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Abstract
The Microflown is an acoustic sensor that measures particle velocity instead
of pressure, as conventional microphones do. This paper presents an
analytical model describing the physical processes that govern the behaviour
of the sensor and determine its sensitivity. Forced convection by an acoustic
wave causes a small, asymmetrical, perturbation to the temperature profile
around the two heated wires of the sensor, so that a temperature difference
between these wires occurs. This temperature difference, to which the
sensitivity is proportional, is calculated with a perturbation theory.
Subsequently the frequency-dependent behaviour of the sensitivity can be
analysed; it is found that there are two important corner frequencies, the first
related to the time constant of heat diffusion, and the second related to the
heat capacity of the heaters.

A thorough description has already been given for the realization of the
Microflown in a channel, i.e. with fixed walls acting as heat sinks near both
heaters. Here, an analytic and two-dimensional model is presented that
describes the situation of the present sensor without walls above and under
it. Contrary to the previous model, this analytic model allows easy
understanding of the sensor and is especially useful for engineering
purposes due to its relative simplicity. Especially for small wire separations,
the developed analysis appears to be in good agreement with experimental
results and the model therefore offers the possibility of optimizing the
sensor.

1. Introduction

The Microflown is an acoustic sensor based on a thermal
principle [1]. Since its invention in 1994 [2], it has mostly been
used for measurement purposes (1D and 3D-sound intensity
measurement [3–6], acoustic impedance [7, 8] and pressure
[9]). The Microflown is also used as an add-on microphone
for professional recording purposes [14]. This is because the
Microflown is, in contrast to pressure gradient microphones,
comparatively sensitive to low frequency sound waves. A
particle velocity sensor with a wide measurable frequency
spectrum can be obtained by a combination of a Microflown
and a so-called ‘pressure gradient’ microphone and has a
‘figure-of-eight’ polar pattern of sensitivity. The Microflown
is also used for measuring dc flows [10], and can be used as a

mass flow sensor [17–19]. Sound-energy determination with
this sensor is under investigation.

The Microflown consists of two closely spaced
(ca 100 µm) thin wires of silicon nitride, similar to [16],
with an electrically conducting platinum pattern on top of
them. Dimensions of the two wires are 1000 × 2 × 0.3 µm
(l × w × h). The metal pattern is used as a heater and
as a temperature sensor, by using its temperature-dependent
resistance. The silicon nitride layer is used as a mechanical
support for the platinum resistor patterns. The sensors are
powered by an electrical current, and heated to an operational
temperature between 200 ◦C and 500 ◦C.

When a particle velocity is present, the temperature
distribution around the resistors is asymmetrically altered, and
a temperature difference between the two wires occurs. In a
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Figure 1. Geometry of the sensor used in the analysis. Left: geometry used in the previous model [12]; right: geometry analysed in this
paper, without walls above and under the heaters.

first-order approximation, this temperature difference of the
two wires is proportional to the particle velocity, and since the
resistance of the heated wires increases with their temperature,
it can be electronically measured. Due to heat diffusion effects
in the fluid and the thermal mass of the wires, the thermal
response of the wires decreases with increasing frequencies.
The Microflown therefore exhibits a decrease in sensitivity
with increasing frequencies.

2. A physical model of the temperature distribution
around the Microflown

A detailed three-dimensional model of the device was
developed a few years ago [12]. In that model, a final
expression for the sensitivity was obtained by calculating
a multiple sum of a definite function. Though the sums
converge rather fast, the result is not very convenient for
engineers designing the Microflown for a specific application.
Significant progress achieved in the Microflown technology
since then offers the possibility of simplifying the model. First,
the wire width was reduced to 2 µm and its thickness became
100 nm for the platinum layer and 200 nm for the silicon
nitride support. These sizes are much smaller than all the
other dimensions. Therefore, in most cases one can consider
the wire as a one-dimensional object except for the situations in
which the width or thickness of the wire plays an essential role.
Second, the technology has allowed making the wires longer
so that a two-dimensional approach is a good approximation
for real devices. Third, in many cases the surrounding surfaces
are at a distance from the wires that is large compared to their
mutual distance, so that one can consider them as free standing.

Our aim here is to get a relatively simple explicit
expression for the sensor sensitivity, which has a sufficient
precision for, and is thus very useful for, engineering
applications. The model to be constructed is two-dimensional,
analytic and also permits a better understanding of the
behaviour of the sensor.

In this model, the Microflown consists of two infinitely
long heaters of width L and thickness h, separated by a distance
a, which is much larger than L or h. We will neglect the
transverse wire dimensions everywhere where it does not
bring any physical contradictions. For example, the heater
temperature will be diverging in the L → 0 limit. In this case
a simple way to take into account the finite wire width will

be proposed. The wire width and thickness are also important
when the effect of the thermal mass of the wire is considered.

A certain particle velocity with amplitude v is assumed
as the signal to be measured. Although it can be expected
that the wires slightly influence the velocity profile around
them, the measured velocity v near the wires is supposed to be
proportional to the particle velocity. It is a matter of convention
because generally the sensor has to be calibrated due to a more
significant influence of the package gain.

