our theoretical findings are demonstrated by a fuzzy
SMC controller implementation for a practical system about the
pendulum.

Index Terms—Dissipativity, fuzzy descriptor systems, fuzzy
switching manifold, sliding mode control (SMC), time delay.

I. INTRODUCTION

DESCRIPTOR systems, also known as singular systems or
semistate systems, can naturally depict a variety of prac-

tical systems, including circuits systems, power systems, and
economic systems [1]. Except for the finite dynamic modes
existed in state-space systems, the descriptor systems also con-
tain impulse modes and nondynamic modes, which make their
analysis more complicated [2]. Due to their tighter expressions
for representing actual independent parametric perturbation,

Manuscript received April 3, 2017; revised September 21, 2017; accepted
May 18, 2018. This work was supported by the National Natural Science
Foundation of China under Grant 61703275. This paper was recommended
by Associate Editor W. Wang. (Corresponding author: Yueying Wang.)

Y. Wang is with the School of Aeronautics and Astronautics, Shanghai Jiao
Tong University, Shanghai 200240, China (e-mail: wyy676@126.com).

H. R. Karimi is with the Department of Mechanical Engineering,
Politecnico di Milano, 20156 Milan, Italy (e-mail: hamidreza.karimi@
polimi.it).

H. Shen is with the School of Electrical Engineering and Information, Anhui
University of Technology, Ma’anshan 243002, China (e-mail: haoshen10@
gmail.com).

Z. Fang is with the School of Electronic and Electrical Engineering,
Shanghai University of Engineering Science, Shanghai 201620, China (e-mail:
zjfang@sues.edu.cn).

M. Liu is with the College of Information Science and Engineering,
Yanshan University, Qinhuangdao 066004, China (e-mail: liumx@ysu.edu.cn).

Color versions of one or more of the figures in this paper are available
online at http://ieeexplore.ieee.org.

Digital Object Identifier 10.1109/TCYB.2018.2842920

descriptor systems have been adopted to design controllers
and filters in various areas of research for theoretical devel-
opment as well as for real applications (see [3]–[8]). It is
worth mentioning that due to the difficulties in constructing
appropriate Lyapunov functions and the high complexity in
analyzing the existence and uniqueness of the solution, most
of the existing theoretical results are only applicable to linear
descriptor models, while most practical descriptor systems are
highly complicated. A feasible idea to overcome this issue is
to represent a highly nonlinear descriptor system by the T–S
fuzzy descriptor model, which is composed of a group of lin-
ear descriptor submodels [9]. In this case, a highly nonlinear
descriptor system can be analyzed by well-established linear
descriptor system theory. Moreover, it is demonstrated that
the T–S fuzzy descriptor model can effectively reduce the
number of linear models in comparison with fuzzy model
based on state-expression [10]–[19]. In view of these sig-
nificant advantages, many researchers have been devoted to
research on fuzzy descriptor systems (see [20]–[25]). For
instance, Lin et al. [20] studied a class of time-delay fuzzy
descriptor systems, and stability/stabilization conditions were
offered by resorting to Lyapunov function. The problem about
nonfragile stabilization with guaranteed cost performance was
investigated in [22] for a type of uncertain nonlinear delayed
descriptor systems depicted by T–S fuzzy models, and the
desired fuzzy feedback controller was designed via parallel
distributed compensation (PDC) scheme. In [25], a system-
atic way to generalize the controller design for discrete-time
T–S fuzzy descriptor models was provided by using delayed
Lyapunov functions, and the well-known Finsler’s lemma was
used to avoid the explicit substitution of the closed-loop
dynamics.

Sliding mode control (SMC) is well recognized as a famous
nonlinear control strategy, which contains a variety of
prominent superiorities such as fast responses and strong
robustness [26]–[33]. Specially, it can compensate the matched
uncertainty completely in case that the closed-loop system
is driven into the sliding mode phase. During the past few
decades, considerable research efforts have been devoted to
SMC of descriptor systems. For instance, the problem of SMC
with passivity of singular time-delay systems was studied
in [34], where normal/adaptive SMC controllers were con-
structed to keep the system states onto the designed switching
manifold within a limited time period. Ding et al. [35] con-
sidered the SMC problem of singular systems by designing
a sliding mode controller such that the nonlinear singular
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system was exponentially stable and its trajectory can be
forced into the prespecified sliding manifold in a limited time.
It is noted that, however, these results are only applicable to
descriptor linear models. From a practical point of view, it
makes more sense to develop an appropriate SMC method-
ology for highly nonlinear descriptor systems, which can
compensate the matched uncertainty effectively. Unfortunately,
due to the difficulty in analysis, very few related results have
been reported in this research area. As an alternative way,
the development of SMC technique for fuzzy-model-based
descriptor systems is feasible since the relatively mature the-
ory for linear descriptor model can be used during sliding
motion analysis. To date, a few results related to this topic have
been reported in the literature. In [36], the fuzzy SMC design
for a class of fuzzy-model-based descriptor models with state
delay was investigated by resorting to an integral-type mani-
fold function, and a suitable SMC controller was synthesized
to force the states of the controlled system into the fuzzy man-
ifold in a limited time. Based on the similar integral switching
manifold, the fuzzy SMC design with dissipativity was further
investigated in [37] for a type of time-delay T–S fuzzy singu-
lar systems, and a SMC law was proposed to guarantee the
reachability of desired sliding motion.

It should be pointed out there is an obvious limitation to
the existing results on SMC of fuzzy descriptor systems for
the reason that they rely on an assumption that all linear local
models share a common input matrix, which seriously restricts
their practical applications. For example, the well-known
inverted pendulum system cannot meet this requirement. As
such, we are motivated to put forward a new fuzzy SMC strat-
egy that is free of the restrictive requirement, which is the main
purpose for this paper.

