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Abstract

This paper is concerned with observer designs for a class of switched nonlinear systems with un-
known inputs under average dwell time (ADT) switching. Firstly, for the unknown input (UI) elimination
purpose, an output derivative-based method is considered. Then, in order to avoid using differentia-
tor signals and meanwhile maintain a satisfactory estimation performance, a full-order impulsive reset
switching observer is developed. The existence condition of such an observer is given via a Riccati
equation. Besides, we also devote to the construction of the reduced-order observer. And furthermore,
it is found that the condition under which a full-order observer exists also guarantees a reduced-order
reset switching observer. Finally, a switched nonlinear electronic circuit system is used as the simulation
example to verify the effectiveness of the obtained methods.
© 2017 The Franklin Institute. Published by Elsevier Ltd. All rights reserved.

1. Introduction

A switched system is a hybrid system, which consists of a family of subsystems described
by differential or difference equations together with a switching rule that determines the
system model by shifting one subsystem to another. With these features, switched system
can find its wide applications in modelling many physical systems such as power electronics,
flight control systems and network control systems [1] and the applications in energy-efficient
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control or filtering in industrial process [2—4]. In the last two decades, some fundamental
theories of switched systems such as stability and controllability have been extensively studied
(see, [1,5-17] and references therein). Meanwhile, great efforts have also been put on the
state estimations or observer designs for switched systems [18-21]. For example, in [19], an
observability analysis of a switched linear system was given via geometric approach. Zhao
et al. designed the multiple-mode Luenberger-type synchronous switching and asynchronous
switching observers under the average dwell time (ADT) switching model [20].

The studies on state estimations of systems with unknown inputs (Uls), or unknown input
observer (UIO) designs, have attracted much attention in the past decades [22-28]. Indeed,
for practical systems, some inputs are unknown. For example, the cutting forces exerted in
machine tools [22], the parameter perturbation [29], external disturbance and the actuator faults
[30] in industrial process can all be viewed as Uls. Therefore, the discussions on UIO designs
are of great significance in both theory and applications, especially in the fields of observer-
based control [31,32] and observer-based fault detection and isolation (FDI) [30]. Note that
the researches on unknown input observer designs for switched systems have also aroused
considerable attention recently, and many results have been reported in literature (see [33—40]).
In [33], Koenig et al. proposed a UIO design method for a class of switched nonlinear discrete
time descriptor systems via linear matrix inequality approach under arbitrary switching signal.
Bejarano et al. put forward two UIO design methods under different conditions for a class of
switched linear systems, where the common Lyapunov functions were considered [34]. For a
switched system with some of the subsystems being not fully observable, Gorp et al. dealt with
observer design problems via high-order sliding mode techniques [35]. Then, they addressed
fault detection problems when the observer matching condition is not satisfied [36]. For a
discrete-time singular switched system with delays and Uls, Lin et al. developed a functional
observer design method by means of unknown input decoupling way [37]. Subsequently, for
the same system, they discussed the state estimation issues via unknown input decoupling way
and attenuation techniques, respectively [38]. In addition, in [39], Yang et al. investigated
the state estimation problems for switched systems with Uls when the current switching
mode was unknown. Then, they also investigated full-order and reduced-order robust observer
constructions for an ADT switched linear system [40]. More recently, by using the unknown
input observer techniques, Chen et al. studied fault estimation and fault detection for switched
linear systems [41,42].

The nonlinearity, as is well known, is the most common phenomenon in real world, and
a large number of practical switched systems are nonlinear systems. Among the nonlinearity
community, the Lipschitz nonlinear systems widely exist because most physical models satisfy
a Lipschitz condition, at least locally [43]. However, to the best of our knowledge, little
work for switched Lipschitz nonlinear system observation can be found in literature, and
the UIO designs for switched Lipschitz nonlinear systems are still challenging open issues
which deserve us to investigate deeply. On the other hand, a reduced-order observer only
needs to estimate partial states which are independent of output vectors, and thus possesses
a lower dimension comparing with the full-order observer. This means that the reduced-order
observer can be constructed with fewer integrators and the whole system will be simpler
(see [28,34,43]). However, for switched nonlinear systems, seldom did scholars consider the
reduced-order observer designs.

Based on the observations above, in this paper, we devote to both the full-order and
reduced-order observer designs for a class of switched Lipschitz nonlinear systems with Uls.
The main contributions are summarized as
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(i) A full-order impulsive reset switching UIO is constructed, and the sufficient conditions
are formulated in terms of a Riccati equation together with an ADT restriction condition.
(ii)) We prove that the conditions under which a full-order observer exists can also guarantee
the existence of a reduced-order observer.
(iii) In order to overcome the state jump problems resulted from coordinate transforma-
tions in both full-order and reduced-order observers, two impulsive reset equations are
designed such that state estimation can maintain continuous at each switching point.

