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This paper proposes an event-triggered control for multi-agent systems in which all agents have an identical linear dynamic
mode. The asynchronous event-triggered control algorithms are proposed based on the triggering time sequences of all
agents. The main contribution of this paper is to extend the event-triggered control method to investigate general linear
multi-agent systems. First, by applying variable substitution method, we give the asynchronous triggering conditions. Based
on the conditions, the consensus can be achieved both under fixed and switching topologies. Meanwhile, all the proposed
event-triggered algorithms can exclude Zeno behaviours of the closed-loop systems. Then, the asynchronous results are
applied to cope with formation control problem. Finally, numerical simulations are presented to illustrate the effectiveness
of the part event-triggered protocol designs.
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1. Introduction

Distributed coordination of multi-agent systems has re-
ceived significant attention in recent years. This is partly due
to the broad applications of multi-agent systems including
consensus, formation, flocking (see Lafferriere, Williams,
Caughman, & Veerman, 2005; Ren & Beard, 2008; Olfati-
Saber & Murray, 2004; Tanner, Jadbabaie, & Pappas, 2007;
Xiao, Wang, Chen, & Gao, 2009 and references therein).
Many researchers have focused on the consensus problem
and got substantial results. Most of the early results con-
centrated upon the algorithms taking the form of first-order
dynamics (Ren & Beard, 2005; Sun, Wang, and Xie, 2008).
Extensions of consensus algorithms to second-order sys-
tems, linear systems and heterogeneous systems are inves-
tigated in Xie and Wang (2007), Zheng and Wang (2012),
Wang, Cheng, and Hu (2008), and Tuna (2008).

Linear multi-agent systems have attracted considerable
attention in the past few years. In Wang et al. (2008), the
authors consider the consensus problem for linear multi-
agent systems, in which all agents have an identical mode.
If the linear dynamic mode is completely controllable,
the consensus problem can be solved based on the neigh-
bouring information. In Scardovi and Sepulchre (2009),
the synchronisation of a group of identical linear systems
has been investigated. The constructed dynamic output
feedback coupling ensures that the solutions exponentially
synchronise to a solution of the decoupled open-loop
system under some assumptions. In Tuna (2008), linear
feedback law based on algebraic Riccati equation has been

∗
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shown and the synchronisation of the closed-loop linear
multi-agent systems can be obtained if the graph topology
has a spanning tree. Consensusability of linear time-
invariant multi-agent systems has been studied in Ma and
Zhang (2010). Some necessary and sufficient conditions
on consensusability are given under some mild conditions.
In Guan et al. (2013), the decentralised stabilisability
for linear multi-agent systems under fixed and switching
topologies is studied. The authors give sufficient and
necessary conditions on stabilisability for fixed topology.

Event-triggered control seems to be a very useful
method to deal with the consensus problems of multi-agent
systems. Many research studies have been carried out on
this topic. In Tabuada (2007), a simple event-triggered con-
troller based on a feedback mechanism is investigated, and
the controller can relax traditional periodic execution re-
quirements. Recently, Heemels, Johansson, and Tabuada
(2012) provide an introductory overview on part work in the
event-triggered control and self-triggered control. An event-
triggered implementation of the consensus protocol for
multi-agent systems is considered in Dimarogonas, Fraz-
zoli, and Johansson (2012). The authors present centralised
and distributed event-triggered cooperative control such
that all agents are asymptotically stabilised to their initial
average. In Seyboth, Dimarogonas, and Johansson (2013), a
novel event-triggered control strategy for distributed multi-
agent coordination is proposed. The novel event-triggered
scheduling strategy bounds each agent’s measurement error
by a constant or a time-dependent threshold. In Chen and
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Hao (2012), both event-triggered control and self-triggered
control for multi-agent systems are investigated. The au-
thors give a sufficient condition described by an LMI to
determine the parameter matrices in the event condition,
which can render the system to average consensus. How-
ever, a drawback of the existing event-triggered controllers
with state-dependent thresholds is that each agent requires
to be triggered at the neighbours’ event time. In order to
remove the drawback, the authors propose a combinational
measurement approach to design events and give a new
event-triggered algorithm where continuous measuring of
the neighbour states has been avoided in Fan, Feng, Wang,
and Song (2013). An average consensus problem based on
event-triggered control algorithms for multi-agent systems
over fixed and switching topologies is considered in Meng
and Chen (2013). The authors introduce a new Lyapunov
function, and the derivative of the Lyapunov function is
made negative by choosing appropriate event conditions. In
Xiao, Meng, and Chen (2012), a scheme of sampled con-
trol triggered by edge events for distributed state consensus
is set-up in order to reduce the communication cost. As
intriguing topics, edge events are first proposed for multi-
agent systems.