It should be stressed that the device is operating at
velocities very small in comparison with that typical for hot
wire anemometry. The Microflown is able to measure particle
velocities as small as 50 nm s−1 [23]. A sound pressure of
1 Pa (94 dB) corresponds to a velocity v = 2.2 mm s−1,
while anemometers lose their sensitivity at velocities of about
v ∼ 1 cm s−1 [15, 21, 24].

The signal of the sensor, that is the output voltage u0,
is proportional to the temperature difference �T between the
wires due to a particle velocity, according to [1, 12]

u0 = U0

2
θ�T (v), (1)

where U0 is the applied voltage over the sensor wires and
θ is the temperature coefficient of the resistance. Thus, an
expression for �T has to be found.

The heated wires cause a temperature distribution of
the air around them. This undisturbed temperature profile,
not yet influenced by an acoustical wave, is calculated first.
Subsequently, this profile is used as a starting point for the
calculation of the temperature difference of the heaters that
occurs when a flow is applied, by addition of a perturbation to
the original temperature profile.

In section 2.1, the stationary temperature distribution is
calculated, so that in section 2.2 the influence of an acoustic
wave can be analysed as a perturbation to this function, and in
section 2.3 the effect of the finite heat capacity of the sensors
on the frequency behaviour is taken into account.

2.1. The stationary situation

The temperature profile around the heaters in the two-wire
realization of the Microflown is adequately described in [12]
for the configuration of the channel with fixed walls in the
positive and negative y, z-directions (see figure 1). In this
paper, a configuration is assumed in which no walls in the y-
or z-direction are present, and a theory is developed to find an
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analytical expression for the temperature difference between
the wires and so for the sensitivity of the sensor.

The stationary heat transport equation for this geometry
reads

−∇(k∇T ) = Q, (2)

where k = k(T ) represents the heat conductivity of the
medium, and Q is the amount of heat generated per unit time
and volume. Suppose first that the heater is infinitely long
in the y-direction (ly much larger than all other dimensions)
and infinitely thin in the x- and z-directions. Since the total
power is P and the power per unit of length is P/ly for the
heat source one can write

Q = P

ly
δ(x)δ(z), (3)

where the δ-functions appear at the heater position. It was
shown in [12] that the heat flux through the beam ends
to the substrate is small compared to the total dissipated
power. Therefore, the parts of the heater at the ends where
a temperature gradient occurs are short compared to the
total wire length, and the temperature in the middle can be
considered to be constant over a relatively long distance.
The problem is thus reduced to a two-dimensional one and
therefore becomes simpler than the model based on the
expansion in harmonics of [12]. Additionally, we will assume
that k is independent of T. For high wire temperatures (400–
500 ◦C), this assumption is true with a precision of about
10%. This can be considered as an acceptable precision for
engineering purposes. In this case equation (2) is simplified
as (

∂2
x + ∂2

z

)
T = − P

lyk
δ(x)δ(z). (4)

The general solution of this equation is

T (r) = − P

2πkly
ln

r

r0
, r =

√
x2 + z2, (5)

where r0 is an arbitrary constant. We are looking for the
solution that is finite in the origin x = y = 0 and goes to zero at
infinity. Obviously (4) shows divergences in both these limits.
The divergence in the origin has a clear physical meaning; we
did not take into account the finite width of the wire. It can
be easily taken into consideration in the way described below.
The divergence at infinity reflects the two-dimensional nature
of the problem; there is no physical system that is exactly two
dimensional. At large distances, the logarithmic behaviour
should be changed due to the finite length of the wire. The
question is to what extent we can use solution (5) and what is
the value of r0.

The answer is that equation (5) describes the behaviour
of a real three-dimensional system with so-called logarithmic
precision. Let us first note that the arbitrary constant r0

has to be proportional to the only length scale ly (current
Microflowns have a wire length of 1500 µm). Then the
logarithmic precision means that our solution is true while∣∣∣∣ln

(
r

ly

)∣∣∣∣ � 1. (6)

We are interested in the temperature distribution on distances
of the order of 100 µm (separation between the wires),
therefore, the logarithmic precision is only 40%. This is not

too good. Fortunately there is a possibility of improving the
solution accuracy.

One can find the exact solution of the three-dimensional
problem with the geometry shown in figure 1 (right) and see
how it can be approximated by equation (5). The three-
dimensional problem with the cold walls at y = ±ly/2 can
be solved in a way similar to that described in [12]. We are
looking for a solution as an expansion in harmonics

T (x, y, z) =
∞∑

n=0

Tn(x, z) cos(2λny/ly),

λn = π

2
(2n + 1).