The remainder of this paper is organized as follows: In Section 2, the background and
necessary preliminaries are presented. A full-order and a reduced-order switching UIOs for a
class of switched nonlinear systems are constructed in Section 3. In Section 4, an electronic
circuit system is used as an example to illustrate the validity of our methods. Finally, the
conclusions are given in Section 5.

Throughout the paper, R” denotes the n-dimensional Euclidean space. I, refers to the
identical matrix with dimension n. The vector norm || - || is defined as |«|| = vVaTa. < «,
B > denotes the inner product of vectors « and B, i.e., < a, 8 >= a B. For any matrix A,
Amax(A)(Apmin(A)) denotes the maximum (minimum) singular value, and the ||A| represents the
2 — norm of matrix A, defined as ||A|| = v/Apax(ATA). For matrices X and ¥, X > Y(X < Y)
means that matrix X — Y is a symmetrical positive (negative) definite matrix, and X > Y(X
< Y) means that matrix X — Y is a symmetrical semi-positive (semi-negative) definite matrix.
C! denotes the space of continuously differentiable functions, and a function «: [0, c0) —
[0, c0) is said to be of class of I if it is continuous, strictly increasing, and «(0) = 0. Class
Koo denotes the subset of /C consisting of all the functions that are unbounded.

2. Background and preliminaries

Consider a class of switched Lipschitz nonlinear systems with unknown inputs described
by

{x(t) =A,yx(t) + Boyu(t) + ®(x(t)) + Dy (1),
() =Cx()

where x e R*, u e R", y e R” and w € R? are state, control input, measurement output
and unknown input vectors, respectively. The piecewise constant map o (z) : Rt — I' =
{1,2,..., N} is a switching signal function defined as o(t) =i €' when 1 <t < T4y1,
where {7;}72, is the sequence of switching points, and each switching point is the time in-
stant at which the system mode is changing from one mode to another (i.e., a(t,:r ) #o(t,)),
and N is the number of subsystems. ® : R” — R”" is a nonlinear function satisfying the fol-
lowing Lipschitz condition.

(D

Assumption 1. Nonlinear function ®(x) satisfies the following Lipschitz condition
@) — PO <ylx—x|.Vx, £eR, @
where y > 0 is the Lipschitz constant.

Remark 1. In practical systems, there are many systems, such as the circuit systems given
in [44] and in the simulation part of the present paper, reluctance motor (SRM) systems
[45,46] and the F-18 aircraft model dynamic system [50], described by switched nonlinear
systems where the switching only happens at linear parts. In this paper, we particularly pay
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our attention to a class of switched nonlinear systems whose linear term is switched but the
nonlinear term is non-switched.

For the convenience of observer designs for system (1), an assumption, a definition and
some useful lemmas are introduced in advance.

Assumption 2. rank(CD;) = rank(D;), YieT.

Remark 2. The Assumption 2, referred as observer matching condition, is a standard ma-
trix rank condition for unknown input observer designs [24,28,34,39.40]. This condition is
somewhat conservative. Up to now, for non-switched systems, many researchers have made
efforts on breaking through this restriction and significant results have been reported in liter-
ature (see the references [28,29,54]). However, for switched systems, because the high-order
derivatives of output usually do not exist, the unknown input observer designs become much
more challenging. Here we only concern with the case when the observer matching condition
holds, and the case when the observer matching condition does not hold will be considered
in the future.

Definition 1. [1] For a switching signal o(7) and any p, > p; > 0, let W;)(p1, p2) be the
number of the discontinuities in the open interval (o, p»). If there exist two positive numbers
W, and 7, such that

2 — P1

P
Wiy (01, 02) < Wo + 3)

a

Then we say that o(#) has average dwell time (ADT) t,, where W is called chatter bound.

Remark 3. It has been recognized that the average dwell time (ADT) strategy is more flexible
and efficient in dealing with the stability analysis of switched systems because the conditions
derived under the ADT strategy allow the occurrence of fast or slow switching in some certain
finite time intervals. And thus, it has been widely used in switched system controller designs
[9,10] and observer designs [20,39,40,50].

Lemma 1. [/] Consider a switched system x(t) = f)(x(t)). Suppose there are a switching
sequence {ti )72, satisfying (3), a set of C' non-negative functions V; : R" - R,i e T, two
Koo functions oy and oy, and two positive numbers L, i > 0 such that Vi € T

ar([lx)1) = Vitx(®)) < e ([lx@)1)

Vi(x(0) = =AV;(x(0))

and Vi, j) el x T,i#j

Vilx () < uVi(x(m)

then, the system is globally uniformly asymptotically stable for any switch signal with ADT

In
taZta*zT'u.

3. Full-order and reduced-order observers

In this section, we firstly use the output derivative y to offset the UI’s influences, and
then develop a full-order observer which actually can avoid using y. Meanwhile, we also
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derive the sufficient conditions via a Riccati equation. Then we discuss the construction of a
reduced-order observer.