With this background, we consider asynchronous event-
triggered strategy for linear multi-agent systems on undi-
rected and connected graphs. The synchronous strategy,
also named centralised approach in Dimarogonas et al.
(2012), is useful but conservative. In this strategy, all agents
have to be aware of the global information when enforcing
the triggering condition. In order to cope with the drawback
of synchronous strategy, we advance asynchronous strat-
egy for linear multi-agent systems over fixed and switching
topologies. The main difference between this work and pre-
vious works (Dimarogonas et al., 2012; Fan et al., 2013;
Meng & Chen, 2013; Seyboth et al., 2013), which also is
the major contribution of this work is as follows. The au-
thors consider first-order or second-order multi-agent sys-
tems in Dimarogonas et al. (2012), Seyboth et al. (2013),
Fan et al. (2013), and Meng and Chen (2013). We consider
more general case, where the dynamic of each agent is an
nth-order linear system. The increase of the order will bring
new features and difficulties when studying the consensus
problem.

In the applications of linear multi-agent systems in
many areas including unmanned air vehicles, autonomous
underwater vehicles, attitude alignment of clusters of satel-
lites, the implementation of the controller is realised on
a digital platform (Olfati-Saber & Murray, 2004; Ren &
Beard, 2008). Specifically, each agent is equipped with an
embedded microprocessor, which collects information from
neighbouring agents and coordinates the controller updates
in a discrete-time manner. In any computer-controlled sys-
tem, energy consumption is correlated with the rate at which
microprocessors are computing control inputs and actuator
signals are being updated. The conventional time-triggered

control is costly and might lead to inefficient implementa-
tion. More importantly, actuator updates periodically is of-
ten unnecessary (Dimarogonas et al., 2012; Heemels et al.,
2012). Event-triggered control may be better alternative in
order to reduce the number of the actuator updates and
hence reduce waste of communication resources. Mean-
while, when the limited resources of embedded processors
are considered, an event-triggered control approach also
seems more favourable for the application. We prove that
the event-triggered control can be applied to deal with the
formation problem. The previous works, such as Dimarog-
onas et al. (2012), Seyboth et al. (2013), Fan et al. (2013),
and Meng and Chen (2013), do not involve the application
of the event-triggered control. The theoretical results are
illustrated through simulations.

The paper is organised as follows. In Section 2, some
basic concepts and preliminaries are introduced. The asyn-
chronous event-triggered controllers are considered to solve
the consensus problem in Section 3. In Section 4, the re-
sults are applied to solve the formation control problem.
The simulation results are presented to show the effective-
ness of our results in Section 5. Section 6 offers a summary
of the results of this paper and its possible extensions.

Notation: The following notations will be used
throughout this paper. R and C denote the set of real
numbers and complex numbers, respectively. R

m×n de-
notes the set of m × n dimensional real matrices. In and
diag{a1, . . . , an} represent the n × n identity and diago-
nal matrices, respectively. Let 1n denote the all-1 vector
with dimension n. Matrix P > 0(≥ 0,< 0,≤ 0) means P

is positive definite(positive semi-definite, negative definite,
or negative semi-definite). For a given vector or matrix Q,
QT denotes its transpose. ⊗ denotes the Kronecker prod-
uct. | · | denotes the Euclidean norm both for vectors and
matrices.