(7)

In this way, the boundary conditions on the walls will
be satisfied (for a physical discussion see [12]). For the
amplitudes Tn(x, z), we will find an equation similar to (4)
but with an additional term(

∂2
x + ∂2

z

)
Tn −

(
2λn

ly

)2

Tn = −2(−1)n

λn

P

lyk
δ(x)δ(z). (8)

It can be solved by making a two-dimensional Fourier
transform to find

Tn(r) = P

2πkly

2(−1)n

λn

K0

(
2λnr

ly

)
, (9)

where K0(x) is the modified Bessel function of the second
kind. It can be substituted in equation (7) to get the three-
dimensional temperature distribution. This distribution is
rather flat in the y-direction changing only near the walls [12].
In the limit r → 0 it behaves as

T (x, 0, z) = − P

2πkly

(
ln(r/ ly) − γ − 2 ln �(3/4) +

3

2
ln π

)
,

(10)

where γ = 0.577 is the Euler constant and �(x) is the gamma
function. The function (10) behaves exactly as the solution
of the two-dimensional problem (5) with the only difference
that the constant r0 has a definite value: r0/ly = 0.480.
Comparison of the temperature distributions given by the exact
solution of the three-dimensional problem (7) and (9), and that
given by equation (5) is presented in figure 2 by the solid and
dashed lines. One sees that the approximation is very good up
to r/ ly � 0.2. This distance range covers all practical needs.

This is the most important conclusion from the above
analysis because, as we will see later, for the calculation of
the Microflown sensitivity we have to know the gradient of
the stationary temperature distribution but not the temperature
itself. However, this gradient does not depend on the parameter
r0 at all.

We justified the use of the two-dimensional solution and
indicated the upper limit on the distance from the wire where
the two-dimensional approximation is still applicable. Now
let us discuss the divergence at r → 0. Due to this divergence,
equation (5) does not allow us to calculate the temperature
of the wire itself. This is since we neglected the wire width.
One can easily take into account the finite width of the wire
in the following way. We can distribute the point-like sources
in the x-direction on the wire in such a way that the boundary
condition is fulfilled: the temperature on the wire is constant. It
gives an integral equation for the source distribution function.
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Figure 2. The temperature distribution given by the exact solution
of the three-dimensional problem, equations (7) and (9) (solid line),
compared to the approximation of equation (5) (dashed line).

However, since the wire is narrow, there is a much simpler
approximate way. For a narrow wire, any distribution can
be changed for the averaged one over the wire width. This
approximation will be good while the temperature change on
the wire is small in comparison with the temperature itself.
For the wires as narrow as 2 µm, it is obviously the case. In
mathematical language, this physical picture can be formulated
as

T (x, z) = − P

2πkly

1

2L

∫ L

−L

ln

√
(x − x ′)2 + z2

r0
dx ′. (11)

At distances much larger than the wire width, |x|, |z| � L,
it coincides with (5), but on the wire itself it gives a finite
temperature

T (0, 0) = − P

2πkly
(ln(L/r0) − 1). (12)

The temperature distribution will be used as the basic one for
the following. The integral in (11) can be found explicitly
but it is not very informative since the point of interest is the
temperature gradient but not the temperature itself. So we
leave the integral in its original form for a while. During the
calculation of the above temperature profile, only one heater
was considered, see equation (4). Due to the linearity of the
heat equation the solution for T is a sum of two solutions,
one for a source at x = 0, and the other for a source at x = a.
The new solution for T is therefore not fundamentally different
from equation (4). It can be written, for example, in the form

Ttotal(x) = Tleft heater(x) + Tright heater(x),

where

Tright heater(x) = T (x − a) and Tleft heater(x) = T (x),

For two heaters at a mutual distance of 100 µm, a length
ly of 1.5 mm and a dissipated power of 10 mW, the
temperature profile is shown in figure 3. On the scale of
the figure, no difference can be distinguished between the
exact solution (equations (7) and (9)) and the two-dimensional
approximation.

T (K )    
      

600-  
     

550 - 

     
500 - 

     
450 -                            
     

   -100                     0                     100                200   x(µm)

Figure 3. Temperature distribution around the two sensors in a
stationary situation. The heaters are located at x = 0 and x =
100 µm, the dissipated power is approximately 10 mW.

2.2. Influence of an acoustic wave on the temperature profile

If the gas in the channel is moving, the temperature can be
found from the heat equation

ρcp(∂tT + v∇T ) − k∇2T = Q, (13)

where v is the gas velocity, ρ and cp are the density and
heat capacity of the gas, respectively, and Q is the heat power
density defined as before by equation (3). The convective term
v∇T is responsible for the differential signal from the device
that is the main concern of this paper.

The free convection is not significant in our case. Free
convection is important in situations where the Grashof
number Gr is larger than 1000 [25]1. The operating
temperatures of the Microflown are roughly 500 ◦C and its
characteristic length is about 200 µm so that Gr � 1 and the
effect of free convection is only small. Any finite heat loss
of the wires due to free convection and the related decrease in
the efficiency can thus be only relatively small compared to
the total power dissipation, and it can be assumed that the
influence on the temperature profile is insignificant. Moreover,
free convection will only cause stationary temperature
differences between the wires, which only contribute an
unimportant dc signal.