3.1. Full-order impulsive reset observer

For observer design of system (1), it is always necessary for us to eliminate the unknown
input influences. Under Assumption 2, for any i € T, there is a matrix F; such that F;CD; = D,;.
In fact, the generalized solution of F; can be given as

F, = D;(CDy)" + Z;(I, — CD;(CDy)"), (4)

where Z; is an arbitrary matrix with appropriate dimensions, and (CD;)" is the generalized
inverse matrix of CD; which satisfies CD;(CD;)'CD; = CD;. Thus, we have

Dsiyw(t) = FoyCDgy0(t) = Fo)y(t) — Fo)CAsX(t) — Fo (hCBo(nyu(t) — Fo (n C P (x).

®)
Substituting (5) into (1) yields
X(1) = To Ao X (1) + T () Bo 1y (1) + o0y @ (x) + Fo )y (1), (6)
where
Toqy =1 — Fo)C )
which satisfies
Ty yDo ) = 0. ®)

Since in (6) the unknown input is offset, it is convenient for us to construct a full-order
observer in the form

() = TryAe 0 2(@) + To)Baoy (1) + Toin ®(E(©)) + Foyd (1) + Loy 0(t) — CE(1)),  (9)
where matrices L;, i € I" are observer gain matrices.

Remark 4. It should be noticed that (9) contains the derivative of y(r), i.e. y(t). However,
on the one hand, it is usually difficult for us to measure signal y(¢) directly in practical
applications. On the other hand, if the output derivative information is used in observer or
controller designs, it may cause high frequency noise which is actually a negative factor to
designs. In order to avoid using y(¢), a coordinate transformation is introduced. For switched
systems, however, state jumps may occur just due to the introduction of such transformation.
The impulsive reset switching observer developed in the following will address state jump
issues.

Consider a full-order observer with an impulsive reset equation in the following form:

V(1) = ToyAc)X(t) + ToyBowyut) + Ty ®(X) + Loy (y(1) — CX(1)) (10)
V() =v(t) + Fpry = Forer))y (W) (11)
(@) =v(t) + Foo)y (@) (12)

where X is the estimation of x, and T}, L; (i € I') are matrices which are determined later.
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Assumption 3. Vi € I', there exists a positive constant &; > 0 such that the following Riccati
equation

72 T

_PTT P+ eily = —0; (13)

i

PN; + N/ P +

has solutions for positive definite matrices P;, Q; > 0, F; and L;, where 7; is determined by
(7) and

N; =TA; — L,C. (14)
Moreover, the ADT switching signal satisfies
In6
T, > = —2, (15)
0

where 6; = minjer ( m‘“%;) and 6, = max; jer (—im((lf)))
! min (£}

Theorem 1. Under Assumptions 1-3, the dynamical system (10)—(12) is a full-order asymp-
totic convergence observer of (1) such that 1im,_,» (x(¢) — x(t)) = 0.

Proof. Let e(t) = x(t) — x(¢) be the estimation error, and it follows from system (6) and
system (10)—(12) that when ¢ # 1y,

é(t) = Nyyet) + To iy @ (x) — T 1 D (X), (16)
and when t = T,
e(rh) = x(g)) — () = x(¢)) —v(t]) = Foryy(w)

=x(t7) —v(ry) — (F, o) — Fop))y(@) = Fo o)y (i)

=x(t) = () = Foopyy (@) = e(ty).

We assume o (t) =i fort € [ty, Ty41) and o (¢) = j for ¢t € [14_, 7¢). Choose Lyapunov func-
tion candidate V; (e(t)) = e’ (t)Psye(t), and then for ¢ € [ty, T¢11), the derivative of Vi (e(?))
alone the error dynamic system (16) is

Vile()) = e (t)(PN; + NI P)e(t) + 2" (1)P.T (P (x) — ®(X))
< " (t)(PN; + NI P)e(t) + 27 1T, Pe )| - lle(t)]. (17)

For any scalar ¢; > 0, we have
y I Pe@)] - ||€(t)||<—||T Pet)|*+eille@) > =e (t)< —PTT, P+81>e(t) (18)
Then, combining (17) with (18) leads to
Vile(t)) < e (O\PN:i+N; Pi+ —PTT; P+ el )e(t) = —e (1)Qie(r).
Ei

Furthermore, we have

Vile(t)) <—e' (t1)Qie(t) < _%Vl (e(1)) < —min (

)‘-min (Ql)

o (P >V1 (e(t))=—01 - Vi(e(®)).

