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This paper presents a new system configuration and a design method to improve control performance for
a system with an input time delay and disturbances. The equivalent-input-disturbance approach is

delay-dependent stability condition is devised in terms of a matrix inequality by using the free-
weighting matrix approach. The gain of the observer is designed by applying the cone complementary
linearization method to the matrix inequality. A numerical example demonstrates the validity of the
method.

& 2016 ISA. Published by Elsevier Ltd. All rights reserved.
1. Introduction

A time delay is often encountered in many practical systems,
such as chemical processes, biological mechanisms, and mechan-
ical apparatus [1–3]. Since a time delay decreases the stability
margin of a closed-loop system, the design of a robust time-delay
control system is a challenging problem, and has been drawing
considerable attentions [4–7].

Various methods have been proposed to improve the robust
performance of a closed-loop time-delay system [8–10]. The
Smith predictor (SP) [11–13] among them is the one that has
been widely used. It equivalently removes a time delay out of the
closed control loop, and stabilizes the time-delay system. How-
ever, disturbance-rejection performance is not satisfactory for
the SP. While sliding mode control (SMC) [14,15] is an effective
method to solve this problem, it may cause high-frequency
oscillation. This makes it difficult to implement the control law
for a mechatronic system.

Some methods that actively compensate disturbances have
been widely noticed. The equivalent-input-disturbance (EID)
rights reserved.
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approach is one among them. It was devised to reject both mat-
ched and unmatched disturbances effectively [16–18]. An EID is a
signal on the control input channel of a system that produces the
same effect on the output as actual disturbances do. This approach
does not require a prior information about disturbances. And since
it does not use the inverse dynamics of a plant, it avoids the
cancelation of unstable poles and zeros, which happens in a dis-
turbance observer.

This paper considers a guaranteed-cost control problem for a
plant with both of an input time delay and a non-stationary dis-
turbance. The control system combines the SP with the EID
approach, which is called the SP-EID control system here after, to
improve control performance. Since the guaranteed-cost control
method provides a control law that not only stabilizes a time-
delay system but also ensures an adequate level of control per-
formance, such a control law is presented in this paper to guar-
antee the upper bound of a specified linear integral-quadratic cost
function. A delay-dependent sufficient stability condition is
derived in terms of a matrix inequality. And the gain of the
observer is obtained from the condition using the cone com-
plementary linearization method. The validity of the method is
demonstrated through simulations.

In the rest of the paper, ½ A
BT

B
C� is indicated by ½A⋆ B

C�:
ed-cost control based on combination of Smith predictor and
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2. Configuration of SP-EID of control system

Consider the following linear time-invariant time-delay plant:

_xðtÞ ¼ AxðtÞþBuðt�τÞþBddðtÞ;
yðtÞ ¼ CxðtÞ;

(
ð1Þ

where xðtÞARn is the state; uðtÞARm is the control input; yðtÞARq

is the output; dðtÞARnd is a disturbance; and A, B, Bd, and C are
constant matrices with suitable dimensions. τ is a scalar repre-
senting the delay in the system. The initial condition is
xðtÞj t ¼ 0 ¼ xð0Þ.

The following assumptions are made for ðA;B;CÞ. They are
standard in control system design.

Assumption 1. ðA;B;CÞ is controllable and observable.

Assumption 2. ðA;B;CÞ has no zeros on the imaginary axis.

The configuration of the SP-EID control system is shown in
Fig. 1. The system contains the plant, a controller C ðsÞ, the SP, a
state observer, and an EID estimator. The EID estimator is extended
from its original form in [18] to the one in the figure so as to
handle the time delay in the plant. Note that

Bþ≔ ðBTBÞ�1BT ð2Þ

in the estimator.
According to the definition of the EID [18], we introduce an EID,

de(t), on the control input channel, and describe the plant as

_xðtÞ ¼ AxðtÞþB½uðt�τÞþdeðtÞ�;
yðtÞ ¼ CxðtÞ:

(
ð3Þ

In the above equation, we abuse the notation a little bit, and
use the same variable, x(t), to indicate the state of both the original
plant and that in (3). This should not cause confusion.