Let us consider two competing processes: the heat
diffusion defined by the heat diffusion coefficient D =
k/ρcp ≈ 1.9 × 10−5 m2 s−1 (air) and the forced convection
defined by the velocity magnitude v = 4.4 mm s−1 (it
corresponds to a very high acoustic pressure of 100 dB). Due
to the diffusion the time to travel for a particle from one wire
to the other is l2/D; due to the forced convection this time will
be l/v. Comparing these times yields

v

D/l
� 1, (14)

because the diffusion velocity D/l ≈ 0.2 m s−1 is large
in comparison with v. This means that the temperature
profile due to the heat conductivity is formed comparatively
fast; the contribution of the convection is small so that

1 The Grashof number is defined as

Gr = gβ�T l3

ν2
,

where g is the gravity acceleration, β is the gas thermal expansion coefficient,
ν is the kinematic viscosity, � T is the temperature change and l is a
characteristic length.
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the convective term in equation (13) can be treated as a
perturbation. Therefore, we can consider the temperature as
T + δT , where the first term is the temperature in still air that
was found in the previous section and δT is the temperature
correction caused by convection. For this correction one finds
from (13) the following equation:

∂tδT − D∇2δT = −v∂xT , (15)

where it is assumed explicitly that the gas is moving only in
the x-direction v = (v, 0, 0). First, we will consider the case
of one heater. Generalization to the case of two heaters is
straightforward since the equation is linear. On the right-hand
side we have to substitute the temperature distribution for the
stationary problem (11). It was already noted that the gradient
∂xT does not depend on the parameter r0. Equation (15) has to
be solved at the boundary condition δT → 0 at large distances
from the wires.

In acoustic applications we are interested in periodic
signals, therefore, we will consider the particle velocity in
the sound wave in the harmonic form v = v0 exp(i2πf t)

with a frequency f . The temperature correction is then
also harmonic in time δT = δT (x, z) exp(i2πf t) with the
amplitude δT (x, z) depending only on the coordinates. This
amplitude can be found from the equation

i2πf δT − D
(
∂2
x + ∂2

z

)
δT = −v0∂xT , (16)

with the boundary conditions δT → 0 at infinity.
An important comment has to be made at this point. The

temperature (11) is a symmetric function of x with respect to
the sensor position x = 0. Therefore, the temperature gradient
in (16) is an antisymmetric function. It means that the wire
temperature does not change due to the gas flow, in the first
order. This is not a problem for the Microflown because there
is the other wire at x = a that will feel the presence of the heat
flux from the first one. However, it seems to contradict the hot
wire anemometry. Actually there is no contradiction. If we
would calculate the second-order correction to the temperature
it would be defined by the term −v0∂xδT , which is symmetric
in x. Therefore, for small velocities, the wire temperature
changes as v2. We already stressed that at small gas velocities,
the anemometer loses its resolution [15, 21]. It works perfectly
well at large Reynolds numbers, Re � 1, when there is a thin
boundary layer around the wire. In that case the heat transfer
coefficient is proportional to

√
Re ∼ √

v [20]. However, the
Microflown operates in the range Re � 1, where the boundary
layer does not exist (formally it is larger than the device size).
For this condition, the heat transfer coefficient does not depend
on the velocity at all in a first-order approximation [22]. This
dependence appears only as Re2 ∼ v2 in full agreement with
our conclusion.

Equation (16) is solved using a Fourier transform over the
z coordinate

δT̄ (x, q) =
∫ ∞

−∞
δT (x, z) eiqz dz. (17)

The right-hand side of (16) is transformed accordingly,
using the stationary temperature distribution (5). For the x
dependence of the Fourier amplitude one finds the equation

δT̄
′′ − K2δT̄ = − v

D

P

2kly
sign(x) e−q|x|,

K =
√

q2 + i2πf/D.

(18)

T(K) 
T 0 

                                                               
                                                       
                    

0
                                    0                               x  

                                               a 
                          b      c 

(a)

(b)

    T(K) 
T 0 

               (1)                          (2) 

                          total 

                      0                 a               

 

       x

Figure 4. (a) The original, unperturbed, temperature profile of one
heater versus x (b), the perturbation δT (x) due to convection (a) and
the sum of both (c). (b) Temperature due to convection versus x for
two heaters at a mutual distance a, as a sum of two single
temperature functions.

Here a prime denotes a derivative of x and q should be
interpreted as the absolute value |q|. The solution of this
equation that is continuous at x = 0 together with the derivative
and decaying at infinity is

δT̄ (x, q) = −i
v

2πf

P

2kly
sign(x)(e−q|x| − e−K|x|). (19)

It is antisymmetric due to the presence of the sign function.
To find the z dependence of the temperature correction,

we have to make the inverse Fourier transform. It is not
possible to find it in an analytic form. However, it should
be realized that the only place of interest for δT (x, z) is at
z = 0, in which case the inverse transform can be found
analytically. If one heater (sensor) is at the position x = 0
and the other at x = a then the influence of the first one on
the second changes its temperature by δT (a, 0). However,
the second heater also influences the first one and due to the
antisymmetry its temperature changes by −δT (a, 0). The
device measures this differential temperature. As stated above,
the total function for the temperature T consists of two terms
of the form (10), e.g. Tleft heater and Tright heater, with one term
shifted over a distance a. The behaviour of T (x) as a sum of
two functions is illustrated by figures 4(a) and (b).