In this paper, we focus on the fuzzy SMC design
for continuous-time fuzzy-model-based nonlinear descrip-
tor systems with time-varying delay. To better adapt the
model characteristics and circumvent the restrictive condi-
tion imposed on input matrices, an appropriate integral-type
fuzzy switching manifold with time delay is designed, which
is the crucial contribution of this paper. By resorting to
Frobenius’ theorem and double orthogonal complement, the
existence condition of the fuzzy manifold is presented. New
conditions to guarantee the asymptotic admissibility of corre-
sponding sliding motion are further established. By designing
a suitable fuzzy SMC controller, the reachability of the
sliding motion is guaranteed in the presence of matched
uncertainty and disturbance signal. An adaptive fuzzy SMC
controller is also proposed to adapt the matched uncertainty
with unknown upper bounds and input saturation. There are
several important features of the developed result that are
worth mentioning.

1) Input matrices via different subsystems are permitted to
be diverse.

2) Matched uncertainty is fully rejected and the disturbance
signal is not enlarged in sliding mode phase.

3) Input saturation is also considered since it often occurs
in practical applications.

Finally, the inverted pendulum system is adopted to verify the
applicability and virtue of our theoretical findings.

The remainder of this paper is structured as follows.
Problems formulation and preliminaries are clarified in
Section II. Details of fuzzy switching manifold and analysis of
sliding motion are given in Section III. The problem of fuzzy
SMC controller design is formulated in Section IV. Numerical
example illustrating the applicability and virtue of the achieved
fuzzy SMC methodology are offered in Section V. Section VI
finally gives some concluding remarks.

Notations: Rm×n stands for the set of all m × n real matri-
ces. The terms induced by symmetry are denoted by “∗.” The
inverse, transpose, and left inverse for a appropriated dimen-
sioned matrix are indicated, respectively, by superscripts “−1”
“T,” and “+.” I is adopted to denote the identity matrix.
B⊥(x) ∈ R

n×(n−m) stands for the matrix whose columns are
independent and span the null space of B(x) ∈ R

n×m. The
block diagonal matrix is represented by diag{· · · }.

II. PRELIMINARIES

Consider a highly nonlinear uncertain descriptor system
with time-varying delay, which can be exactly depicted by
a T–S fuzzy model composed of the following fuzzy rules.

Model Rule i : IF ϑ1(t) is πi1 and · · ·ϑp(t) is πip, THEN
⎧
⎪⎪⎨

⎪⎪⎩

Eẋ(t) = Aix(t) + Adix(t − d(t))
+ Bi(u(t) + fm(x(t), x(t − d(t)))) + Bwiw(t)

y(t) = Cix(t) + Cdix(t − d(t)) + Dwiw(t)
x(t) = φ(t), t ∈ [−dM, 0], i ∈ R = {1, 2, . . . , r}

(1)

with πi1, πi2, . . . , πip being fuzzy sets, r indicating the num-
ber of fuzzy rules, x(t) ∈ R

n being the system state, ϑ1(t),
ϑ2(t), . . . , ϑp(t) being the premise variables, and are functions
of state x(t), u(t) ∈ R

m being the input signal, w(t) ∈ R
q being

the disturbance signal belonging to L2[0,∞), y(t) ∈ R
p being

the controlled output, Ai ∈ R
n×n, Adi ∈ R

n×n, Bi ∈ R
n×m,

Bwi ∈ R
n×q, Ci ∈ R

p×n, and Dwi ∈ R
p×q being known con-

stant matrices. It is assumed that the singular matrix E ∈ R
n×n

satisfies rank(E) = g ≤ n. d(t) represents a time-varying delay
satisfying

0 ≤ d(t) ≤ dM, 0 < ḋ(t) ≤ μ < 1 (2)

with dM and μ being positive scalars. φ(t) denotes a com-
patible initial function on [−dM, 0]. The nonlinear vector
fm(x(t), x(t − d(t))) ∈ R

m represents the matched uncertainty
satisfying

‖fm(x(t), x(t − d(t)))‖ ≤ κ1‖x(t)‖ + κ2‖x(t − d(t))‖ (3)

with κ1 > 0 and κ2 > 0 being known scalars.
Thus, based on the pair (u(t), x(t)), the whole fuzzy descrip-

tor model with time-varying delay can be referred as
⎧
⎨

⎩

Eẋ(t) =∑r
i=1 μi(ϑ(t))

[
Aix(t) + Adix(t − d(t))

+ Bi(u(t) + fm(x(t), x(t − d(t)))) + Bwiw(t)
]

y(t) =∑r
i=1 μi(ϑ(t))[Cix(t) + Cdix(t − d(t)) + Dwiw(t)]

(4)

where

μi(ϑ(t)) =
∏p

i=1 πij
(
ϑj(t)

)

∑r
l=1
∏p

j=1 πlj
(
ϑj(t)

) ≥ 0,

r∑

i=1

μi(ϑ(t)) = 1
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with πij(ϑj(t)) denoting the grade of membership about ϑj(t) in
πij. In this paper, the global input matrix for the fuzzy descrip-
tor model Bx = ∑r

i=1 μi(ϑ(t))Bi is assumed to be column
full rank.

We first present some definitions and lemmas to be used dur-
ing sliding motion and controller synthesize. For this purpose,
we consider the following unforced linear descriptor model
with time-varying delay:

{
Eẋ(t) = Ax(t) + Adx(t − d(t))
x(t) = φ(t), t ∈ [−dM, 0].

(5)

Definition 1 [2]:
1) Descriptor model (5) is referred to be regular, if det(sE−

A) is not identically zero.
2) Descriptor model (5) is referred to be impulse-free if

deg(det(sE − A)) = rank(E).
Here, the requirements of regularity and absence of impulses

for the system ensure the existence and uniqueness of impulse-
free solution of (1) on [0,∞).

Definition 2: The descriptor model (5) is refereed to be
asymptotically stable if, for any ε > 0, there exists a scalar
δ(ε) > 0 such that for any compatible initial condition φ(t)
satisfying sup−dM<t≤0 ‖φ(t)‖ < δ(ε), the solution of (5) satis-
fies ‖x(t)‖ < ε for t ≥ 0. Furthermore, limt→∞ ‖x(t)‖ = 0.

Definition 3: The descriptor system (5) is said to be
asymptotically admissible if it is regular, impulse-free, and
asymptotically stable.