19)
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On the other hand, at switching time instant 74, we have

_ «(P)
Vite(r;)) = €' () Pe(ry) = e (t) )Pe(r)) < A““‘ G )vl( ()
min
< max (2 EDNy o)) = 6 Vier)). 20)
T i jeCxD) )\min(P') ¢ ¢
Under the ADT condition (15), i.e., 7, > t* = hgﬁ, and according to Lemma 1, inequality

(19) together with (20) gives lim;_. . e(t) = 0. The proof is completed. []

Remark 5. Theorem 1 gives sufficient conditions for the existence of full-order observer
(10)—(12). It should be noticed that finding solutions of parameter ¢; > 0, matrices F;, L;, P;,
Q; to the Riccati Eq. (13) is not a trivial work. Next, we try to find solutions by transforming
it into an equivalent LMI problem.

Denote R; = D;(CD;)" and H; = I, — CD;(CD;)", then F; = R; + Z;H;. By substituting F; =
R; + Z;H;, we have

T,’ = In — RlC — Z,-HiC = Al‘ — ZiH,'C, (21)

where A; = I, — R;C. Then, rewrite Riccati Eq. (13) as a matrix inequality

PN+NTP+ PTT P +¢l, <O. (22)
E;

1

Substituting (14) and (21) into (22), and according to the Schur complement lemma, we
obtain

|:PiAiAi+(AiAi)TPi_PiZiHiCAi_(HiCAi)T (PZ)'—PLC—CT(PL)" + &1, yP(A; ZHC):| 0
* —&, ’

Let Z; = P.Z; and II; = P.L;, and then the computation of matrices F;, L;, P;, Q; can be
completed by solving the LMI:
[PiAiAi+ (AA)T P—ZH,CA;— (H,CA)T ZT —T1,C—CTTTT + &1, yP,-A,-—yZ-H,-C} <0

* —&il, ’

(23)

Now the solutions can be obtained by following Algorithm 1.

Algorithm 1.

(1) Solve the LMI (23) to get rr_latrices P, H,-, Z; and parameter ¢&;.

(2) Compute matrices Z; = P_IZ,, L, = P_ I, ; =R+ 7ZH,T, =1, — FFC, N, =TA;, — L,C
and Q; = —(PN; + NI P, + "'PTTTP + &1,).

(3) Compute the ADT t* accordmg to (15).

3.2. Reduced-order impulsive reset observer

Now, based on the full-order observer (10)—(12) and the Assumptions [-3, we try to
synthesize a reduced-order observer step by step. By using Smith orthogonal procedure, there
are matrices S € RP*? and C € R”*" such that C = SC and CCT = I, (see Appendix A). We
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extend C to an orthogonal matrix W = [ ¢7 M7 ]T satisfying W=! = W, and thus we

have CCT = I, and MM" =1,_,. For system (1), taking a coordinate transformation x = Wx
leads to

{i(t) = Ao()T(1) + By oyu(t) + W@ (x(1)) + Dy 0 (0), 24)
y(@) = Cx(t)

where A(r(l) = WA(,(,)WT, éa(z) = WB(,(f), é = CWT = [S 0] and D(,(t) = WD(,(f).
Lemma 2. There exist matrices F;, T;, L;, N;, i € T', such that (13) holds, if and only if

0, = PUA—RCA~LE) + A~FCALOY P+ L B(U—-RC)U ~ RO B+ o1, <0

l (25)
where F; = WF;,Li = WL;, P, =WPWT and Q; = WQ;WT.
Proof. Please see the Appendix B. [J

Now, decompose state x, matrices Ai, }:",-, Di, }_’,-, Q_i,i e I', into blocks as follows:

x| o5 Ain Al s Fil = D; 4
X = v ’A.= 1 =’ ’F': =’ 7D'= =" )
|:x2:| l |:Ai,21 Ai,22:| l [E,z "7 |Din

s [Py Pl 5 _[0n O
P = - i , Ui = <k =07,
l |:P,<,T2 Pi,3:| O |: L 0Ois
where )El (S RP,AL“ € Rpo’ Fi,l € Rpxp’[)i’l € Rqu, PL] € RP*P and Q_i,l e RP*P,
Lemma 3. For any i € ', if (25) holds, then the following Riccati equation holds:
2

- - - - - - - y - -
—0i3:=P3(Aim — O 12) + (Ain — ©iA; 12) Py + - :3(0,0] + 1P 3+&il,—, <0,

i

(26)
where ®; = —131»,_311314?2([ — F1S) + F5S.
Proof. Please see the Appendix C. [J
Lemma 4. For any i € T, we have
@D, =D;,. 27

Proof. Please see the Appendix D. [J

Remark 6. It should be emphasized that the relationship of matrices in Lemma 4 which are
derived from Riccati Eq. (13) is a convenient condition for reduced-order observer construc-
tion. Although the dynamics of both x; and x, are influenced by the unknown inputs in (24) in
form, it is possible for us to decouple the unknown inputs from part of the states based on
Lemma 4, and thus design a reduced-order observer.