The temperature difference between the wires can be
expressed in the form

�T = 2δT (a, 0) = ei2πf 2v

D/a

P

2πkly

1

if̄
[1 −

√
if̄ K1(

√
if̄ )],

(20)
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where K1(x) is the modified Bessel function of the second
kind and the dimensionless frequency was introduced as

f̄ = f

fD

, fD = D

2πa2
. (21)

Of course, only the real part of �T has a physical
meaning. The frequency fD is called the thermal diffusion
frequency, which is a characteristic frequency characterizing
the frequency behaviour of �T . For large f̄ , the term with the
Bessel function decreases exponentially, and the amplitude of
�T decreases as 1/f̄ . For small f̄ , i.e. f̄ � 1 or f � fD ,
the behaviour of the Bessel function is

√
if̄ K1(

√
if̄ ) = 1 +

if̄

2

(
ln

√
if̄

2
+ γ − 1

2

)
, (22)

and again we are confronted with a divergence problem: �T

diverges logarithmically in the zero frequency limit. The
problem is again connected with the two-dimensional nature
of our model. Let us stress that the reason for this divergence
is not connected with the finite wire width, which can be safely
kept zero; the problem appears due to the small q range (large
distances). To avoid the problem, we once again have to return
to the real three-dimensional world. As one can see from
the expansion (7), there is a smallest wave number along the
y direction which is q0 = π/ly . The larger values of n in
(7) are not important because they are integrated out in two
dimensions but the first one is of principal importance. It is
easy to see that to take q0 into account one has to change q and
K (18) into

q →
√

q2
0 + q2, K →

√
q2

0 + q2 + i2πf/D. (23)

Then the final expression for the temperature difference can
be written as

�T = 2δT (a, 0) = ei2πf 2v

D/a

P

2πkly

1

if̄

× [
αK1(α) −

√
α2 + if̄ K1

(√
α2 + if̄

)]
, (24)

α = π
a

ly
.

This expression is finite at zero frequency. For small α, the
Bessel functions in equation (24) can be expanded in α, and
the limit for f → 0 can be calculated. The difference between
the wire temperatures in this case is

�T (f = 0) = ei2πf 2v

D/a

P

4πkly
(ln(πa/2ly) + γ ), (25)

where γ = 0.577 is the Euler constant. It defines the
Microflown sensitivity to a constant gas flow. Equation (25)
has to be used carefully in applications since it is actually of
logarithmic precision and therefore it cannot be very precise.
Further, it works only at very low frequencies, which are not
too interesting for acoustical applications. Really, as follows
from (24), the limit of (25) is true for frequencies

f <
πD

4l2
y

,

which is about 7 Hz for the current Microflown dimensions.
In the opposite limit we can use equation (20) that is

not restricted by the logarithmic precision. Therefore, for the
acoustic application formula (20) should work well.

2.3. The effect of the heat capacity of the sensors

The next step in the approach is to take into consideration
the heat capacity of the sensors. The effect of this heat
capacity becomes important for increasing frequencies. In
equation (13), an additional term appears with respect to this
effect, so

(ρcp)air(∂tT + v · ∇T ) + Lh(ρcp)sensor(δ(x)

+ δ(x + a))δ(z)∂tT − ∇(k∇T ) = Q. (26)

Here h is the thickness of the wire, ρ represents the density and
cp is the heat capacity of the fluid (the air) or the sensor. The
sensor consists of a layer of silicon nitride of about 200 nm
thickness, and a platinum (or chromium/platinum) wire of
ca 100 nm on it. The products ρcp of both materials are
also of the same order of magnitude: (ρcp)Pt ≈ 2.85 ×
106 J m−3 K−1; (ρcp)SiNi ≈ 1.66×106 J m−3 K−1. This means
that in order to calculate the specific value of h(ρcp)sensor in the
equation, one should take the sum of both products hPt(ρcp)Pt

and hSiNi(ρcp)SiNi. For air the similar product is three orders
of magnitude smaller (ρcp)air ≈ 1.3 × 103 J m−3 K−1.

If, again, a small perturbation δT is added to this equation,
the same approach as to equation (13) leads to

∂tδT − D∇2δT = −v∂xT

− Lh
(ρcp)sensor

(ρcp)air
(δ(x) + δ(x − a))δ(z)∂t δT , (27)

if the two beams of the two-sensor Microflown are at x = 0 and
x = a. After the Fourier transform from δT (x, z) to δT̄ (x, q),
this can be written as

δT̄
′′
(x, q) − K2δT̄ (x, q) = v

D
∂xT̄ (x, q)

+ i
f

fhc

[δT (0, 0)δ(x) + δT (a, 0)δ(x − a)]. (28)

Note that the coefficients near the δ-functions are not the
Fourier amplitudes but the original temperature corrections
at the wire positions. The second corner frequency fhc has
been introduced in (28) as

fhc = D

2πLh

(ρcp)air

(ρcp)sensor
≈ 3000 Hz. (29)

It is the corner frequency of a first-order low pass filter with
which the function �T (f ) will be seen to be multiplied when
taking the heat capacity into account. The numerical value
is given for the room temperature. However, one has to
remember that the device operates at quite high temperature
and the change of the air density around the wire cannot be
neglected. The frequency fhc will be scaled with temperature
as the ratio of the room and wire temperatures Tr/Tw.