Definition 4 [38]: The uncertain fuzzy descriptor system (4)
is said to be strictly (Z,Y,X )-dissipative, for any t > 0 and
initial state, if the following inequality holds:

∫ t

0

[
y(t)
w(t)

]T[Z Y
∗ X

][
y(t)
w(t)

]

dt ≥ γ

∫ t

0
wT(t)w(t)dt (6)

where Z ≤ 0 ∈ R
p×p, and X ∈ R

q×q are symmetric, and
Y ∈ R

p×q, γ > 0 is a positive scalar.
Lemma 1: For the given matrix Qx ∈ R

n×m with
rank(Qx) = l ≤ m, suppose that Q̄x ∈ R

n×l is a full-column
rank matrix formed by any l independent columns of Qx. If the
distribution 	x = span{Q̄⊥

x,p}, p = 1, . . . , n − l, is involutive,
that is,

[
Q̄⊥

x,p, Q̄⊥
x,q

]
= ∂Q̄⊥

x,q

∂x
Q̄⊥

x,p − ∂Q̄⊥
x,p

∂x
Q̄⊥

x,q ∈ 	x

∀p, q = 1, . . . , n − l

where Q̄⊥
p indicates the pth column about Q̄⊥, [·, ·] represents

the Lie bracket for any two vector fields. Then, the nonlin-
ear vector gx = [

ḡx,1 · · · ḡx,l 01×(m−l)
]T ∈ R

m×1 exists such
that (∂gx/∂x) = TxQT

x , with Tx ∈ R
m×m being a nonsingular

matrix.
Proof: From Frobenius’ theorem [39], since 	x is invo-

lutive, there exist l independent functions ḡi(x) such that
[(∂ ḡx,p)/∂x]Q̄⊥

x,q = 0, ∀1 ≤ i ≤ l. Let [(∂ ḡx)/∂x] � Ḡx.
Then, the equation span{ḠT

x,p} = (span{Q̄⊥
x,p})⊥ holds since

the columns of ḠT
x is full rank. The above equation is

equivalent to span{ḠT
x,p} = span{Q̄x,p} by double orthogo-

nal complement [40]. Therefore, the columns about matrices
ḠT

x and Q̄x constitute the bases for the same subspace, and

Ḡx = T̄xQ̄T
x , with T̄T(x) ∈ R

l×l being the their transforma-
tion matrix. Since the matrices Qx and Q̄x are belong to the
same subspace, there exists an invertable matrix Tx ∈ R

m×m

such that

TxQT
x =

[
T̄xQ̄T

x
0(m−l)×n

]

=
[

Ḡx

0(m−l)×n

]

= ∂gx

∂x
.

Lemma 2: Given matrix Bx ∈ R
n×m, Ḡx = I−Bx(GxBx)

−1Gx

with Gx = TxBT
x has Euclidean norm one.

Proof: It is noted that

Ḡx = I − Bx
(
TxBT

x Bx
)−1TxBT

x = I − Bx
(
BT

x Bx
)−1BT

x

= I − BxB+
x = ḠT

x

and

ḠT
x Ḡx = [

I − BxB+
x

][
I − BxB+

x

] = I − BxB+
x − BxB+

x

+ BxB+
x BxB+

x = I − BxB+
x = Ḡx

which clearly show that Ḡ(x) is idempotent and thus ‖Ḡ(x)‖ =
1 or ‖Ḡ(x)‖ = 0. Obviously, the rank of I −BxB+

x is not zero
due to fact that rank (BxB+

x ) < n, and it is impossible that all
its eigenvalues are zero, which proves that ‖Ḡ(x)‖ = 1.

Lemma 3 [41]: Let �1 and �2 be two appropriated dimen-
sioned real matrices. Thus, for any time varying matrix
	 satisfying 	T	 ≤ I, there exists a parameter ε > 0
satisfying

�1	�2 + (�1	�2)
T ≤ ε−1�1�

T
1 + ε�T

2 �2.

Lemma 4 [42]: Let P ∈ R
n×n be symmetric such that

ET
L PEL > 0 and Q ∈ R

(n−g)×(n−g) is nonsingular. Then,
PE + RTQST is nonsingular and its inverse is expressed as

(
PE + RTQST)−1 = PET + SQR

where P ∈ R
n×n is a symmetric matrix and Q ∈ R

(n−g)×(n−g)

is a nonsingular matrix with

Q = (STS
)−1

Q−1(RRT)−1
, ET

RPER = (ET
L PEL

)−1

where R and S are matrices, which satisfy RE = 0 and ES = 0.
E is decomposed as E = ELET

R with EL ∈ R
n×g and ER ∈

R
n×g being of full column rank.

III. SWITCHING MANIFOLD DESIGN AND SLIDING

MOTION ANALYSIS

During this section, a new integral fuzzy switching manifold
with time-varying delay will be designed and dissipativity-
based admissibility conditions will be presented for sliding
motion.

For SMC design, the first important issue to be addressed
is to propose a suitable switching manifold. For a descriptor
system, the integral switching manifold containing the singu-
lar matrix is the most popular choice, which can avoid the
difficulties yielded from singular matrix in deriving the slid-
ing motion subsequently. In [36] and [37], the conventional
integral switching manifolds proposed in [34] and [35] were
extended to investigate the SMC design for fuzzy descriptor
models. However, these results require that all the local input
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matrices Bi are the same, which seriously restrict their practical
applications. To better adapt the fuzzy descriptor models and
remove the restrictive requirement, in this paper, we propose
a distinguished interval fuzzy switching manifold as

s(t) =
∫ t

0
GxEdx −

∫ t

0

⎡

⎣Gx

r∑

i=1

μi(ϑ(α))

r∑

j=1

μj(ϑ(α)) × (Aix(α)

+ BiKjx(α) + Adix(α − d(α))
)

⎤

⎦dα (7)

where Gx = TxBT
x with Tx ∈ R

m×m being nonsingular,∑r
j=1 μj(ϑ(t))Kjx(t) is used to stabilize the sliding motion and

Kj ∈ R
m×n being the design parameters.

