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Abstract

Sliding mode control (SMC) is widely used in many existing nonlinear control solutions due to its capability against external distur-
bances and uncertainties, while the fractional order control (FOC) is employed as it can further enhance the control performance due to
its robustness. This paper attempts to implement a fractional-order sliding mode control (FOSMC) for a small satellite with reaction
wheels (RWs). In this work, a conventional SMC was initially designed to cope with the uncertainties of satellite attitude dynamics.
In order to improve the attitude control performance, the FOSMC was designed accordingly and the classical chattering problem
was alleviated by using the hyperbolic tangent function. This current work is the maiden work on FOSMC especially for small satellites
using RWs. The FOSMC was also tested for a satellite with only two functional RWs, in which the control allocation technique is pro-
posed to solve the underactuated satellite attitude control problem. Since the angular momentum of the reaction wheel will become sat-
urated over time, it will be managed using the momentum unloading technique with the unique fuzzy proportional-integral (FPI) control.
All control algorithms were numerically treated and analysed. The results show that the FOSMC is effective in achieving the overall
desired attitude control performance for nominal and underactuated satellites.
� 2020 COSPAR. Published by Elsevier Ltd. All rights reserved.
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1. Introduction

Sliding mode control (SMC) has been widely used in
nonlinear system control. It is a specific type of variable
structure control system and is one of the many methods
to the robust and nonlinear control designs. The SMC
basic principles and development were outlined in many
earlier researches by Utkin and Lee (2006) and Utkin
et al. (2009). The SMC is popular in various fields with
nonlinear system dynamics due to its advantages in terms
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of being very insensitive to some particular uncertainties,
parameter variations, system perturbations and external
disturbances. The SMC algorithms can effectively deal with
the nonlinearities of the system without the need for
approximation, modelling uncertainties and input distur-
bances. In addition, SMC can provide rapid responses,
while ensuring high accuracy attitude pointing or tracking
within a finite transient time, provided well-defined upper
and lower bounds of the parameter uncertainties and dis-
turbances are known (Shtessel et al., 2016). These days,
however, the satellites have become increasingly more com-
plex; therefore, a robust nonlinear controller such as SMC
is highly desirable. In the literature so far, extensive
researches on the SMC design for satellite applications

https://doi.org/10.1016/j.asr.2020.02.022
mailto:zuliana.ismail@gmail.com
mailto:renu99@gmx.de
mailto:renu99@gmx.de
https://doi.org/10.1016/j.asr.2020.02.022
http://crossmark.crossref.org/dialog/?doi=10.1016/j.asr.2020.02.022&domain=pdf


322 Z. Ismail et al. / Advances in Space Research 66 (2020) 321–334
are available (Pukdeboon and Kumam, 2015; Lee and
Singh, 2016; Eshghi and Varatharajoo, 2017; You et al.,
2018).

The SMC works by the application of a discontinuous
control signal that drives the system states to slide along
a predefined surface known as sliding surface. It keeps
the system states in the close neighbourhood of the sliding
surface when they have reached the surface. For an ideal
sliding mode, the system trajectories should lie on the
switching surface. However, there is a condition where a
system’s erratic trajectory does not slide along the sliding
surface smoothly, but with a high-frequency oscillation,
and this phenomenon is known as chattering. Chattering
is the primary drawback of the conventional SMC, as its
effects result in low control accuracy, high wear-rate of
moving mechanical parts and high rate of heat loss in the
power circuits (Wu et al., 2009). Many studies have been
conducted to find solutions to overcome the chattering,
using techniques based on the relay control gain adaptation
and the hysteresis loop (Lee and Utkin, 2007), the distur-
bance observer (Wu et al., 2009), the fuzzy logics (Cao
et al., 2013) and the non-singular terminal sliding mode
(NTSMC) (Lyu et al., 2016; Nemati et al., 2017). A com-
mon method to reduce chattering is to introduce a bound-
ary layer design in the SMC. The boundary layer design
can be realized by replacing the discontinuous sign func-
tion with a linear saturation function or a hyperbolic tan-
gent function (Eshghi and Varatharajoo, 2017).
Meanwhile, a number of studies have shown that the
fractional-order controller (FOC) could enhance the con-
trol system performance (Chen et al., 2009; Efe, 2011;
El-Khazali, 2013; Sharma et al., 2015). Although the
FOC has gained extensive attention, its application in the
satellite control system is very limited (Manabe, 2002 and
Nasri and Kinsner, 2014). Furthermore, only a few authors
have shown interest to integrate FOC into the SMC to
obtain better control and stability performance. A new
and systematic design of the fractional-order sliding mode
controller (FOSMC) for an anti-lock braking system and a
mechanical system with one degree of freedom was pro-
posed, respectively (Tang et al., 2013; Binazadeh and
Yousefi, 2017). The FOSMC for a single input two output
(SITO) system was proposed for a class of nonlinear sys-
tems (Bandyopadhyay and Kamal, 2015; Bouarroudj
et al., 2016). Abdelhamid et al., (2014) demonstrated a bet-
ter control performance of the FOSMC for the nonlinear
systems (in comparison with the conventional SMC). The
improved performance is related to the extra degree of free-
dom of the fractional-order system.