2. Preliminaries and problem statement

2.1 Graph preliminaries

In this section, some useful concepts about algebraic graph
theory are briefly reviewed, since algebraic graph theory is
a useful tool to solve the coordination problems of multi-
agent systems. A weighted undirected graph is denoted by
G = (V,E,A), where V = {1, 2, . . . , N} represents the
index set of N agents with i representing the ith agent
and E ⊆ V × V represents the edge set of paired agents;
A = [aij ] ∈ R

n×n is the weighted adjacency matrix, with
the property that (i, j ) ∈ E if and only if aij > 0. Note
that for an undirected graph G, the corresponding adja-
cency matrix A is symmetric. The existence of an edge
(i, j ), i 	= j means that there exists an available informa-
tion channel connecting agent i with agent j . In this pa-
per, we assume that there are no self-loops, i.e. eii /∈ E

for any i ∈ V . The set of neighbours of agent i is denoted
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by Ni = {j ∈ V |(j, i) ∈ E}. Each agent is assigned a sub-
set Ni ⊂ {1, 2, . . . , N} of the other agents, called agent i’s
neighbour set, which includes the agents with which it can
communicate. The degree matrix of graph G is represented
by D = diag{d1, d2, . . . , dN }, where di = �N

j=1aij is the
degree of agent i. Correspondingly, the Laplacian matrix
of G is defined as L = D − A. A path from agent i to
agent j is a sequence of distinct agents, such that each pair
of consecutive agents is adjacent. The graph is said to be
connected if there exists a path between any two distinct
agents.

2.2 Problem statement

The multi-agent system studied in this technical note con-
sists of N agents, labelled 1 through N , and they follow the
linear dynamics, described by

ẋi(t) = Axi(t) + Bui(t), i = 1, 2, . . . , N, (1)

where the state xi(t) ∈ R
n denotes the state of agent i and

ui(t) ∈ R
n its control input or protocol. Matrices A ∈ R

n×n

and B ∈ R
n×m are constant matrices.

Assumption 2.1:

rank(AB) = rank(A). (2)

Remark 1: Assumption 2.1 is not a very strong restriction
on the system, because the first-order multi-agent systems
and second-order multi-agent systems can be regarded as
special cases of system (1) under the assumption. Also, it
is a weaker condition since we can easily get (2) if B = In.
If A = 0 and B = In, the dynamics of the ith agent are
described as follows:

ẋi(t) = ui(t), i = 1, 2, . . . , N,

which are first-order multi-agent systems studied in Ren and
Beard (2005) and Sun et al. (2008). Note that the second-
order multi-agent systems which also have been investi-
gated in many early works such as Xie and Wang (2007)
and so on can be written as follows:

ζ̇i(t) =
(

0 1
0 0

)
ζi(t) +

(
0
1

)
ui(t),

where ζi(t) = [xT
i (t), vT

i (t)]T . Furthermore, we consider
the generalised second-order multi-agent systems, which
are described as

ẋi(t) = Avehxi(t) + Bvehui(t), i = 1, 2, . . . , N, xi ∈ R
2n,

where

Aevh =
((

0 1
0 a1

22

)
, . . . ,

(
0 1
0 an

22

))
, Bevh = In ⊗

(
0
1

)

The model has been studied in Lafferriere et al. (2005)
and Ma and Zhang (2012). As special cases of system (1),
it can be concluded that all the three typical multi-agent
systems satisfy Assumption 2.1.

Consider the above N agents, the communication rela-
tionships among them are described by a graph G. First of
all, an assumption of the communication graph is given.

Assumption 2.2: The communication graph G is undi-
rected and connected.

Now we introduce the event-triggered control scheme.
The agent i monitors its own state xi(t) continuously and
decides when to broadcast its current state over the network
based on the neighbour’s information. The latest broadcast
state of agent i is given by

x̂i(t) = xi(t
i
k), t ∈ [t ik, t

i
k+1), (3)

where t i0, t
i
1, . . . is the triggering time sequence of agent i.