Based on ṡ(t) = 0, the corresponding fuzzy controller will
be obtained as

ueq(t) = −(GxBx)
−1Gx

r∑

i=1

μi(ϑ(t))Bwiw(t)

+
r∑

j=1

μj(ϑ(t))Kjx(t) − fm(x(t), x(t − d(t))). (8)

Combined (8) with (4), the following sliding motion is
yielded:
⎧
⎨

⎩

Eẋ(t) =∑r
i=1 μi(ϑ(t))

∑r
j=1 μj(ϑ(t))

[
(Ai + BiKj)x(t)

+ Adix(t − d(t)) + ḠxBwiw(t)
]

y(t) =∑r
i=1 μi(ϑ(t))[Cix(t) + Cdix(t − d(t)) + Dwiw(t)]

(9)

with Ḡx = I − Bx(GxBx)
−1Gx being the transition matrix for

external disturbance signal.
Remark 1: To adapt the features of fuzzy descriptor mod-

els, a distinguished interval fuzzy switching manifold (7) is
designed by involving the singular and projection matrices
simultaneously. The precondition for the establishment of the
fuzzy manifold lies in the existence of the nonlinear vector
function gx ∈ R

m×1 satisfying ∂gx/∂x = GxE. Assume that
rank(ETBx) = l and B̄x ∈ R

n×l is a full column rank matrix
composed of any l independent columns of ETB(x). Then, by
resorting to Lemma 1, the requirement can be satisfied if the
distribution span {B̄⊥

p }, p = 1, 2, . . . , n − l is involutive, with
B̄⊥

p representing the pth column about B̄⊥. In comparison with
the previous manifolds adopted in [36] and [37], a significant
advantage of our manifold is that the input matrices Bi via dif-
ferent subsystems are permitted to be diverse. Moreover, it can
be seen from (9) and Lemma 2 that the matched uncertainty is
fully rejected and the disturbance signal is not enlarged during
corresponding sliding motion.

The following theorem is presented to ensure the asymptotic
admissibility with (Z,Y,X ) − γ -dissipative performance for
sliding motion (9).

Theorem 1: Given prespecified parameters μ > 0 and
γ > 0, symmetric matrices 0 ≥ Z ∈ R

p×p and X ∈ R
q×q,

and matrix Y ∈ R
p×q, the asymptotic admissibility of slid-

ing motion (9) with (Z,Y,X ) − γ -dissipative performance
ensured, if there exist a nonsingular matrix Q, matrices P > 0,

Q1 > 0, Q2 > 0, Z > 0, scalars εi > 0, i, j = 1, 2, . . . , r, such
that LMIs (10) and (11) are feasible

ii < 0, i ∈ R (10)

ij + ji < 0, i < j, i, j ∈ R (11)

where

ij =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

�
ij
11 �i

12 ETZE −CT
i Y �

ij
15 CT

i Z 0
∗ �22 0 −CT

diY dMAT
di CT

diZ 0
∗ ∗ �33 0 0 0 0
∗ ∗ ∗ �i

44 0 DT
wiZ BT

wi∗ ∗ ∗ ∗ �i
55 0 0

∗ ∗ ∗ ∗ ∗ Z 0
∗ ∗ ∗ ∗ ∗ ∗ −εiI

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

�
ij
11 = (

ETP + SQTR
)
Ai + AT

i

(
PE + RTQST)

+ (ETP + SQTR
)
BiKj + KT

j BT
i

(
PE + RTQST)

+ Q1 + Q2 − ETZE + εi
(
ETP + SQTR

)(
PE + RTQST)

�i
12 = (

ETP + SQTR
)
Adi

�
ij
15 = dMAT

i + dMKT
j BT

i + εidM
(
ETP + SQTR

)

�22 = −(1 − μ)Q1, �33 = −Q2 − ETZE

�i
44 = −DT

wiY − YTDwi − X + γ I

�i
55 = −Z−1 + εid

2
MI.

R and S are matrices satisfying RE = 0 and ES = 0.
Proof: First, we prove the admissibility of the system (9).

Since rank(E) = g ≤ n, there exist two nonsingular matrices
H1 and H2 such that

H1EH2 =
[

Ig 0
0 0

]

. (12)

Denote

H1AiH2 =
[

A11i A12i

A21i A22i

]

, H−T
1 P̄H2 =

[
P̄11 P̄12

P̄21 P̄22

]

(13)

where P̄ = (PE + RTQST). It is obvious to see that ETP̄ =
P̄TE. By using the expressions in (12) and (13), we can obtain
that P̄12 = 0. Pre- and post-multiplying �

ij
11 < 0 by HT

2 and
H2, respectively, we have AT

22iP̄22+P̄T
22A22i < 0, which implies

A22i is nonsingular and thus the pairs (E, Ai) are regular and
impulse free. Therefore, fuzzy system (9) is admissible by
virtue of Definition 1.

In the following, we shall show system (9) is
strictly (Z,Y,X ) − γ -dissipative. The following
Lyapunov–Krasovskii functional is constructed:

V(t) = xT(t)(ETP + SQTR)Ex(t)

+
∫ t

t−d(t)
xT(α)Q1x(α)dα +

∫ t

t−dM

xT(α)Q2x(α)dα

+ dM

∫ 0

−dM

∫ t

t+β

ẋT(α)ETZEẋ(α)dαdβ (14)

where invertible matrix Q, and matrices P > 0, Q1 > 0, Q2 >

0, Z1 > 0, and Z2 > 0 are to be designed.
Taking the derivative of V(t) along the states of fuzzy

descriptor system (9), considering dissipativity performance
index, and by using Jensen inequality, we have
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V̇(t) ≤ 2xT(t)(ETP + SQTR)

r∑

i=1

μi(ϑ(t))
r∑

j=1

μj(ϑ(t))

× {(Ai + BiKj
)
x(t) + Adix(t − d(t)) + ḠxBwiw(t)

}

+ xT(t)(Q1 + Q2)x(t) − (1 − μ)xT(t − d(t))Q1x(t − d(t))

− xT(t − dM)Q2x(t − dM) + d2
MẋT(t)ETZEẋ(t)

− [x(t) − x(t − dM)]TETZE[x(t) − x(t − dM)]. (15)

Considering dissipativity performance index, we have

V̇(t) − �(t)

≤
r∑

i=1

μi(ϑ(t))
r∑

j=1

μj(ϑ(t))ξT(t)̄ijξ(t)

=
r∑

i=1

μ2
i (ϑ(t))ξT(t)̄iiξ(t) +

r∑

i<j

μi(ϑ(t))μj(ϑ(t))