Take the following state transformation

e | 1 0 [|x
c(t) = [gz(f)] - [—@i(z) In—p:| [fz} (28)
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where ¢; € RP. Eq. (28) implies that ¢ = [Ip 0])2 and ¢, = [—@a(t) In_p]f, and this
gives that when r # 1y,

aO=[, 0Ji=[l, 0](Asw¥®) + By + W) + Do)
= Ao + A5 0),1200 ) 51(1) + Ao, 1262() + [, O](Boyut) +W P (x))
+ Doy 10(1)
and
a0 =[O0ty hpli=[-Ouiy Inp] (A,,(,))z(t) + Byyult) + W (x(t)) + Dg(,)a)(t)>
= (Ao.22 — O ()As(1),12) 62 (1)
+ (Aa(t),Zl = OshAc11 + Ae()22 — ®a(t)Ao(t),12)®(r(Z))§l () (29)
+[Oot)  Lip] (Boyu) + WD),

where ¢;(t) = S~'y(¢). Next, a reduced-order UIO can be constructed in the following The-
orem.

Theorem 2. Under Assumptions 1-3, the following system
séz(l) = (A2 — Ov A5 ().12)E2(t)
+ (Aa(t),Zl — Qs yAs )11 + Ay 22 — ®G(I)Aa(t),12)®0(t))s_ly(t)

+[=000r lup] (Bowu)) + WO(E)), 1 # (30)

&) = &) = Oy = O )S™y(T), 1=14 31)
. Sly() ]

=w’ 32

O [fz(t) + OpySTIy(0) 2

is a reduced-order impulsive reset switching observer of system (1), such that lim;_, o, (x(t) —
x@)) =0.

Proof. From the output equation in (24) and the Eq. (28), we get ¢; =% = S~'y. Since
x = Wx, now based on (28) we can reach

- I 0]] s T Sl ] T|: S~y (@) :|
=Wix=w" =W =W - :
* * |:®(r(t) 1i| [gz] |:§z + Os )61 62+ O ()S~y(t)

and this leads to
= . S7ly(@) } T|: S~y () ]
) =x(t)—x@)=wT _ -W . _
0 = o) =20 [§2(l‘)+®a<t>5 y(r) &) + Oy Sy(0)
=M"(62(t) — &(1)).
Therefore, in order to prove lim, . (x(t) —X(t)) =0, what we need to do is to show
lim; 00 (52(t) — $2(t)) = 0. Let &(¢) = 62(¢r) — $2(¢) be the estimation error. By (28) we

have ¢, (1) = —(H)(,(,)S_'y(t) + x,(¢) and note that y(¢) and x, () = Mx(t) are continuous at
switching time instant 7, we have

s(rh) = _®¢7(tk+)S71y(tk) + X2 (),
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and

() = _®a(f;)571Y(Tk) + X2 (),

which imply

(55 = 62(57) = (O i) — Oy i) y(m). 33)

It follows from (31) and (33) that at each switching instant 7;, we have §2(tk+) = & (7).
According to (29) and (30), when ¢ # 74, the error dynamic of & (¢) is obtained as

&) = (As)22 = O yAc)12)52(1) + [=O0y  Ii—p]W

T S71y() )_ ( r[ S71y@) D)
X(“D(W [52<r)+®g<t>sly<r>] "Wlan+e,0s o)) GY

Choose Lyapunov function candidate V,(t) = §2T (t)ﬁa(tm S (t). We assume o (t) =i for t €
[k, Tkx1) and o (¢) = j for ¢ € [t4—1, 7). Then, for ¢t € [tx, Tk+1), the derivative of V;(f) alone
the error dynamic Eq. (34) is

Va(t) = & () (P3(Ai2 — ©iAi12) + (A2 — ©iA;12) Pis) & (t) + 28] (H)Pis[—O; ITW

Sy () S7ly@)
x (d> (WT [g(z) + ®,-S—1y<r)]) - @(WT[fzm + &S“y(r)})). (35)

In view of the Lipschitz condition (2), we obtain

- S15(r) Sy(1)
26, OP5[-6; ’]W(‘D<Wr[gz(t) + @-slym]) - ‘D<WT[§z<r) v &S&(r)D)

<2y -1 OP[-0; IW] - [M" &) (36)
For any scalar ¢; > 0, it follows from (36) that
y 18 OPs[-0; IWI-IM" &)

2

Y - —
s—ng{ OP3[-0; WP+ &M &0
=& (t)( : ,,3(6,@?+1)E,3+s,~MMT)§2(r)

=¢ (t)( ’ ,,3<®1-®,-T+1>E,3+si1)§2(r>. (37)

Then, combining (35) with (36) and (37), one can obtain

W) < —-& (I)( 3(Ain — ©iA;12) + (Aioa — ©A; 1) Pis

2 T
_ -0 |- -
+ L .3[— O 1]|: I j|Pi,3+8i1)§2(t)
B

i
< =& (1)0i3(1).
Therefore, we have

y = )"min _i .
Vz(f)f—s:zT(f)Qi,ss:z(l)S—ﬁ(%j;vz(l)i—rgllp (

min (Ql 3)

max 13)