Let GðsÞ ¼ CðsI�AÞ�1B. Then, the transfer function of the plant
from u(t) to y(t) is given by PðsÞ ¼ GðsÞe�τs.

A full-order observer is used to estimate the EID. The state-
space representation of the observer is

_̂x ðtÞ ¼ Ax̂ðtÞþBuf ðt�τÞþL½yðtÞ� ŷðtÞ�;
ŷðtÞ ¼ Cx̂ðtÞ; :

�
ð4Þ

where x̂ðtÞ is a reconstruction state of x(t).
Controllerr(t) e(t) –C(s)

G(s)−G(s)e−τs
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Fig. 1. Configuration of SP
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Following the same line as that in [18], it is easy to show that an
estimate of the EID is given by

d̂eðtÞ ¼ Bþ LC ~xðtÞþuf ðt�τÞ�uðt�τÞ; ð5Þ
where

~xðtÞ ¼ xðtÞ� x̂ðtÞ: ð6Þ
A low-pass filter, F(s),

_xF ðtÞ ¼ AFxF ðtÞþBF d̂eðtÞ;
~de ðtÞ ¼ CFxF ðtÞ;

(
ð7Þ

is used to select the angular-frequency band width for the EID
estimation. It satisfies

jFðjωÞj � 1; 8ωA ½0;ωr �; ð8Þ
where ωr is the highest angular frequency of the disturbance. A
suitable filter has its cutoff angular frequency being more than 5–
10 times larger than ωr. The filtered disturbance, ~de ðtÞ, is given by

~DeðsÞ ¼ FðsÞD̂eðsÞ; ð9Þ
where ~DeðsÞ and D̂eðsÞ are the Laplace transformations of ~de ðtÞ and
d̂eðtÞ respectively.

A new control law of the control system is

uðtÞ ¼ uf ðtÞ� ~de ðtÞ: ð10Þ
3. Stability analysis and system design of SP-EID control
system

This section first analyzes the stability of the SP-EID control
system, then presents a design method based on the analysis
result.

3.1. Stability analysis

Let the reference input and the disturbance be zero, that is,

rðtÞ ¼ 0; dðtÞ ¼ 0: ð11Þ
The plant is described by

_xðtÞ ¼ AxðtÞþBuðt�τÞ;
yðtÞ ¼ CxðtÞ:

(
ð12Þ
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A state-space form of C ðsÞ is
_xc ðtÞ ¼ AcxcðtÞþBc½eðtÞ�ydðtÞ�;
uf ðtÞ ¼ CcxcðtÞ:

(
ð13Þ

And a state-space form of the SP is

_xd ðtÞ ¼ AdxdðtÞþBd½uf ðtÞ�uf ðt�τÞ�;
ydðtÞ ¼ CdxdðtÞ:

(
ð14Þ

First, recall the following definition and lemmas.
An infinite horizon quadratic cost function

J ¼
Z 1

0
½xTðtÞQxðtÞþuTðtÞRuðtÞ� dt ð15Þ

was considered in this study. In (15), Q and R are given positive-
definite symmetric matrices. A guaranteed-cost controller is
defined as follows.

Definition 1. If there exist a control law, u(t), and a positive scalar,
γ, such that the closed-loop system is stable and the cost function,
(15), of the system satisfies Jrγ; then γ is said to be a guaranteed
cost and u(t) is said to be a guaranteed cost controller for the
system.

Lemma 1 (Schur complement, Khargonek et al. [19]). For a given
symmetric matrix

χ ¼
χ11 χ12

χT
12 χ22

" #
; ð16Þ

the following statements are equivalent:

(i) χo0;
(ii) χ11o0 and χ22�χT

12χ
�1
11 χ12o0; and

iii) χ22o0 and χ11�χ12χ
�1
22 χ

T
12o0.

Assume that the singular-value decomposition of a matrix Π is

Π ¼U S 0
h i

T
T
; ð17Þ

where S is a positive-definite matrix, and U and T are unitary
matrices.

The following lemma presents a condition for the matrix
equation ΠX ¼ XΠ.