× ξT(t)(̄ij + ̄ji)ξ(t) (16)

where

�(t) = yT(t)Zy(t) + 2yT(t)Yw(t) + wT(t)(X − γ I)w(t)

̄ij =

⎡

⎢
⎢
⎣

�̄
ij
11 �i

12 ETZE �̄i
14∗ �22 0 −CT
diY∗ ∗ �33 0

∗ ∗ ∗ �i
44

⎤

⎥
⎥
⎦

− �1Z�T
1 + d2

M�2Z�T
2

�̄
ij
11 = (

ETP + SQTR
)
Ai + AT

i

(
PE + RTQST)

+ (
ETP + SQTR

)
BiKj

+ KT
j BT

i

(
PE + RTQST)+ Q1 + Q2 − ETZE

�̄i
14 = −CT

i Y + (ETP + SQTR
)
ḠxBwi

�1 = [
Ci Cdi 0 Dwi

]T

�2 = [
Ai + BiKj Adi 0 ḠxBwi

]T

ξ(t) = [
xT(t) xT(t − d(t)) xT(t − dM) wT(t)

]T
.

On the other hand, in view of Lemma 2, we have

ḠxḠT
x ≤ I. (17)

Thus, by Schur complement and Lemma 3, we can conclude
from (10) and (11) that the following inequality holds:

V̇(t) < �(t). (18)

Integrating both sides of (18) from 0 to tp leads to∫ t
0 �(α)dα ≥ V(t) − V(0) ≥ 0. By resorting to Definition 4,

the dissipativity performance of sliding motion (9) is ensured.
By the similar algebraic manipulation, it can be derived that
when w(t) = 0, there exists a sufficient small scalar λ > 0
such that V̇(t) < −λ‖x(t)‖2, for x(t) �= 0. By Definition 3,
we readily obtain that sliding motion (9) is asymptotically
admissible. This completes the proof.

Based on Theorem 1, the following theorem is presented by
which the involved variable matrices Kj in (7) will be solved.

Theorem 2: Given prespecified parameters μ > 0 and
γ > 0, symmetric matrices 0 ≥ Z ∈ R

p×p and X ∈ R
q×q,

and matrix Y ∈ R
p×q, the asymptotic admissibility of slid-

ing motion (9) with (Z,Y,X ) − γ -dissipative performance

ensured, if there exist a nonsingular matrix Q, matrices P > 0,
Q̂1 > 0, Q̂2 > 0, Ẑ > 0, J1j, J2j, scalars εi > 0,
i, j = 1, 2, . . . , r, such that the LMIs (19) and (20) are feasible

̂ii < 0, i ∈ R (19)

̂ij + ̂ji < 0, i < j, i, j ∈ R (20)

where

̂ij =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

�̂
ij
11 AdiU �̂

ij
13 �̂i

14 �̂
ij
15 UTCT

i Z 0
∗ �̂22 0 �̂i

24 �̂i
25 UTCT

diZ 0
∗ ∗ �̂

ij
33 0 0 0 0

∗ ∗ ∗ �̂i
44 0 DT

wiZ BT
wi

∗ ∗ ∗ ∗ �̂i
55 0 0

∗ ∗ ∗ ∗ ∗ Z 0
∗ ∗ ∗ ∗ ∗ ∗ −εiI

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

�̂
ij
11 = AiU + UTAT

i + Bi
(
J1jE

T + J2jR
)+

(
EJT

1j + RTJT
2j

)
BT

i

+ Q̂1 + Q̂2 − EU − UTET + Ẑ + εiI

�̂13 = EU + UTET − Ẑ, �̂i
14 = −UTCT

i Y
�̂

ij
15 = dMUTAT

i + dM

(
EJT

1j + RTJT
2j

)
BT

i + εidMI

�̂22 = −(1 − μ)Q̂1, �̂
i
24 = −UTCT

diY, �̂i
25 = dMUTAT

di

�̂33 = −Q̂2 − EU − UTET + Ẑ

�̂i
44 = −DT

wiY − YTDwi − X + γ I

�̂i
55 = −Ẑ + εid

2
MI, U = PET + SQR.

R and S are matrices satisfying RE = 0 and ES = 0.
Furthermore, the parameter matrices Kj involved in fuzzy

manifold (7) are computed by

Kj = (J1jE
T + J2jR)U−1. (21)

Proof: According to Lemma 4, we know that PE + RTQST

is nonsingular and its inverse is U = PET + SQR. Based on
the fact (UT

i ET − Z−1)Z(UT
i ET − Z−1)T ≥ 0, the following

inequality holds:
[−UTETZEU UTETZEU

UTETZEU −UTETZEU

]

=
[

I
−I

]
(−UTETZEU

)
[

I
−I

]T

≤ [I − I]T(−EU − UTET + Ẑ)[I − I]. (22)

Noting above inequality, pre- and post-multiplying (10)
and (11) by diag{UT, UT, UT, I, I, I, I, I} and its transpose,
respectively, and let J1j = KjP , J2j = KjSQ, Q̂1 = UTQ1U,
Q̂2 = UTQ2U, Ẑ = Z−1, we can obtain (19) and (20). This
completes the proof.

IV. FUZZY SMC CONTROLLER SYNTHESIS

During this section, we shall construct a PDC-based
fuzzy SMC controller to force the states of fuzzy descriptor
system (4) onto the proposed fuzzy switching manifold (7)
in the presence of matched uncertainty and disturbance sig-
nal. Moreover, an adaptive SMC controller is also provided to
deal with the input saturation and uncertainty with unknown
upper bounds.

For fuzzy descriptor system (4), the fuzzy SMC controller
for rule j is designed as
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Model Rule j: IF ϑ1(t) is πj1 and · · · ϑp(t) is πjp, THEN

u(t) = Kjx(t) − ρ(t)(GxBx)
−1 s(t)

‖s(t)‖ . (23)

Thus, the overall fuzzy SMC controller is referred as

u(t) =
r∑

j=1

μj(ϑ(t))Kjx(t) − ρ(t)(GxBx)
−1 s(t)

‖s(t)‖ (24)

where

ρ(t) = δ + κ1‖GxBx‖‖x(t)‖ + κ2‖GxBx‖‖x(t − d(t))‖
+ ‖GxBw(x)‖‖w(t)‖

were Bw(x) =∑r
i=1 μi(ϑ(t))Bwi, and δ > 0 is a small scalar.