)v ()= =01 -Va(t), (38)
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Amin (Qi.3)

where 91 = min,-ep ()Lm (Ps)

). Meanwhile, at switching time instant tg, it is derived that

)\max (Piﬁ)

Va(th) = & (tHP3& () = & (1)Pss () < mVZ(Tk_)
min (L7,
)"max(ISi 3)) _ - _
<  max Amax i3 Vet = B, - Vo (1 o
= (i,j)e(TxT) <)~min(Pj,3) (1) =62 Va(t,) (39)

)»max(lfm))
Amin(P3) ) °
On the one hand, we have

Amin(0i3) - Amin (O1) _ Amin(WT QW) _ Amin (Qi)
)\max(piﬁ) N )\max(ﬁi) )Lmax(WTPiW) )‘max(Pi).

where 6, = max( jerxr) (

Therefore,

~ )‘-min _i . )‘-min i

6 = min (&) > min <&> = 0.
ier )Vmax(Pi,S) iel’ )‘mﬂx (PI)

Furthermore, for any (i, j)) € I’ x T,

)\max(ﬁiﬁ) < )\max(ﬁi) _ )\'max(WTPiW) _ )\max(Pi)
Amin(Pi3) ~ Amin(P) Amin(WTPW)  Ain(P))
Thus,

= (Amax([_’iﬁ)) <)\max(Pi)>

6, = max ——— ] < max — ) = 6,.
.)€ XT \ Amin (Pj3) (/)N xT \ Amin (P})

% And by using the conclusion of

Lemma 1 we have lim;_, o, ¢, (t) = 0. The proof is completed. [

Remark 7. The full-order observer ((10)—(12)) and reduced-order observer (30)—(32) are
called impulsive reset switching observers, because at each switching time instant 74, im-
pulsive reset equations (Eq. (11) of full-order observer and Eq. (31) of reduced-order ob-
server) are designed for observer state vector v(¢) and &(¢). It should be emphasized that
the impulsive reset Egs. (11) and (31) play important roles in observer designs. If there were
no (11) and (31), the state estimate X in both full-order and reduced-order observers would
always jump at each switching instant, which may deteriorate the estimation performances. It
is the reset Eqgs. (11) and (31) that makes the state estimations continuous at each switched
point. Indeed, for full-order observer (10)—(12), we have

This means that provided r, > t*, we have 7, >

R0) = v(@) + Fyoyy(@) = v(50) + Frgery = Fro )Y (@) + By y(T)
= v(r)) + Fy o y(m) = 2(1),
and for reduced-order observer (30)—(32), we have

S~y (n)
S () + ®a(rk+)S_ly(Tk)
—wT S7ly(ne)

() = (O, () — ®a(zk*))571)’(fk) + ®a(tk+)571y(fk)

() = WT[
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S7y(m) "
—_wT _
=W [ fZ(Tk_)+®a(I;)S71y(Tk) ]_X(T" )-

Remark 8. Not only the full-order but also the reduced-order observers in the present paper,
three issues had to be addressed. They are Ul decoupling, observer error dynamics stabil-
ity analysis and average dwell time determination. First, in full-order observer construction,
Eq. (8) ensures the elimination of Uls in the error dynamics (16), and Eq. (27) is a con-
venient Ul-decoupling condition for the reduced-order UIO. Here, (27) is just derived from
(8). Secondly, Riccati Eq. (13) guarantees the stability of each subsystem of the full-order
observer error dynamics. It can be seen from Lemma 2 that once (13) holds, there is also a
Riccati Eq. (26) which ensures the reduced-order observer error dynamic subsystem stability.
Moreover, each subsystem stability, which is guaranteed by the Riccati equation, together
with ADT restriction condition ensures the asymptotical stability of the whole switched full-
order observer error system. Finally, as shown in the proof of the Theorem 2, if the average
dwell time ensures the existence of the full-order observer, it can also guarantee the existence
of the corresponding reduced-order observer. For these reasons, it is sufficient to conclude
that for switched nonlinear system (1), the conditions (the Riccati Eq. (13) together with the
ADT restriction condition (15)) under which a full-order observer exists also guarantee the
existence of a reduced-order observer.

Remark 9. In literature [47-49], the observer designs for several classes of uncertain nonlin-
ear systems with unknown inputs (unknown non-smooth nonlinearities) were studied, where
the uncertain nonlinearities were usually be approximated by fuzzy logic systems or neural
networks, and the observation errors were bounded. By comparison, the state estimations ob-
tained by both the full-order and the reduced-order observers designed in the present paper
can asymptotically converge to their actual values.