In this work, agent i uses its last broadcast value x̂i(t) and
the neighbours’ last broadcast value x̂j (t), j ∈ Ni .

Now, we present the following protocol:

ui(t) = −K
∑
j∈Ni

aij (x̂i(t) − x̂j (t)), (4)

where K ∈ R
m×n is a parameter matrix being designed. Let

x(t) denote the concatenations of vectors x1(t), . . . , xN (t).
The protocol can be written in stack vector form

u(t) = −(L ⊗ K)x̂(t). (5)

Then the closed-loop system of (1) with the protocol (4)
can be written in matrix form as

ẋ(t) = (IN ⊗ A)x(t) − (L ⊗ BK)x̂(t). (6)

For each i ∈ V and t ≥ 0, the state measurement error is
defined by

ei(t) = x̂i(t) − xi(t). (7)

Denote the vector e(t) = [eT
1 (t), eT

2 (t), . . . , eT
N (t)]T , and the

closed-loop system is then given by

ẋ(t) = (IN ⊗ A − L ⊗ BK)x(t) − (L ⊗ BK)e(t). (8)

Remark 2: Under Assumption 2.2, the corresponding
Laplacian matrix L is symmetric and positive semi-definite;
hence, the eigenvalues of the matrix L are real and can be
labelled as

0 = λ1 < λ2 ≤ . . . ≤ λN.
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1246 Z. Zhang et al.

This is a general assumption made in the early papers and
works.

3. Asynchronous updates

3.1 Fixed topology

In order to reduce the communication between neighbour-
ing agents and the number of control updates, we give
an asynchronous updates result. First, the multi-agent net-
works with fixed topology are considered.

The event triggering condition for agent i has the fol-
lowing form:

|ei(t)| = κi |zi(t)|, i = 1, 2, . . . , N, (9)

where κi > 0 will be determined later, zi = ∑N
j=1 aij (xi −

xj ).
Let

yi(t) � e−A(t−t0)xi(t), wi(t) � e−A(t−t0)ei(t), (10)

and then

ẏi(t) = −Ae−A(t−t0)xi(t) + e−A(t−t0)Axi(t)

−e−A(t−t0)BK

N∑
j=1

aij (xi − xj + ei − ej )

= −e−A(t−t0)BK

N∑
j=1

aij (xi − xj + ei − ej ). (11)

Under Assumption 2.1, there always exists K ∈ R
m×n such

that ABK = A (Serre, 2002), then the system (11) can be
written as

ẏi(t) = −
N∑

j=1

aij (yi − yj ) −
N∑

j=1

aij (wi − wj ). (12)

Let y(t), w(t) be the stacking of the N vectors, i.e. y(t) =
[yT

1 , yT
2 , . . . , yT

N ]T , w(t) = [wT
1 , wT

2 ,. . . , wT
N ]T . Then the

systems (12) can be written further in the form of vectors:

ẏ(t) = −(L ⊗ In)y(t) − (L ⊗ In)w(t). (13)

Now we consider the following Lyapunov functional can-
didate:

V (t) = 1

2
yT (t)(L ⊗ In)y(t). (14)

Taking the derivative of V (t) along the trajectory (13)
yields

V̇ (t) = yT (t)(L ⊗ In)((L ⊗ In)y(t) − ((L ⊗ In)w(t)))

= −yT (t)(L ⊗ In)(L ⊗ In)y(t)

− yT (t)(L ⊗ In)(L ⊗ In)w(t)). (15)

Using the inequality based on matrix L is non-negative.

yT (t)(L ⊗ In)(L ⊗ In)w(t))

≤ 1

2
yT (t)(L ⊗ In)(L ⊗ In)y(t))

+ 1

2
wT (t)(L ⊗ In)(L ⊗ In)w(t)).

Consequently,

V̇ (t) ≤ −1

2
yT (t)(L ⊗ In)(L ⊗ In)y(t))

+ 1

2
wT (t)(L ⊗ In)(L ⊗ In)w(t)). (16)

Then based on the event-triggering condition (9), we can
have that

eT (t)e(t) ≤ κ2
maxx

T (t)(L ⊗ In)(L ⊗ In)x(t)),

where κmax = max{κ1, κ2, . . . , κN }. Combining the trans-
formation (10), we get that

wT (t)w(t) ≤ κ2
maxy

T (t)(L ⊗ In)(L ⊗ In)y(t)).