Theorem 3: Consider the uncertain fuzzy descriptor
system (4). Assume that the fuzzy switching manifold is
given by (7) and conditions in Theorem 2 are feasible. Then,
under the fuzzy SMC controller (24), the states of closed-loop
system (4) can be forced onto the proposed fuzzy switch-
ing manifold s(t) = 0 in spite of matched uncertainty and
disturbance signal.

Proof: Define a regular Lyapunov function as

V(t) = 1

2
sT(t)s(t). (25)

Taking the derivative of switching manifold (7) yields

ṡ(t) = Gx

r∑

i=1

μi(ϑ(t))
r∑

j=1

μj(ϑ(t))

× [−BiKjx(t) + Bi(u(t) + fm(x(t), x(t − d(t)))) + Bwiw(t)
]
.

(26)

Considering the above equation, we have

V̇(t) = sT(t)ṡ(t)

= sT(t)Gx

r∑

i=1

μi(ϑ(t))
r∑

j=1

μj(ϑ(t))

× [−BiKjx(t) + Bi(u(t) + fm(x(t), x(t − d(t)))) + Bwiw(t)
]

≤ κ1‖s(t)‖‖GxBx‖‖x(t)‖ + κ2‖s(t)‖
× ‖GxBx‖‖x(t − d(t))‖ +

r∑

i=1

μi(ϑ(t))‖s(t)‖

× ‖GxBwi‖‖w(t)‖ + sT(t)GxBxu(t)

− sT(t)GxBx

r∑

j=1

μj(ϑ(t))Kjx(t). (27)

Substituting (24) into (27), the following inequality holds:

V̇(t) ≤ −δ‖s(t)‖ ≤ 0 (28)

which implies that V̇(t) < 0 for all s(t) �= 0. By resorting to
Barbalat’s lemma, the states of closed-loop system (4) will be
forced onto the proposed fuzzy manifold s(t) = 0 in presence
of matched uncertainty and disturbance signal. The proof is
completed.

Remark 2: By analyzing the reachability of sliding motion,
a fuzzy SMC controller is developed in (24). Since it is discon-
tinuous due to the existence of term s(t)/‖s(t)‖, solutions of
the fuzzy descriptor system are understood in a Filippov [43]

sense. Compared with previous results [36], [37], the key
advantage of the developed fuzzy SMC controller is that the
very restrictive requirement imposed on local input matri-
ces has been removed, which is benefited from the new
fuzzy manifold (7). Thus, the applicability has been sig-
nificantly improved. Moreover, it is worth mentioning that
the achieved fuzzy SMC strategy can be further extended
to descriptor systems with state dependent uncertainties [44]
and fuzzy Markovian jump descriptor models with incom-
plete transition rates [45], which is a topic worthy of future
research.

The unknown vector fm(x(t), x(t − d(t))) may represent the
unmodeled dynamics and increased bias force of a physical
system, whose upper bounds are often unavailable. In addi-
tion, input saturation, which arises as a manifestation of the
physical limitations of the control capacity, is unavoidable in
most actuators and in enforced at all time. In the next, an adap-
tive SMC controller will be provided to ensure the reaching
condition of sliding motion in the presence of input saturation
and unknown upper bounds of uncertainty.

Consider the fuzzy descriptor system (4) with input
saturation

Eẋ(t) =
r∑

i=1

μi(ϑ(t))
[
Aix(t) + Adix(t − d(t)) + Bi(sat(u)

+ fm(x(t), x(t − d(t)))) + Bwiw(t)
]

(29)

where sat(u) = [
sat(u1) sat(u2) · · · sat(um)

]T is the actual
control input. As in [46], the saturation function sat(u) can
be expressed as

sat(u) = χ(u(t)) · u(t) (30)

where χ(u(t)) = diag{χ1(u(t)), . . . , χm(u(t))} with χl(u(t)) ∈
[0, 1] being the indicator for the saturation degree of the l th
entry of the control vector. According to density property of
a real number, there exists a scalar σ satisfying

0 < σ ≤ min(χl(u(t))) ≤ 1. (31)

Theorem 4: Consider the uncertain fuzzy descriptor
system (29) with input constraint (30), and assume that the
upper bounds κ1 and κ2 for fm(x(t), x(t−d(t))) are unavailable.

Assume that the fuzzy switching manifold is given by (7)
and conditions in Theorem 2 are feasible. Then, the states
of closed-loop system (4) can be forced onto the proposed
fuzzy switching manifold s(t) = 0 in spite of uncertainty and
external disturbance signal by the following adaptive fuzzy
SMC controller:

u(t) = −ρ(t)(GxBx)
−1 s(t)

‖s(t)‖ (32)

where

ρ(t) = δ + νσ̂
(
κ̂1‖x(t)‖ + κ̂2‖x(t − d(t))‖)‖GxBx‖

+ νσ̂ (‖GxBw(x)‖‖w(t)‖ + ‖GxBxKxx(t)‖)
and Bw,x = ∑r

i=1 μi(ϑ(t))Bwi, Kx = ∑r
j=1 μj(ϑ(t))Kj, and

δ > 0 is a constant. The adaptation laws for estimated
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parameters κ̂1, κ̂2 and σ̂ are chosen as

˙̂κ1 = p1‖x(t)‖‖GxBx‖‖s(t)‖, κ̂1(0) > 0 (33)
˙̂κ2 = p2‖x(t − d(t))‖‖GxBx‖‖s(t)‖, κ̂2(0) > 0 (34)
˙̂σ = νσ̂ 3(κ̂1‖x(t)‖ + κ̂2‖x(t − d(t))‖)‖GxBx‖‖s(t)‖

+ νσ̂ 3(∥∥GxBw,x
∥
∥ ‖w(t)‖ + ‖GxBxKxx(t)‖)‖s(t)‖, σ̂ (0) > 0

(35)

where ν > 1 and p1 and p2 are design parameters.
Proof: Choose the following Lyapunov function:

V(t) = 1

2
sT(t)s(t) + 1

2p1
κ̃2

1 + 1

2p2
κ̃2

2 + 1

2
σ̃ 2 (36)

where σ̃ = σ − σ̂−1, κ̃1 = κ1 − κ̂1, and κ̃2 = κ2 − κ̂2. Then,
from (27), the time derivative of V(t) can be expressed as

V̇(t) ≤ κ1‖s(t)‖‖GxBx‖‖x(t)‖ + κ2‖s(t)‖‖GxBx‖
× ‖x(t − d(t))‖ + ‖s(t)‖∥∥GxBw,x

∥
∥‖w(t)‖

+ ‖s(t)‖‖GxBxK(x)x(t)‖ + sT(t)GxBxχ(u(t))u(t)

− 1

p1
κ̃1

˙̂κ1 − 1

p2
κ̃2

˙̂κ2 + σ̃ σ̂−2 ˙̂σ. (37)

Then, noticing (31), with control law (32) and adaptation
laws (33)–(35), we have

V̇(t) ≤ (
κ̂1‖x(t)‖ + κ̂2‖x(t − d(t))‖)‖GxBx‖‖s(t)‖

+ (∥∥GxBw,x
∥
∥‖w(t)‖ + ‖GxBxKxx(t)‖)‖s(t)‖ − σδ‖s(t)‖

− σνσ̂
(
κ̂1‖x(t)‖ + κ̂2‖x(t − d(t))‖)‖GxBx‖‖s(t)‖

− σνσ̂
(∥
∥GxBw,x

∥
∥‖w(t)‖ +‖GxBxKxx(t)‖)‖s(t)‖

+ σ̃ νσ̂
(
κ̂1‖x(t)‖ +κ̂2‖x(t − d(t))‖)‖GxBx‖‖s(t)‖

+ σ̃ νσ̂
(∥
∥GxBw,x

∥
∥‖w(t)‖ + ‖GxBxKxx(t)‖)‖s(t)‖

= − σδ‖s(t)‖ + (1 − ν)
(
κ̂1‖x(t)‖ + κ̂2‖x(t − d(t))‖)

× ‖GxBx‖‖s(t)‖ + (1 − ν)
(∥
∥GxBw,x

∥
∥‖w(t)‖

+ ‖GxBxKxx(t)‖)‖s(t)‖
≤ 0 (38)

which implies the system states can be forced onto
the prespecified manifold s(t) = 0 in the presence of
matched uncertainty and disturbance signal. This completes
the proof.

Remark 3: An adaptive fuzzy SMC controller is further
developed in (32), where the update laws are used to deal
with input saturation and unknown upper bounds of matched
uncertainty. It is worth mentioning that very few literatures
have been published on SMC controller design for descriptor
systems in the presence of input saturation. According to (38),
all of the signals are bounded, and thus, u(t) is bounded, which
implies the existence of σ since χl(u(t)) will not converge to
zero. Therefore, assumption (31) is reasonable. Also, it is clear
from (30), (31), and (38) that the larger the uMl is, the bigger
the σ becomes, and thus, the higher the converge rate of the
state variables is.

Remark 4: As in the existing results about SMC, the main
drawback of the sliding mode controllers proposed in (24)
and (32) is that they are discontinuous when crossing the fuzzy
sliding manifold, which will cause control chattering involv-
ing high frequency dynamics. One common way to alleviate

Fig. 1. Schematic of the inverted pendulum system.

this issue is to replace the discontinuous term s(t)/‖s(t)‖ by
smooth term s(t)/(‖s(t)‖ + ᾱ), where ᾱ is a small positive
parameter. As a result, the fuzzy manifold will not converge
to zero accurately but vary within a small range.

V. SIMULATION EXAMPLE

During this section, an inverted pendulum system will be
adopted to demonstrate the effectiveness and virtue the of
proposed fuzzy SMC scheme (see Fig. 1). The whole physical
system is given by
⎧
⎪⎪⎨

⎪⎪⎩

ẋ1(t) = x2(t)[
(M + m)

(
J + ml2

)− m2l2 cos2(x1)
]
ẋ2(t) = (M + m)

× mgx3(t) − m2lx2
2(t)x3(t) cos(x1) − ml cos(x1)u(t)

0 = l sin(x1) − x3(t)
(39)

where x1(t) ∈ [ − π/2, π/2] denotes the angle for the pendu-
lum, x2(t) represents the angular velocity, and x3(t) denotes
the relative horizontal distance. u(t) represents the control
input, g = 9.8 m/s2 indicates the acceleration of grav-
ity. l = 0.304 m represents the length of the pendulum.
m = 0.22 kg and M = 1.3282 kg represents the mass for pen-
dulum and the cart, respectively. J = ml2/3 denotes moment of
inertia.

It is assumed there are perturbed time delay terms in the
system along values of the scalar λ ∈ [0, 1]. By taking
the matched uncertainty and disturbance signal into account,
system (39) can be further represented by an uncertain time-
delay T–S fuzzy descriptor model, which is given by
⎧
⎨

⎩

Eẋ(t) =∑2
i=1 μi(x1(t))[λAix(t) + (1 − λ)Aix(t − d(t))

+ Bi(u(t) + fm(x(t), x(t − d(t)))) + Bwiw(t)
]

y(t) =∑2
i=1 μi(x1(t))[Cix(t) + Cdix(t − d(t)) + Dwiw(t)]

(40)

where

E =
⎡

⎣
1 0 0
0 1 0
0 0 0

⎤

⎦, A1 =
⎡

⎣
0 1 0
0 0 a123

a131 0 −1

⎤

⎦

A2 =
⎡

⎣
0 1 0
0 0 a223

a231 0 −1

⎤

⎦
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Fig. 2. Responses of system with small matched uncertainty under fuzzy
controller (43).

B1 = [
0 b12 0

]T
, B2 = [0 b22 0

]T

Dw1 = Dw2 = 0.1

Bw1 = Bw2 = 0.1 ∗ [1 1 1
]T

, a1 = (M + m)
(

J + ml2
)

− m2l2

C1 = C2 = Cd1 = Cd2 = 0.01 ∗ [1 0 1
]

w(t) = 0.9/
(

1 + t2
)

a2 = (M + m)
(

J + ml2
)

− m2l2 cos2 θ0

a123 = (M + m)mg/a1, a223 = (M + m)mg/a2

a231 = l sin θ0/θ0, b22 = −ml cos θ0/a2

b12 = −ml/a1, a131 = l

d(t) = 0.2 + 0.2 cos(1.5t), θ0 = π/3

fm(x(t), x(t − d(t))) = −mu sin (t)(x1(t) + x1(t − d(t))) with
mu denoting the amplitude of matched uncertainty.