Lemma 2 (Ho and Lu [20]). For the given matrix ΠARp�n with
rankðΠÞ ¼ p, there exists a matrix XARp�p such that ΠX ¼ XΠ holds
for any X ARn�n if and only if X can be decomposed as

X ¼ T
X11 0
0 X22

" #
T
T
; ð18Þ

where T ARn�n is a unitary matrix, X11ARp�p, and
X22ARðn�pÞ�ðn�pÞ.

Considering that the states in the SP-EID control system in
Fig. 1 are x̂ðtÞ, ~xðtÞ, xF(t), xd(t), and xc(t), we define

φðtÞ ¼ x̂TðtÞ ~xTðtÞ xTF ðtÞ xTdðtÞ xTc ðtÞ
h iT

ð19Þ

and use it to describe the system. Since

_̂x ðtÞ ¼ Ax̂ðtÞþBuf ðt�τÞþLC ~xðtÞ;
_~x ðtÞ ¼ ðA�LCÞ ~xðtÞ�BCFxF ðt�τÞ;
_xF ðtÞ ¼ AFxF ðtÞþBFB

þ LC ~xðtÞþBFCFxF ðt�τÞ;
_xdðtÞ ¼ AdxdðtÞþBdCcxcðtÞ�BdCcxcðt�τÞ;
_xcðtÞ ¼ AcxcðtÞ�BcC ~xðtÞ�BcCx̂ðtÞ�BcCdxdðtÞ;
Please cite this article as: Gao F, et al. Delay-dependent guarante
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the state-space representation of the closed-loop system is

_φðtÞ ¼ A1φðtÞþA2φðt�τÞþB1uf ðt�τÞ; ð20Þ
where

A1 ¼

A LC 0 0 0
0 A�LC 0 0 0
0 BFB

þ LC AF 0 0
0 0 0 Ad BdCc

�BcC �BcC 0 �BcCd Ac

2
6666664

3
7777775
;

A2 ¼

0 0 0 0 0
0 0 �BCF 0 0
0 0 BFCF 0 0
0 0 0 0 �BdCc

0 0 0 0 0

2
6666664

3
7777775
; B1 ¼

B

0
0
0
0

2
6666664

3
7777775
:

The initial condition is φðtÞj t ¼ 0 ¼φð0Þ. The state-feedback
control law is

uf ðtÞ ¼ KφðtÞ; ð21Þ
where

K ¼ 0 0 0 0 Cc½ �:
Assume that the singular-value decomposition of the output

matrix is

C ¼ U Ŝ 0
h i

T̂
T
; ð22Þ

where Ŝ is a semi-positive definite matrix, and U and T̂ are unitary
matrices. Letting T̂ be

T̂ ¼ T̂ 1 T̂ 2

h i
; ð23Þ

we have the following theorem.

Theorem 1. For given Q40, R40, and α40, if there exist sym-
metric positive-definite matrices Yi ði¼ 1;…;5Þ, Δi ði¼ 1;…;5Þ, X1,
X11, X22, X3, X4, X5, and appropriate matrices W, Λi ði¼ 1;…;5Þ,
Mi ði¼ 1;…;5Þ, such that the following inequality holds:

Ψ 11 Ψ 12 τΛ τΨ 14 Ψ 15 Ψ 16

⋆ �Ψ 22 τM τΨ 24 0 0
⋆ ⋆ �τΨ 33 0 0 0
⋆ ⋆ ⋆ �τΔ 0 0
⋆ ⋆ ⋆ ⋆ �Q �1 0
⋆ ⋆ ⋆ ⋆ ⋆ �R�1

2
666666664

3
777777775
o0; ð24Þ

where

Ψ 11 ¼

Φ11 Φ12 0 0 Φ15

⋆ Φ22 Φ23 0 Φ25

⋆ ⋆ Φ33 0 0
⋆ ⋆ ⋆ Φ44 Φ45

⋆ ⋆ ⋆ ⋆ Φ55

2
6666664

3
7777775
;

Φ11 ¼ αAX1þαX1A
TþY1þΛ1þΛT

1;

Φ12 ¼WC;

Φ15 ¼ �αX1C
TBT

c ;

Φ22 ¼ AX2þX2A
T�WC�CTWTþΛ2þΛT

2þY2;

Φ23 ¼ CTWTBþ TBT
F ;

Φ25 ¼ �X2C
TBT

c ;