It follows

wT (t)(L ⊗ In)(L ⊗ In)w(t) ≤ λ2
NwT (t)w(t)

≤ κ2
maxλ

2
NyT (t)(L ⊗ In)(L ⊗ In)y(t)).

Thereby,

V̇ (t) ≤ −1

2
(1 − κ2

maxλ
2
N )yT (t)(L ⊗ In)(L ⊗ In)y(t)),

(17)

which means V (t) is non-increasing if κmax < 1
λN

. Sim-
ilarly to Dimarogonas et al. (2012), we can have that
limt→∞ yi(t) = 1

N

∑N
i=1 yi(t0) = 1

N

∑N
i=1 xi(t0) = x̄. That

is to say limt→∞ |e−A(t−t0)xi − x̄| = 0, which implies that
limt→∞ xi = x̄eA(t−t0) = xc(t) if all the eigenvalues of A

belong to the imaginary axis. Thus all the states xi(t), i =
1, . . . , N, asymptotically converge to xc(t). The following
presents a conclusion from the above analysis.

Theorem 3.1: Under Assumptions 2.1 and 2.2, consider
the multi-agent system (1) with the control law (4). Suppose
the event condition is given by (9). If κmax < 1

λN
, then the

consensus problem can be solved asymptotically for any
initial conditions. Furthermore, there exists at least one
agent k for which for any initial condition the inter-event
times of agent k are lower bounded by τk > 0.

Proof: The consensus result can be obtained from the
above analysis. Now we determine the lower bound on
the inter-event times for all agents. Assume that at ini-
tial time t0 all the state measurement errors are zero. Let
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k � arg maxi |zi |, combined with

|ek(t)| ≤ |e(t)|,
we can get that

|ek(t)|
N |zk(t)| ≤ |e(t)|

|z(t)|
so that

|ek(t)|
|zk(t)| ≤ N

|e(t)|
|z(t)| .

Similar to Dimarogonas et al. (2012), the next inter-event
interval of agent k is bounded by τk , which satisfies

β − α

βe(α−β)τk − α
− 1 = κk

N

and

τk = 1

α − β
ln

[
ακk + Nα

βκk + Nα

]
.

The proof is completed. �
According to the protocol (4), the sampled values need

to be determined. Compared to time-triggered control, it
is more difficult to determine the sampled values since the
values are sampled aperiodically. The following algorithm
is given to determine the sampled values used in the event-
triggered control.

Algorithm 1: Determination of sampled values x̂i(t)

At all times t , for agent i

Initialisation:
t ik = t0;

1: while t > tik
2: if |ei(t)| < κi |zi(t)| holds then
3: if there exists no agent j ∈ Ni sending new

sampled value x̂j then
4: the controller keeps its current state
5: else
6: update the control protocol (4)
7: end if
8: else
9: sample the state value; t ik+1 = t ; update the

control protocol (4)
10: end if
11: end while
12: return sampled value x̂i(t)

Zeno behaviour is an important problem and should be
excluded in event-triggered control. In the above result, we
show that there exists at least one agent for which its inter-
event interval is strictly positive. In the following part, we
will give an improved result that ensures that the inter-event

intervals for all agents are strictly positive. The events are
also designed based on the local information. The improve-
ments lie in that the events of agent i are computed based
on the last sampled information transmitted by agent i and
received from its neighbours. We give the following event
condition:

|ei(t)| = κi |ẑi(t)|, i = 1, 2, . . . , N, (18)

where κi > 0 will be determined later, ẑi = ∑N
j=1 aij (x̂i −

x̂j ).

Corollary 3.2: Under Assumptions 2.1 and 2.2, consider
the multi-agent system (1) with the control law (4). Suppose
the event condition is given by (18). If κmax < 1

λN
, then the

consensus problem can be solved asymptotically for any
initial conditions. Furthermore, the inter-event intervals of
each agent are strictly positive.