The membership functions are given by

μ1(x1(t)) =
(

sin2(θ0) − sin2(x1(t))
)
/ sin2(θ0)

μ2(x1(t)) = 1 − μ1(x1(t)).

Remark 5: It is noted that the local control input matri-
ces of obtained fuzzy descriptor model are not the same.
Thus, the fuzzy SMC approaches developed in [36] and [37]
cannot be applicable in this situation. By contrast, ben-
efited from the novel fuzzy manifold (7), the developed
fuzzy SMC approach in this paper is not limited by this
restriction.

In this paper, we choose λ = 0.9, Z = −1.5, Y = 1.5,
X = 1.5, μ = 1.0, and γ = 0.5. By solving the conditions in
Theorem 2, and by (22), we obtain

K1 = [
5.6176 7.2192 42.8551

]

K2 = [
8.6762 10.22646 69.4804

]
.

Define

Tx =
(

m2l2 cos2(x1) − (M + m)(J + ml2)
)
/(ml cos(x1)).

Thus, the fuzzy manifold proposed in (7) is written as

Fig. 3. Responses of system with small matched uncertainty under fuzzy
SMC controller (42).

Fig. 4. Responses of system with big matched uncertainty under fuzzy
controller (43).

s(t) = x2(t) − x2(0)

−
∫ t

0

⎧
⎨

⎩
Gx

2∑

i=1

μi(x1(α))

2∑

j=1

μj(x1(α))

× (
Aix(α) + BiKjx(α) + Adix(α − d(α))

)

⎫
⎬

⎭
dα

(41)

with Gx = TxBT
x = [ 0 1 0

]

Moreover, the fuzzy SMC controller in (24) is given by

u(t) =
2∑

j=1

μj(x1(t))Kjx(t) − ρ(t)(GxBx)
−1 s(t)

‖s(t)‖ + ᾱ
(42)

where

ρ(t) = δ + mu‖GxBx‖‖x(t)‖ + mu‖GxBx‖‖x(t − d(t))‖
+ 0.9

∥
∥GxBw,x

∥
∥.

First, we make a comparison of the proposed SMC method-
ology with the conventional PDC-based fuzzy controller un(t),



This article has been accepted for inclusion in a future issue of this journal. Content is final as presented, with the exception of pagination.

WANG et al.: FUZZY-MODEL-BASED SMC OF NONLINEAR DESCRIPTOR SYSTEMS 9

Fig. 5. Responses of system with big matched uncertainty under fuzzy SMC
controller (42).

Fig. 6. System responses under adaptive SMC law (44).

which is formulated as

un(t) =
2∑

j=1

μj(x1(t))Kjx(t). (43)

Suppose the initial state x(0) ∈ [0.5236 0 l/2
]
, and the tun-

ing scalars δ = 0.4 and ᾱ = 0.01. First, we assume that the
matched uncertainty is small (mu = 3). In this case, the simu-
lation results under the controllers formulated in (43) and (42)
are depicted in Figs. 2 and 3, respectively. From the figures,
we can observe that both conventional fuzzy controller (43)
and fuzzy SMC controller (42) can tolerate the small matched
uncertainty. Second, we consider the case of the big matched
uncertainty (mu = 10). Figs. 4 and 5 illustrate the simula-
tion results for system (40) under controllers in (43) and (42),
respectively. We can see from Fig. 4 that, despite the huge
control efforts, the conventional fuzzy controller (43) cannot

Fig. 7. Estimated parameters κ̂1, κ̂2, and σ̂ .

stabilize the closed-loop fuzzy descriptor system (40) in the
presence of big matched uncertainty. While applying the fuzzy
SMC controller (42), the system can be stabilized successfully,
which verifies the advantage of the proposed control strategy.
The reason lies in that the discontinuous part of fuzzy SMC
law can drive the whole system toward a sliding motion that
the matched uncertainty is completely rejected. Moreover, ben-
efited from the introduction of the small scalar ᾱ into (42), the
chattering is very small during the period of response.

Finally, we shall further show the effectiveness of proposed
adaptive fuzzy SMC law in the presence of unknown upper
bounds of matched uncertainty and input saturation. In this
example, the adaptive SMC law (32) is given as

u(t) = −ρ(t)(GxBx)
−1 s(t)

‖s(t)‖ + ᾱ
(44)

where

ρ(t) = δ + νσ̂
(
κ̂1‖x(t)‖ + κ̂2‖x(t − d(t))‖)‖GxBx‖

+ νσ̂
(
0.9
∥
∥GxBw,x

∥
∥+ ‖GxBxKxx(t)‖).

It is assumed that the upper bounds of fm(x(t), x(t−d(t))) are
unknown and the input are constrained by |u(t)| ≤ 9N. Given
the design parameters p1 = p2 = 1.1, ν = 1.2, and the initial
set κ̂1(0) = κ̂2(0) = 1.0, and σ̂ (0) = 0.5, the simulation
results under adaptive fuzzy SMC controller (44) are pro-
vided in Figs. 6 and 7, which show that the designed adaptive
SMC controller can achieve asymptotic stability of the system
despite unknown upper bounds of matched uncertainty and
input saturation.

VI. CONCLUSION

In this paper, the fuzzy SMC design problem has been
addressed for a type of uncertain fuzzy-model-based nonlinear
descriptor systems with time-varying delay. A suitable integral
fuzzy switching manifold with time delay has been proposed
to adapt the system features. Criteria have been provided to
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ensure the asymptotic admissibility of sliding motion satisfy-
ing dissipative performance. A fuzzy SMC controller has been
constructed to assure reaching condition. A modified adap-
tive fuzzy SMC controller has also been developed to adapt
input saturation and matched uncertainty with unknown upper
bounds. The applicability and virtue of our theoretical findings
have been illustrated by numerical simulations for an inverted
pendulum system.
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