Equation (28) can be solved in the following way.
Consider first one wire located at x = 0 (no term with δ(x −a)

in (28)). The contribution from the other wire can be added
later just shifting the wire position to x = a. The term with the
δ-function on the right-hand side changes boundary conditions
at x = 0: instead of continuity of the function and its derivative,
the δ-function demands a finite discontinuity of the derivative

δT̄
′|+ − δT̄

′|− = i
f

fhc

δT (0, 0) ≡ C. (30)
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The derivative jump C is an unknown constant. One can find
the solution of equation (28) expressed via this constant. It is
given by the same function (19) plus an additional term:

δT̄ (x, q) = −i
v

2πf

P

2kly
sign(x)(e−q|x| − e−K|x|) +

C

2K
e−K|x|.

(31)

The inverse Fourier transform of this expression at z = 0 can
be found explicitly

δT (x, 0) = vx

D

P

2πkly

1

if̄ x

× [
1 −

√
if̄ xK1

(√
if̄ x

)]
+

C

2π
K0

(√
if̄ x

)
, (32)

f̄ x = 2πf x2

D
,

where the x-dependent dimensionless frequency fx has been
introduced. It is interesting to note that the δ-term gives a
change of the temperature of the wire itself due to the finite
heat capacity, so that δT (0, 0) is no longer zero. Of course,
direct application of equation (32) gives an infinite value for
δT (0, 0), but we already know how to deal with it: one has
to average first the temperature correction over the wire width
and then put x = 0. This procedure is equivalent to the change

f̄ x(x → 0) → f̄ L = 2πf L2/D.

To find the unknown constant C and the similar one C ′ for
the jump on the other wire, we have to find the temperature
correction produced by both wires δT (x, 0) + δT (x − a, 0)

and put in it, one by one, x = 0 and x = a. In the first case
the correction will be proportional to C, and in the second
case to C ′. In this way we will get two linear equations for the
unknown constants. The final result for the difference between
wire temperatures will be

�T = ei2πf 2v

D/a

P

2πkly

1

if̄ a

× 1 −
√

if̄ aK1
(√

if̄ a

)
1 − i f

fhc

[
K0

(√
if̄ L

) − K0
(√

if̄ a

)] . (33)

This is the final analytical expression that is proportional to
the Microflown sensitivity. The dimensionless frequencies
f̄ a, f̄ L are defined as f̄ x in (32) for x = a and x = L,
respectively. Equation (33) differs from (20) only by the
dominator, which takes into account the finite heat capacity
of the sensors. For small frequencies f � fhc (33) coincides
with (20) but at higher frequencies it leads to an additional
suppression of the sensitivity.

3. Evaluation of the model

The expression for �T (equation (33)), that also takes into
account the finite heat capacity of the wires, is only slightly
different from the antisymmetric function of equation (20).
The deviance from pure antisymmetry of the final expression
equation (33) is generally only small.

To visualize the temperature of the fluid around the
sensors, both the unperturbed and the altered temperature are
plotted in figure 4 as a function of x. Note that, due to the fact
that the temperature correction is (almost) an antisymmetric
function in x, the correction to the temperature at the heater

T(f)/∆∆ T(0) 
   100 

   10-1 

   10-2 

   10-3 

10 100 1k 10k

First order 
approximation

10dB

Exact 
solution

f (Hz)

Figure 5. Comparison of the output signal, proportional to �T , as
calculated from equation (20) to the corresponding first-order
function. In equation (20), a = 300 µm, D = 7.7 × 10−5 m2 s−1 at
T = 600 K due to the temperature dependence of D.

itself is in a first-order approximation zero. Because of this
asymmetry, the averaged value over the width of the heater
around x = 0 is 0; the used perturbation theory predicts no
change in the temperature at the heater due to flow when there
is only one wire.

It is seen that in the situation of two wires (figure 4(b))
the temperatures of both heaters do change due to the flow;
the asymmetry of the function yields a temperature difference
between the heaters.