Proof: The change of variable is first given as follows:

ỹi(t) � e−A(t−t0)x̂i(t). (19)

Then, according to the similar proof of Theorem 3.1, we
can safely get the conclusion that protocol (4) will solve the
consensus problem under the event condition (18). More-
over, we can prove that all the agents will not exhibit Zeno
behaviour; that is, the lower bounds on the inter-event times
for all agents are strictly positive. Assume that agent i trig-
gers at time tki

≥ 0, thus ei(tki
) = 0. Between two events

the evolution of the ei(t) over the interval t ∈ [tki
, tki+1) is

given by ėi(t) = −ẋi(t). Observe that

d

dt
|ei(t)| ≤ |ẋi(t)|

=
∣∣∣∣∣∣Axi(t) −

∑
j∈Ni

aij (x̂i(t) − x̂j (t))

∣∣∣∣∣∣

=
∣∣∣∣∣∣A(x̂i(t) − ei(t)) −

∑
j∈Ni

aij (x̂i(t) − x̂j (t))

∣∣∣∣∣∣
≤ |Ax̂i(t) − ẑi(t)| + |A||ei(t)|,

where ẑi(t) = ∑N
j=1 aij ((x̂i(t) − x̂j (t)). And consider the

following differential equation:

ξ̇i(t) = |A|ξi(t) + |Ax̂i(t) − ẑi(t)|, (20)

where the initial condition ξi(tki
) = 0. By some operations

we can have that

|ei(t)| ≤ ξi(t) =
∫ t

tki

|Ax̂i(t) − ẑi(τ )|e|A|(t−τ )dτ. (21)

Combined with the event condition (18), when x̂i(t) −
x̂j (t) 	= 0, the next inter-event interval τki

is bounded
by the interval it takes for ξi(t) to evolve from 0 to
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κi |
∑N

j=1 aij (x̂i − x̂j )|. Thus, the interval τki
is a strictly

positive value, which indicates that agent i will not exhibit
Zeno behaviours. �

3.2 Switching topology

In the following part, we extend the event-triggered con-
trol protocol for multi-agent networks with switching
topology. First, we give the collection of undirected and
connected graphs with the same vertex set. Let 
 =
{G1, G2, . . . , GM} and M = {1, 2, . . . , M} be the index
set. The switching networks can be modelled using a dy-
namic graph Gs(t) parameterised with a switching sig-
nal s(t) : [0,+∞) → M. Consider an infinite sequence
of non-empty and continuous time intervals [Tk, Tk+1),
k = 0, 1, 2, . . ., where T0 = 0. Then the event-triggered
protocol on the switching networks can be given as fol-
lows:

u(t) = −(Ls(t) ⊗ K)x̂(t). (22)

After the similar variable substitution in Section 3.1, we
can get the systems:

ẏ(t) = −(Ls(t) ⊗ In)y(t) − (Ls(t) ⊗ In)w(t). (23)

Based on the protocol (22), we first state the following
theorem.

Theorem 3.3: Consider the multi-agent system (1) with
switching topology graphs Gs(t). At every time interval, the
switching topology graphs Gs(t) are connected. Suppose the
event condition is given by (9). If κmax < 1

λN
, where λN =

max{λN (G1), λN (G2), . . . , λN (GM )}, then the multi-agent
dynamical system (1) under the control law (22) can reach
consensus asymptotically. Furthermore, there exists at least
one agent k for which for any initial condition the inter-
execution times of agent k are lower bounded by τk > 0.

Proof: Choose the common Lyapunov function

V (t) = 1

2
yT (t)y(t). (24)

The derivative of V (t) along the trajectories of system (23)
is given by

V̇ (t) = yT (t)ẏ(t) = −yT (t)(Ls(t) ⊗ In)y(t)

− yT (t)(Ls(t) ⊗ In)w(t).