Remark 10. Although the observer designs for switched linear or nonlinear systems were
considered in [33-35,40—42,50], both the system model and the results of our paper are
different from those in [33-35,40-42,50]. First, in [50], the system considered is a switched
nonlinear system which does not contain unknown input. In [34,35,40-42], only switched
linear unknown input systems were considered but nonlinear terms were not included, and in
[33], the discrete-time descriptor system was studied with arbitrary switching signal. While,
in the present paper, both the unknown input and the nonlinearity are considered. Second, the
relationship of the existence conditions between the full-order and the reduced-order unknown
input observers is discussed in detail. Specifically, we point out that the ADT of the reduced-
order observer is not larger than that of the full-order observer, and based on this, we conclude
that the conditions under which the full-order observer exists can also guarantee the existence
of a reduced-order observer.

Remark 11. The relationships of the existence condition between full-order and reduced-order
observers are first discussed in [43] for a general Lipschitz nonlinear system, and later for
one-sided Lipschitz nonlinear systems [51] and [52]. Compared with the work in [43,51,52],
the work given in the present paper is more challenging because we have to deal with not
only the unknown inputs but also the switching influences. In order to deal with the unknown
inputs, we have to find a coordinate transformation (28) to not only ensure the stability
of the obtained subsystem (29) (i.e., ensure matrix Ag([)gz — @U(”AU(,),]Z being Hurwitz)
but also guarantee the unknown inputs being decoupled in (29). In order to deal with the
switching influences, impulsive reset switching designs are considered such that the ’state
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Resistor R, v, i Inductor L

> R > Loy 2 R

Chua's Capacitor Switched )
—— Capacitor |
Diode C, s(t) —
V. C,

Resi Resistor
esistor
(t)

Fig. 1. An electronic circuit.

jump’ phenomena at each switching point can be avoided in the state estimation. Moreover,
detailed discussions on ADT and the comparisons of ADT between the full-order observer
and the reduced-order observer are made, and thus some important conclusions about ADT
are obtained.

4. A simulation example

In this section, we apply the proposed methods to a switched electronic circuit system.

Consider the electronic circuit as is shown in Fig. 1, where C; and C, stand for capacitors,
Ry, Ry and Rj are resistors, L is an inductor and i; denotes the current through L. w(¢) is
unknown value of the voltage resource. V/(f) and V,(¢), the voltages of C; and C,, are viewed
as the measurement outputs. The Chua’s diode is a nonlinear resistor [53], whose Voltage-
Amperage curve is depicted by

—1.143U — 0.429, U < -1
I =gU)=41-0.714U, —-1<Uc<l1
—1.143U +0.429, U > 1

where U and I represent the voltage and the current of the Chua’s diode, respectively. Then,
the circuit system can be characterized by

dip . 1V(t) 1V(t)

dr L' L

v, Livt) = 2 gv) Vi) + ——a(0)
— == - — — —w
dt C L Clg ! CiR; ! C\R;
v, 1. s(t)

_— = — t) — Vo (t

i = o= g0

where s(t) = {(1) switeh o0 is designed to produce the switching between the two modes of

the electronic circuit. Let x1(¢) = iy (t), x2(t) = Vi (t), x3(t) = Vo(¢t), then the above circuit
system can be described by

x(t) =Aix(t) + ©(x) + Dw(t)

yit)=Cx(),i=1,2
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where
1 1 1
0 - —— 0 -
L L L
A 1 1 0 A 1 1
! C  CGR, o ¢, CR,
1 1 1
— - — 0
G CR; G
0
0O 1 0 1
0
Choose C; = 50mF,Cy =20mF,Ry = R, =0.2Q,R; =
2sin(5t). Based on Algorithm 1, the observer gain matrices are calculated as:
[70.1999 0 0 0.2499 —0.2499
P = 0 0.5825 0 ,I1; = | 5.1384 —3.7363
| O 0 0.5825 3.7363  5.1384
. [0 0.1251
Zi =10 0 , &1 = 4.3408
|0 0.5825
[0.2010 0 0 0.2513  0.3930
P = 0 0.5780 0 LI, = [ 5.2748 —0.2929
| 0 0 0.5780 0.2929  5.2748
) [0 0.12897]
Z, =10 0 ,& = 4.5313
10 0.5780 |
[0 0.6256] 1.2500 —1.2500 1 0
F = 1 O ,L; = [88212 —-64142|, Ty =(0 O
L 6.4142  8.8212 0 0
0. 7875 0
5. 9359 0
5.9359
0 6410 1.2500  1.9552 1 0
1 L, =1{9.1259 —-0.5068 [, T, =|0 O
0 1 0.5068  9.1259 0 O
1.1075 0
0, = 0 6.0183 0
0 0 6.0183
According to matrix C, one can obtain by using Smith orthogonal procedure that
10 0 1 0
S = [O 1}, W=1|0 0 1 = [O 0.6256],

1 0 O

—0.6256

@ =[0 0.6410]

10€2, L = 800mH,

2937

and w(t) =
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4 T T T T

351 1

Switching signal o(t)
251 b

Time/s

Fig. 2. Switching signal o (7).