Φ33 ¼ X3A
T
F þAFX3þΛ3þΛT

3þY3;

Φ44 ¼ X4A
T
dþAdX4þΛ4þΛT

4þY4;

Φ45 ¼ BdCcX5�X4C
T
dB

T
c ;
ed-cost control based on combination of Smith predictor and
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Φ55 ¼ X5A
T
c þAcX5þΛ5þΛT

5þY5;

Ψ 12 ¼

Ω11 0 0 0 BCcX5

0 �Λ2þMT
2 Ω23 0 0

0 0 Ω33 0 0
0 0 0 �Λ4þMT

4 0

0 0 0 0 �Λ5þMT
5

2
6666664

3
7777775
;

Ω11 ¼ �Λ1þMT
1;

Ω23 ¼ �BCFX3;

Ω33 ¼ �Λ3þMT
3þBFCFX3;

Ψ 15 ¼ X ¼ diagfαX1;X2;X3;X4;X5g;

Ψ 16 ¼

0
0
0
0

X5C
T
c

2
6666664

3
7777775
;

Ψ 14 ¼

αX1A
T 0 0 0 �αX1C

TBT
c

CTWT �CTWTþX2A
T CTWTBþ T

BT
F 0 �X2C

TBT
c

0 0 X3A
T
F 0 0

0 0 0 X4A
T
d �X4C

T
dB

T
c

0 0 0 X5C
T
c B

T
d X5A

T
c

2
666666664

3
777777775
;

Ψ 22 ¼ YþMþMT; Y ¼ diagfY1;Y2;Y3;Y4;Y5g;

Ψ 24 ¼

0 0 0 0 0
0 0 0
0 �X3C

T
FB

T X3C
T
FB

T
F 0 0

0 0 0 0 0
X5C

T
c B

T 0 0 �X5C
T
c B

T
d 0

2
6666664

3
7777775
;

Ψ 33 ¼ XΔ�1X;

Δ¼ diagfΔ1;Δ2;Δ3;Δ4;Δ5g;
Λ¼ diagfΛ1;Λ2;Λ3;Λ4;Λ5g;
M¼ diagfM1;M2;M3;M4;M5g;

then the system (20) is asymptotically stable for any constant time-
delay τ40. The cost function satisfies

JrφTð0ÞPφð0Þþ
Z 0

�τ
φTðsÞSφðsÞ dsþ

Z 0

�τ

Z 0

θ
_φTðsÞZ _φðsÞ ds dθ;

ð25Þ
and the singular-value decomposition of X2 is

X2 ¼ T̂ 1 T̂ 2

h i X11 0
0 X22

" #
T̂
T
1

T̂
T
2

2
4

3
5: ð26Þ

Moreover, the gain of the observer is

L¼WUŜX�1
11 Ŝ

�1
UT: ð27Þ

Proof. The closed-loop system with the control law (20) is

_φðtÞ ¼ A1φðtÞþðA2þB1KÞφðt�τÞ: ð28Þ

Choose a Lyapunov functional candidate to be

VðφðtÞÞ ¼φTðtÞPφðtÞþ
Z t

t�τ
φTðsÞSφðsÞ dsþ

Z 0

�τ

Z t

tþθ
_φTðsÞZ _φðsÞ ds dθ;

ð29Þ
where Pi ði¼ 1;…;5Þ, Si ði¼ 1;…;5Þ, Zi ði¼ 1;…;5Þ, P ¼ diagf
1
αP1; P2; P3; P4; P5g, S¼ diagfS1; S2; S3; S4; S5g, and Z ¼ diagfZ1; Z2; Z3;
Please cite this article as: Gao F, et al. Delay-dependent guarante
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Z4; Z5g are symmetric positive-definite matrices to be determined,
and α40.