Then the following inequality holds

yT (t)(Ls(t) ⊗ In)w(t) ≤ 1

2
yT (t)(Ls(t) ⊗ In)y(t)

+ 1

2
wT (t)(Ls(t) ⊗ In)w(t).

Based on the event condition and similar operations in Sec-
tion 4.1, we get

V̇ (t) ≤ −1

2
yT (t)(Ls(t) ⊗ In)y(t) + 1

2
wT (t)(Ls(t) ⊗ In)w(t)

≤ −1

2
(1 − κ2

maxλ
2
N )yT (t)(Ls(t) ⊗ In)y(t), (25)

where κmax is defined as in Theorem 3.1, which indi-
cates V (t) is non-increasing if κmax < 1

λN
. Note that V (t) =

1
2yT (t)y(t) = N

2

∑N
i=1

1
N

y2
i (t) and denote

ȳ(t) = 1

N

N∑
i=1

yi(t). (26)

It can be easily proved that ˙̄y(t) = 0 based on protocol
(22) and V (t) ≥ N

2 ȳ2 = V (ȳ1) by using Jensen’s inequal-
ity. Moreover, the largest invariant set contained in the set
S = {y ∈ R

n|V̇ (t) = 0} = span{1}. From Lasalle’s invari-
ance principle, |yi − yj | → 0, that is, |xi − xj | → 0. Fur-
thermore, if all the eigenvalues of A belong to the imagi-
nary axis, we can have that limt→∞ xi = x̄eA(t−t0) = xc(t)
according to Theorem 3.1. Thus, all the states xi(t), i =
1, . . . , N, asymptotically converge to xc(t). The following
presents a conclusion from the above analysis. The lower
bound on the inter-execution times can be obtained straight-
forwardly from those of Theorem 3.1. �

Corollary 3.4: Consider the multi-agent system (1) with
switching topology graphs Gs(t). At every time interval, the
switching topology graphs Gs(t) are connected. Suppose the
event condition is given by (18). If κmax < 1

λN
, where λN =

max{λN (G1), λN (G2), . . . , λN (GM )}, then the multi-agent
dynamical system (1) under the control law (22) can reach
consensus asymptotically. Furthermore, the inter-event in-
tervals of each agent are strictly positive.

Proof: The assertions are direct consequences of the proof
of Corollary 3.2 and Theorem 3.3. The details of the proof
is omitted due to page limitations. �

4. Formation control

Formation control for multi-agent systems is a charming
research topic in cooperative control, due to its wide appli-
cations in unmanned aerial vehicles, mobile robot systems
and so on (Lafferriere et al., 2005; Ren & Beard, 2008; Xiao
et al., 2009). We will develop a formation framework for
multi-agent systems by applying event-triggered controllers
in this section. Define hi ∈ R

n represents the desired for-
mation of agent i. Let h = [hT

1 , hT
2 , . . . , hT

N ]T , and vector
h defines the basic frame of the expected formation.
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Figure 1. Communication topology.

First, for multi-agent system (1), the protocol of the
agent i is described as follows:

ui(t) = −K
∑
j∈Ni

aij ((x̂i(t) − hi) − (x̂j (t) − hj )). (27)

The events are computed based on neighbours’ information
and the desired formations of their neighbours, and the
event triggering condition for agent i has the following
form:

|ei(t)| = μi

∣∣∣∣∣∣
N∑

j=1

aij ((xi − hi) − (xj − hj ))

∣∣∣∣∣∣ , (28)

where μi > 0 will be determined later. Denote μmax =
max{μ1, μ2, . . . , μN }. Then we give the following theo-
rem to show that event-triggered strategies are very useful
for the formation control of multi-agent systems.

Theorem 4.1: Under Assumptions 2.1 and 2.2, consider
the multi-agent system (1) with the control law (27). Sup-
pose the event condition is given by (28). If μmax < 1

λN
and

Ahi = 0, i = 1, 2, . . . , N , then the agents converge to the
formation h. Furthermore, there exists at least one agent k

for which for any initial condition the inter-execution times
of agent k are lower bounded by τk > 0.