The behaviour of expression (20) for the temperature
difference between the wires bears a resemblance to that of
a first-order (low pass filter) function. For frequencies small
compared to the thermal diffusion frequency fD , the function
is constant (independent of f ), for frequencies much higher
than this frequency the function is inversely proportional to
f ; see figure 5. The thermal frequency is an important scale
factor in the expression for �T , although it does not equal
the corner frequency of a corresponding first-order system.
For the interpretation of experimentally obtained sensitivity
curves, it is useful to fit these curves in an optimization
procedure. One approximates then the function (20) by a
first-order function H(f ) for which |H(f )| = �T (0)√

1+(f/fd )2
,

with corner frequency fd and a magnitude �T (0) at f = 0.
Frequency fd differs only by a scale factor from fD : in defining
the dimensionless frequency fD = D/2πa2, only D and a2

are of real importance, the scale factor in front can be chosen
arbitrarily. The theoretical value of �T (0), i.e. the sensitivity
for ‘steady’ flow (f = 0) was calculated as in expression (25).
In principle, this function can easily be optimized for a to
find the optimum mutual wire distance. However, it should
be realized that (25) was obtained from an expansion of the
Bessel functions in α (α = aπ/lz), only valid for small α.
Differentiating with respect to a and setting equal to zero gives

aopt = 2ly

π
e−(1+γ ) ≈ 0.13ly . (34)

Since this value for a implies that α is almost out of the
allowed range, equation (34) can be used only as a crude
approximation.

If next the heat capacity of the wires is also taken into
account, the total frequency response can be approximated by

|�T | = �T (0)
1√

1 + f 2
/
f 2

hc

1√
1 + f 2

/
f 2

d

, (35)
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Figure 6. (a) Magnitude of the experimentally determined sensitivity of a Microflown with a = 50 µm, l = 1 mm, L = 2 µm and P =
12 mW (dots), compared to the calculated curve according to equation (33) (line). (b) Phase of the experimentally determined sensitivity of
a Microflown with a = 50 µm, l = 1 mm, L = 2 µm and P = 12 mW (dots), compared to the calculated curve according to equation (33)
(line). (c) Magnitude of the experimentally determined sensitivity of a Microflown with a = 150 µm, l = 1 mm, L = 2 µm and P = 12 mW
(dots), compared to the calculated curve according to equation (33) (line). (d) Phase of the experimentally determined sensitivity of a
Microflown with a = 150 µm, l = 1 mm, L = 2 µm and P = 12 mW (dots), compared to the calculated curve according to equation (33)
(line).

where fhc is the heat capacity corner frequency. This
expression is useful when comparing experimentally obtained
sensitivity curves to theory. With the determination of
�T (0), fD and fhc by fitting the measured sensitivity
functions of the sensors, the sensors can thus be well
characterized for typical operation conditions.

4. Comparison to experimental results

For an experimental investigation of the sensitivity of various
sensors, Microflowns of varying mutual wire distance a, width
L and length ly were designed. Having designed first the
different masks for the required wafers, we started the process
with the deposition of a 200 nm thick layer of silicon nitride
on which an adhesion layer of 10 nm chromium and a 90 nm
thick platinum layer was deposited by sputtering. Then it
was patterned by lift off. Subsequently the silicon nitride was
etched by reactive ion etching (RIE) followed by anisotropic
etching in KOH to etch the beams free. This underetching was
achieved by a slight misalignment of the mask (see also [1]).

The measurements of the Microflowns were performed
in a ‘standing wave tube’. This is a long tube with a sound
source generating a broad frequency spectrum at one side, and
a reflecting cross section with a reference microphone in it
at the other side. In the tube standing wave patterns occur.

Somewhere along this standing wave tube a Microflown is
placed, so that from the ratio between the signals of the
reference microphone and the Microflown the sensitivity of
the latter can be deduced [1, 8, 11]. For frequencies above
4 kHz, up to about 20 kHz, both sensors have to be utilized in
an anechoic room, since the standing wave tube can no longer
be used for frequencies higher than, depending on its precise
geometry, a few kHz. In these experiments the sensitivity was
measured as a function of frequency for frequencies in the
spectrum of 0 < f < 4.0 × 103 Hz.

For an investigation of the mutual variance in sensitivity
of sensors of the same geometry, and the errors due to the
measurement set-up, first several sensors of exactly the same
geometry were successively measured. From these results
it could be concluded that the compound reproducibility of
measurements and fabrication technology was better than 2%.

The parameters to be varied in the experiments were
chosen to be the following dimensions of the sensor: the
width L, the mutual wire distance a and the wire length ly .
The dimensions were varied independently.

Comparing Microflowns with wire lengths of 0.5; 1.0; 1.5
and 3.0 mm showed that ly is not of significant influence on the
sensitivity, which is in accordance with what is theoretically
expected.

Next, the influence of the mutual wire distance a on the
low frequency sensitivity and the characteristic frequency fd
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Figure 7. Magnitude of the low frequency sensitivity (determined
from the output signal at ca 10 Hz), as a function of mutual wire
distance a. Dissipated power P = 16 mW, ly = 1 mm. The
calculated value of S(0) according to equation (25), valid for small
a, is shown by the dotted line.

was investigated. Therefore, different sensors, with a varying
from 30, 60, 90, . . . to 700 µm have been measured in the
standing wave tube. From the ratio of the output signal and the
sensitivity of the reference microphone, the sensitivity curves
were obtained. These were compared to the model calculations
of the sensitivity for the concerned parameter values,
equation (33). Two representative results for both magnitude
and phase of the sensitivity, for wire separations a = 50 µm
and a = 150 µm, are shown in figure 6. The theoretical curves
are depicted by the lines; these are obtained from the explicit
calculation of expressions (33) and (1).