Calculating the derivative of VðφðtÞÞ along the solution of the
system in (28) yields

_V ðφðtÞÞ ¼ 2φTðtÞP _φðtÞþφTðtÞSφðtÞ�φTðt�τÞSφðt�τÞþτ _φTðtÞZ _φðtÞ

�
Z t

t� τ
_φTðsÞZ _φðsÞ ds: ð30Þ

Applying the free-weighting matrix approach [21], the follow-
ing equation holds for any matrices N1 and N2:

2
�
φTðtÞN1þφTðt�τÞN2

�
φðtÞ�

Z t

t�τ
_φðsÞ ds�φðt�τÞ

� �
¼ 0: ð31Þ

And for

ηðtÞ ¼
φðtÞ

φðt�τÞ

" #
; X ¼ X11 X12

⋆ X22

" #
Z0; ð32Þ

the following also holds

τηTðtÞXηðtÞ�
Z t

t�τ
ηTðtÞXηðtÞ dsZ0: ð33Þ

Incorporating (31) and (33) into (30) yields

_V ðφðtÞÞr2φTðtÞP _φðtÞþφTðtÞSφðtÞ�φTðt�τÞSφðt�τÞþτ _φTðtÞZ _φðtÞ

�
Z t

t� τ
_φTðsÞZ _φðsÞ dsþ2

�
φTðtÞN1þφTðt�τÞN2

�
�

�
φðtÞ

�
Z t

t� τ
_φðsÞ ds�φðt�τÞ

�
þτηTðtÞXηðtÞ�

Z t

t� τ
ηTðtÞXηðtÞ ds: ð34Þ

So,

_V ðφðtÞÞþφTðtÞ½QþKTRK�φðtÞrηTðtÞΞηðtÞ�
Z t

t� τ
ηT1ðt; sÞΓη1ðt; sÞ ds;

ð35Þ
where

Ξ ¼
Θ11 Θ12

⋆ Θ22

" #
;

Γ ¼
X11 X12 N1

⋆ X22 N2

⋆ ⋆ Z

2
64

3
75;

Θ11 ¼ PA1þAT
1PþSþτAT

1ZA1þN1þNT
1þτX11þQþKTRK ;

Θ12 ¼ PðA2þB1KÞ�N1þNT
2þτAT

1ZðA2þB1KÞþτX12;

Θ22 ¼ �S�N2�NT
2þτðA2þB1KÞTZðA2þB1KÞþτX22;

η1ðtÞ ¼
φðtÞ

φðt�τÞ
_φðsÞ

2
64

3
75:

It is clear from (35) that the asymptotic stability of the closed-
loop system is guaranteed by Ξo0 and ΓZ0 because they pro-
vide

_V ðφðtÞÞo�φTðtÞ½QþKTRK�φðtÞ: ð36Þ
This implies that V ðφðtÞÞ is a Lyapunov–Krasovskii functional.
Furthermore, integrating both sides of (36) from 0 to 1 with the
initial condition yields

JrφTð0ÞPφð0Þþ
Z 0

� τ
φTðsÞSφðsÞ dsþ

Z 0

�τ

Z 0

θ
_φTðsÞZ _φðsÞ ds dθ:

ð37Þ
ed-cost control based on combination of Smith predictor and
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Now, we show that (24) guarantees Ξo0 and ΓZ0. If we
select Z40 and X such that

X ¼
N1

N2

" #
Z�1 N1

N2

" #T

; ð38Þ

then XZ0 and ΓZ0. By Lemma 1, Ξo0 is equivalent to

Θ11 Θ12 τN1 τAT
1Z I KT

⋆ Θ22 τN2 τðA2þB1KÞTZ 0 0
⋆ ⋆ �τZ 0 0 0
⋆ ⋆ ⋆ �τZ 0 0
⋆ ⋆ ⋆ ⋆ �Q �1 0
⋆ ⋆ ⋆ ⋆ ⋆ �R�1

2
6666666664

3
7777777775
o0; ð39Þ

where

Θ11 ¼ PA1þAT
1PþSþN1þNT

1;

Θ12 ¼ PðA2þB1KÞ�N1þNT
2;

Θ22 ¼ �S�N2�NT
2:

Let P�1
i ¼ Xi ði¼ 1;…;5Þ, Z�1

i ¼Δi ði¼ 1;…;5Þ, X ¼ diagf
αX1;X2;X3; X4;X5g, and Δ¼ diagfΔ1;Δ2;Δ3;Δ4;Δ5g.