Figure 2. State trajectories of the five agents.

Figure 3. Event times for five agents.

Proof: Let x̃i = xi − hi , then the system (1) can be given
as ˙̃xi = Ax̃i+Ahi + Bui . Based on the condition Ahi = 0,
thus

˙̃xi(t) = Ax̃i(t) + Bui(t). (29)

Define ỹi(t) � e−A(t−t0)x̃i(t). Based on the definition and
the protocol (27), the system (29) can be written as follows
if ABK = A.

˙̃y(t) = −(L ⊗ In)ỹ(t) − (L ⊗ In)w(t). (30)

The rest proof of Theorem 4.1 follows straightforwardly
from the proof of Theorem 3.1. �
Remark 3: The applications to formation control in this
section can be easily extended to Theorem 3.4. Due to page
limitation, the corresponding result is omitted.

Figure 4. Switching communication topology.
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Figure 5. Errors between the states xi(t) and xc(t).

5. Simulation

In this section, we present three examples to demonstrate
that the results of this paper are valid.

Example 5.1: Consider a group of five agents satisfying
(1), where

A =
[−4 1

4 −2

]
, B =

[
1 3

−2 1

]
.

It can be easily proved that Assumption 2.1 is satisfied, and
choose the control gain

K =
[

1/7 −3/7
2/7 1/7

]
.

The corresponding communication topology among agents
is shown in Figure 1 . Note that the graph is undirected and
connected.

It can be seen in Figure 2 that the five agents asymptot-
ically reach consensus as time goes on. The time instants

Figure 6. State trajectories of the four agents.

when the events occur for five agents are shown in Figure 3,
where the time instants are determined from the triggered
condition (9).

Example 5.2: Consider the consensus problem of system
(1) with N = 4 and

A =
[

0 1
−1 0

]
,

and B = I2. The control gain can also be chosen as K = I2.
We consider the case of switching network topologies in
Figure 4. Note that all graphs are connected. The network
topology switches to another topology which is chosen ran-
domly. Figure 5 shows the evolutions of the errors between
the states xi(t) and xc(t). The evolutions of the state under
the event-triggered consensus protocol are shown in Fig-
ure 6 . It can be seen that the agents reach consensus at
xc(t).

Figure 7. Five agents form a regular pentagon.
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Example 5.3: Simulation results for formation control are
given in this example. Consider the first-order multi-agent
systems described by ẋi(t) = ui(t), i = 1, 2, 3, 4, 5, where
the state xi(t) ∈ R

2 denotes the state of agent i and
ui(t) ∈ R

2 its control input or protocol. The communica-
tion topology is the same as in Example 5.1. Let the desired
formations of five agents be h1 = [1, 0]T , h2 = [1 −
sin(0.4π ), 1 − cos(0.4π )]T , h3 = [1 + sin(0.4π ), 1 −
cos(0.4π )]T , h4 = [1 − sin(0.2π ), 1 + cos(0.2π )]T ,
h5 = [1 + sin(0.2π ), 1 + cos(0.2π )]T , respectively. Fig-
ure 7 shows that the agents can converge to the desired
formation according to the control protocol (27).

6. Conclusion

In this paper, event-triggered control methods have been
raised to investigate the consensus problem of general lin-
ear multi-agent systems. The asynchronous event-triggered
control algorithms have been proposed in order to make the
systems achieve consensus on fixed and switching topolo-
gies. Zeno behaviours have not happened under the pre-
sented event-triggered control algorithms. The obtained re-
sults were applied to the formation control of multi-agent
systems in the following part. Finally, the results of the
paper were illustrated through simulation examples.

Future work will focus on model-based event-triggered
control for linear multi-agent systems with and without
communication delays. Some relevant pioneer work has
been tried in Garcia and Antsaklis (2013). As an extension
of event-triggered control, self-triggered control has been
attracted much attention and lots of results in the field have
been published (Dimarogonas et al., 2012; Heemels et al.,
2012). Another future work is the study of consensus prob-
lems of linear multi-agent systems by self-triggered control.
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