The temperature coefficient of the resistance, θ ,
(equation (1)), was measured to be 3.0 × 10−3 K−1. The
applied voltage by the source was U0 = 10 V. For each
geometry, the output signal u0 as a function of frequency, and
fd and fhc were calculated. It is seen that the experimentally
obtained points and the calculated curves correspond rather
well, without any fitting parameters.

The measured output voltage functions of all sensors were
approximated by the product of two ‘first-order’ functions,
equation (35) to find �T (0), fd and fhc. In figure 7, the
low frequency sensitivity S(0), the output voltage per m s−1, is
plotted as a function of a. For comparison, the calculated value
according to equations (25) and (1) is also depicted. As stated
before, the deduced expression (25) is only an approximation,
and only valid for πa/ly small. However, the calculated
optimum aopt = 130 µm is in satisfactory correspondence
with the experimental results.

The wire width L and separation a of the various sensors
were independently varied. From the approximations of the
measured sensitivity functions, the two corner frequencies
could thus be obtained. A very precise determination of the
first characteristic frequency fd becomes difficult for small a
(so that fd becomes large, above ca 5 kHz), since the other
corner frequency fhc ≈ 3 kHz (for L = 2 µm) then dominates
the sensitivity function. For fd and fhc of about the same
magnitude, both values cannot very well be discriminated.
The heat capacity corner frequency is inversely proportional
to the thermal mass of the sensor (equation (29)), that is
fhc ∼ L−1. The experimentally obtained corner frequencies
fhc are shown in figure 8 as a function of the inverse of the
wire width, together with the theoretical proportionality. The

0.2 0.4 0.6 0.8 1 
0 

1000 

2000 

3000 

4000 

5000 

6000 

1/L (µm-1) 

fhc (Hz)  

Figure 8. The corner frequency fhc due to the heat capacity, as a
function of the inverse of the wire width, L−1. The line shows the
calculated value for a 200 nm thick silicon nitride beam with a
100 nm thick platinum layer of 1 mm length.
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Figure 9. Characteristic frequency fd of the fitted sensitivity
curves, as a function of the distance between the sensing wires,
plotted logarithmically. The line shows the theoretical dependence
fd ∝ a−2.

theoretical line is calculated for the used material parameters
and dimensions of the sensor wire. For L = 2 µm, a value
of fhc ≈ 3.6 kHz was found, which is not too far from
the calculated value fhc ≈ 3 kHz (equation (29)) for this
geometry.

Next, in figure 9 the corner frequencies fd are depicted.
As can be expected from equation (21), fd should be
proportional to a−2, whose line is also shown. Due to the
difficulty in distinguishing two separate, different, first-order
functions the errors in fhc and fd can be relatively large for
some fits. The correspondence between theory and experiment
seems nevertheless sufficient, for both corner frequencies.

5. Conclusions and future research

For a reliable description of the behaviour of the Microflown,
and to deduce an expression for the sensitivity of the flow
sensor as a function of frequency, geometrical and material
parameters, an analytical model was developed. This was done
by a calculation of the temperature distribution around the two
heated wires and the perturbation due to the forced convection
by an acoustic wave. It was seen that the wires’ resulting
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temperature difference can be calculated using perturbation
theory. The frequency-dependent behaviour of the output
signal was thus analysed. In the sensitivity function, two
important characteristic frequencies are found. The shape of
the function is mainly determined by the first characteristic
frequency; the ‘thermal frequency’. It is proportional to the
quotient D/a2, with D being the heat diffusion coefficient
of the fluid (generally the air) and a being the mutual
distance between the wires. The dependence of the first
characteristic frequency on a, namely fd ∼ a−2, has been
verified in experiments. The experimentally obtained values
of this characteristic frequency are found to be in satisfactory
correspondence to the model.

Second, the heat capacity of the heaters causes
an additional ‘first-order’ frequency dependence. The
corresponding corner frequency depends on D, the geometry
of the heated wires and of course on the thermal masses of the
sensor material and the fluid.

For the heaters used in the experiment, the theoretical
value of this corner frequency can be calculated as fhc =
3 kHz for L = 2 µm. Both the experimentally found magnitude
and the dependence on the wire width of the corner frequency
fhc are in acceptable agreement with the theory.

Another very important parameter of the sensitivity
function is its magnitude for steady (‘dc’) flows, S(0). From
the developed theory this value can be calculated explicitly,
although the deduced expression is an approximation and valid
only for small a. The dependence of S(0) on a and also the
thus calculated optimum aopt are experimentally confirmed.

Concluding, all characteristic parameters of the
frequency-dependent sensitivity of the Microflown, found
in measurements, correspond both qualitatively and
quantitatively well to the model; the developed analysis was
confirmed by experimental results and provides a reliable
description. In future work, this model can be used as a
starting point for further optimization of the sensor, with
regard to frequency range and signal-to-noise ratio for specific
applications. Besides, the theory appears to be applicable
even for other geometries, such as three-wire configurations.
These future devices, with improved dimensions, have to be
investigated both theoretically and experimentally.
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