Pre- and post-multiplying (39) by diagfP�1; P�1; P�1; Z�1;

I; Ig ¼ diagfX;X;X;Δ; I; Ig, and letting Λ¼ XN1X ¼ diag fΛ1;Λ2;

Λ3;Λ4;Λ5g, M ¼ XN2X ¼ diagfM1;M2;M3;M4;M5g, Y ¼ XSX ¼ diagf
Y1;Y 2;Y3;Y4;Y5g, and W ¼ KX yield

Υ 11 Υ 12 τΛ τXAT
1 X W

T

⋆ Υ 22 τM Υ 24 0 0

⋆ ⋆ �τXΔ�1X 0 0 0
⋆ ⋆ ⋆ �τΔ 0 0
⋆ ⋆ ⋆ ⋆ �Q �1 0
⋆ ⋆ ⋆ ⋆ ⋆ �R�1

2
6666666664

3
7777777775
o0; ð40Þ

where

Υ 11 ¼ A1XþXAT
1þYþΛþΛT

;

Υ 12 ¼ A2XþB1W �ΛþMT;

Υ 22 ¼ �Y�M�MT;

Υ 24 ¼ τðW T
BT
1þXAT

2Þ:

Applying Lemma 2 to (22) gives

X2 ¼UŜX11Ŝ
�1

UT; ð41Þ
with

CX2 ¼ X2C: ð42Þ
Letting

LX2 ¼W ; ð43Þ
and substituting (20), (42), and (43) into (40) yield (24).

This completes the proof. □

Note that the inequality (24) is not a linear matrix inequality
(LMI) due to the terms such as Ψ 33 ¼ XΔ�1X, and the problem is a
non-convex problem.

To solve this problem, we introduce a new variable, H, such that
XΔ�1X4H. So, we have H�14X�1ΔX�1. According to the Schur
complement, it is equal to

H�1 X�1

X�1 Δ�1

" #
40: ð44Þ

The original design problem is converted to the following opti-
mization problem involving LMI conditions:

min TrðHTþXJþΔDÞ
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subject to
Ψ 11 Ψ 12 τΛ τΨ 14 Ψ 15 Ψ 16

⋆ �Ψ 22 τM τΨ 24 0 0
⋆ ⋆ �τH 0 0 0
⋆ ⋆ ⋆ �τΔ 0 0
⋆ ⋆ ⋆ ⋆ �Q �1 0
⋆ ⋆ ⋆ ⋆ ⋆ �R�1

2
666666664

3
777777775
o0; ð45Þ

T J

J D

" #
40;

H I

I T

� �
40; ð46Þ

X I

I J

" #
40;

Δ I

I D

" #
40; ð47Þ

where Trð�Þmeans the trace of a square matrix, which is the sum of
the elements on the main diagonal of the matrix.

The cone complementary linearization method is used to solve
the above optimization problem. If the solution of the above
optimization problem is 3n, that is, TrðHTþXJþΔDÞ ¼ 3n, then we
know from Theorem 1 that the guaranteed-cost control problem is
solvable [22].

3.2. Design algorithm

An algorithm of designing the control system that combines
the SP and the EID approach is developed based on Theorem 1 as
follows.

Step 1: Choose AF, BF, and CF for the low-pass filter, (7), that
satisfies (8).

Step 2: Choose a satisfactory controller C ðsÞ based on the design
of the SP.

Step 3: Find a feasible solution to (24), and calculate the obser-
ver gain L from (27).
4. Simulation verification

A numerical example is used to illustrate the design procedure
and the validity of the method. The parameters of the plant (1) are

A¼ �2 0
4 �5

� �
; B¼ 4

0

� �
; Bd ¼

1
1:2

� �
;

C ¼ 5 1:2½ �; τ¼ 0:16 s:

8><
>: ð48Þ

The transfer function from the input to the output is

PðsÞ ¼ GðsÞe�0:16s; GðsÞ ¼ 20sþ119:2
s2þ7sþ10

: ð49Þ

Let the reference input be

rðtÞ ¼ 1200� 1ðtÞ; ð50Þ
where 1ðtÞ is the unit step function and the disturbance be

dðtÞ ¼
15� ð sin 4πtþ cos 2πtþ sinπtþ sin 0:5πtÞ; 10rtr20;
0; otherwise:

(

ð51Þ
A first-order low-pass filter

FðsÞ ¼ b
sþa

ð52Þ

was selected for the EID estimator. Since ωr ¼ 4π rad and
5ωr ¼ 62:8 rad,

a¼ 101; b¼ 100
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Fig. 2. Simulations results for (50) and (51) for SP-EID. (a) System output, y;
(b) control input, u; (c) disturbance, d; and (d) EID estimate, ~de .
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were chosen to meet condition (8). The state-space form of the
filter is

AF ¼ �101; BF ¼ 100; CF ¼ 1: ð53Þ
Trial and error found the following parameters of C ðsÞ that

produced satisfactory results:

Ac ¼ �0:05; Bc ¼ 0:12; Cc ¼ 1: ð54Þ
Note that, to guarantee the feasibility of the LMI (24), a small

number but not 0 was chosen for Ac. Simulations showed that this
choice provided satisfactory control precision.

Q ¼ diagf100I; I; I; I; Ig and R¼ I were chosen for (15), and α¼ 1
was selected for (29).

Using the cone complementary linearization method [22]
yielded a feasible solution to the optimization problem, the gain of
the observer was given by

L¼ 2:0850 �4:3058½ �T: ð55Þ
The simulation results for the SP-EID control are shown in

Fig. 2. The peak-to-peak value (PPV) of the steady-state tracking
error during [10 s, 20 s] was 105. The spectrums of the dis-
turbance, d (Fig. 2 (c)), and the EID estimate, ~de (Fig. 2 (d)), are
shown in Fig. 3. It is clear from the figure that, while the magni-
tude of these two signals are different due to the difference in
their input channels, the frequency components of d are generated
in ~de. So, the control input that incorporates ~de suppresses the
effect of the disturbance.

To demonstrate the validity of the SP-EID method, we com-
pared it with the widely used SP and the SMC methods. First, the
output of the SP control system is shown in Fig. 4. The PPV of the
steady-state tracking error for the SP control during [10 s, 20 s]
was 163, which is about 1.5 times larger than that of the SP-EID
method.

Instead of using an EID estimator in Fig. 1, the SMC system
inserted a sliding-mode controller before the plant in the forward
path, and the controller was

uSðtÞ ¼ �KS sgn½SðtÞ�; ð56Þ
where KS is a positive real number, and S(t) is a switching function
and it was chosen to be

SðtÞ ¼ �uf ðtÞ ð57Þ
in this study. KS ¼ 100 was used for comparison.

The simulation results for the SMC method are shown in Fig. 5.
The PPV of the steady-state tracking error for the SMC method
during [10 s, 20 s] was 143, which is less than that of the SP
method, but is about 1.3 times larger than that of the SP-EID
method. This demonstrates that the SP-EID method is effective in
rejecting disturbances and is superior to the SP and the SMC
methods.

One of the big differences between simulations and experi-
ments is measurement noise. In order to demonstrate that the SP-
EID method is useful for a real-time system, a relatively large noise
with the amplitude being about 300, which was 25% of the stead-
state output, was added in the output. The simulation results
(Fig. 6) show that the system was stable and the steady-state
tracking error during [10 s, 20 s] was 129. This demonstrates the
validity of the SP-EID method for control engineering practice.
Fig. 3. Spectrums of d and ~de .
5. Conclusion

This paper presented a new active disturbance rejection
method that combines the SP method with the EID approach to
improve the disturbance rejection performance for a time-delay
system. A delay-dependent stability condition was devised in
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terms of a nonlinear matrix inequality by using the free-weighting
matrix approach. The problem of solving the nonlinear matrix
inequality was converted to an optimization problem by introdu-
cing a new variable. The gain of the state observer was designed by
applying the cone complementary linearization method to solve
the optimization problem. A numerical example showed that the
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Fig. 6. System output for (50) and (51) with measurement noise for SP-EID.
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SP-EID method provided satisfactory disturbance rejection per-
formance. By comparison with the SP and the SMC methods, the
SP-EID method showed the superiority over them. The advantages
of the SP-EID method are as follows:

(a) The configuration of the control system is simple.
(b) It rejects a disturbance without requiring any prior informa-

tion about the disturbance.
(c) It effectively compensates a disturbance in a time-delay

system.
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