= —100 Of - =20 = =
A= |: 0 0:|,A1,12 = |: 50 i|,A1,21 =[125 —-125],A;»=0

- —-100 O | - =20 - =
Ay = |: 0 _5:|,A2,12 = |: 50 :|,A2,21 =[125 -1.25], A, =0.

The full-order impulsive switching observer (10)—(12) and reduced-order impulsive switch-
ing observer (30)—(32) are designed under the ADT switching signals generated by o () with

7, > v = 0.7869(6; = 1.3519 and 6, = 2.8977).

Set the initial values x(0) = [2.5 =2 —5]" in system (1), v(0) = [-10 12 20]" in
full-order observer (10)—(12), and ¢;(0) = —10 in reduced-order observer (30)—(32), respec-
tively. Fig. 2 shows the switching signal with respect to time ¢. Figs. 3 and 4 show the state
estimating performances given by full-order and reduced-order impulsive reset observers. It
can be seen that both the full-order and the reduced-order observers possess good estimation
performances.

5. Conclusions

In this paper, the observer designs for a class of switched nonlinear systems are consid-
ered. A full-order and a reduced-order impulsive reset switching observers are constructed.
The sufficient conditions of the full-order observer are formulated in terms of a Riccati equa-
tion. Moreover, we have shown that the existence conditions under which the full-order ob-
server (10)—(12) exist also guarantees the existence of a corresponding reduced-order observer
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5 T 10 T 25 T
4 Actual x, Actual x, 20 Actual x,
3}{ — — — Estimated X — — — Estimated X, — — — Estimated x
15 8
2 1 |
5} 10
9 | |
| 5
ol | |
0
-1 d
0 -5
-2} 4
-3} ] -101
4t J -15¢
-5 . -5 . -20 .
0 5 10 0 5 10 O 5 10
Time/s Time/s Time/s

Fig. 3. State estimation via full-order observer.

5 T 10 T 25 T
4 Actual x, Actual x,, 20 Actual x,
afl = - Estimated X, — — — Estimated X, — — — Estimated Xy
15
2 4
5 F 4

ol 1l
-1r 1
0 1

-2} 4
-3} ] 101 ]
-4} 4 —-15+ 4
-5 . -5 . -20 .

0 5 10 0 5 10 0 5 10

Time/s Time/s

Fig. 4. State estimation via reduced-order observer.

(30)—(32). How to extend these methods to unknown input systems with switching nonlinear
term will be next consideration.
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Appendix A. The computation of ¢

Decompose matrix C = [¢] ¢} ... c;]T, where ¢; € R"”. By Smith orthogonal pro-
cedure, we obtain
<, B> <l Bi>
Bi=cl.pr=c) ——2—"Bi. ... Bp=c), — Y ——p; (40)
: Po<BLB> ! P 1 < Bi. Bi >
where B, B2, ..., Bp € R" are orthogonal vectors. Rewrite (40) as CT =YQ, where Y =
[Bi B ... Bp]and
<, B> <ch, B>
< B, B1 > < By, B1 >
<cl B, >
=10 1 1’—/82
< B2, B2 >
| 0 0 1 h

Then we have Y'Y =1, and C = Q" Y". Let § = Q" and C =T, then we have C = SC
and CC = I,.

Appendix B. The proof of Lemma 2

Proof. Substituting (7), (8) into (13), and then pre-multiplying matrix W and post-multiplying
W in (13), respectively, one can obtain Eq. (25) directly. U

Appendix C. The proof of Lemma 3

Proof. Note that C [O 1 ]T = [S O] [O 1 ]T =0, then pre-multiplying matrix

[0(,1_,,)Xp In_p] and post-multiplying matrix [O(H_,,)X,, I,,_,,]T in Eq. (25), respectively
gives

~0i3=[0 IP@A—-FCAY[0 1]" +[0 1]A—FECA)'A[0 1]
+y2/al0 1P, — RO, — FO'R[0 1] + &,
=P3(Ain — OAi 1) + (A — OA;i 1) Ps+ y?/eiP 3 (0,07 + DPs+eil,_, < 0.
The proof is completed. [

Appendix D. The proof of Lemma 4

Proof. Since for any i € I', we have F,CD; = D;. Therefore, WECWTWD; = WD, ie.,

F.CD; = D;. Then we get

- _ _ _ - D
(I = Fu8$)Diy = Dy = FuSDiy = Dy = I, Opxa-p B[S 0] [Dj
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= Di,l - [Ip Opx(n—p)]E'CDi = Di,l - [Ip Opx(n—p)]Di =0

and

FasDis = O }isDis = [0upey oyl 0121

= [O(n—p)xp In—p]E‘CDi = [O(n—p)xp In—p]Di = Di,Z-
Thus, ®;D; | = — _if3115iT2(I — F1S)D; | + F2SD;; = D;», and this ends the proof. [
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