There are researches on the FOSMC based satellite
attitude control. Liwei and Shenmin, 2013 proposed the
FOSMC to control a bias-momentum stabilized pico-
satellite, Tianyi et al., 2015 designed the FOSMC for
satellite attitude control based on modified Rodrigues
parameters (MRP) attitude parameterization, Zhang
et al., 2019 demonstrated the FOSMC for a rigid spacecraft
attitude tracking in the presence of the actuator loss of effec-
tiveness and a bias fault, while Chakrabarti and
Selvaganesan, 2020 proposed the FOSMC with a modified
reaching law to stabilize a satellite at the desired attitude
and angular velocity. In one of recent studies, FOSMC
was employed to control a satellite tether deployment with
a consideration of uncertainties (Kang et al., 2017).
Although all these studies introduced the FOSMC, none
have addressed the end-to-end analysis on a full in-orbit
cycle and underactuated cases particularly in the event of
reaction wheel failures. The implementation of the FOSMC
seems attractive, but a comprehensive analysis herein is
indeed desirable to establish its full potential. Therefore,
this paper presents the FOSMC based satellite attitude con-
trol with reaction wheels, whereby its control law is derived
based on the proposed fractional-order sliding surface and
its stability is guaranteed by using the Lyapunov theorem.

Typically, a reaction wheel (RW) is chosen as an actuator
in most satellites due to its superb pointing accuracy (Yang,
2017; Lee et al., 2018). Even though RWs can provide high
precision torques as well as high attitude accuracy perfor-
mances, they suffer from the drawback of momentum satura-
tion. The FPI controller is proposed for the momentum
unloading control loop using magnetic torquers (MTQs) in
this study. Based on a small low earth orbiting satellite mis-
sion, the use of MTQs to interact with the Earth’s magnetic
field for the wheel momentum unloading control is sufficient
as the MTQs are lightweight (Luo and Zhou, 2017). Besides
that, a set of four RWs in a pyramid configuration was used
in this study for both controllability and redundancy rea-
sons. If one of the RWs fails, the attitude control system
can still generate any direction of torque by the remaining
wheels. However, if two of the four RWs fail, there are still
two RWs left to control the satellite’s attitude (underactu-
ated satellite), but with the assistance of specialised control
techniques. This study then also investigated a control allo-
cation technique to ensure controllability of the underactu-
ated satellite specifically for satellites with four RWs in a
pyramid configuration.

This paper is organized as follows: the dynamics and
kinematics of the satellite system and the RWs control allo-
cation matrix are described in Sections 2–4, while the mod-
elling of the fractional-sliding mode controller design for
the satellite system is presented in Section 5. Besides, the
definitions and the properties of the fractional order calcu-
lus are briefly introduced while the filter approximations to
the fractional order differentiators are discussed using the
Oustaloup’s recursive scheme in the same section. In addi-
tion, the wheel momentum unloading controller is
explained in Section 6. The simulation and results are
shown and described in Section 7. Finally, the conclusions
are drawn in Section 8.

2. Satellite dynamics and kinematics

The attitude is represented by the quaternion and the
rigid body satellite attitude kinematics can be written as
follows:
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_Q ¼ 1

2

q� þ q4I3�3

�qT

� �
xb ð1Þ

where Q ¼ qT ; q4ð ÞT is the attitude quaternion with

q ¼ q1 q2 q3½ �T , and xb ¼ xx xy xz½ �T is the angular
velocity of the satellite’s body with respect to the inertial
frame, and I3�3 denotes the identity matrix. For any vector
x ¼ xx xy xz½ �, notation x� indicates the cross product
that is defined below:

x� ¼
0 �xz xy
xz 0 �xx
�xy xx 0

2
64

3
75 ð2Þ

The satellite attitude dynamics is defined by the follow-
ing equation:

_xb¼ J�1 �x�
b Jxb þ Rrwhwð Þ þ Tc þ Td

� � ð3Þ
where Rrw is the wheel configuration matrix, hw is the
wheel’s angular momentum, Tc is the control input that

needs to be designed, and Td ¼ T dx T dy T dz½ �T represents
the bounded disturbances torques and J is the satellite’s
actual moment of inertia as defined below:

J ¼ Jo � DJ ð4Þ
where Jo is the nominal moment of inertia and DJ denotes
the uncertainties.

3. Reaction wheel control allocation matrix

The description of the RW control allocation matrix is
explained in detail in this section and the block diagram
of the satellite attitude control system using the RWs actu-
ator is given in Fig. 1. The RW control allocation matrix
can be denoted as Rrw½ � and defined as follows:

Rrw½ � ¼ rrw1 rrw2 rrw3 rrw4½ � ¼
rrw1;x rrw2;x rrw3;x rrw4;x
rrw1;y rrw2;y rrw3;y rrw4;y
rrw1;z rrw2;z rrw3;z rrw4;z

2
64

3
75
ð5Þ

Since Rrw½ � is a rectangular matrix, it is required to com-

pute a Moore–Penrose Pseudo inverse matrix Rrw½ ��1 (Leve

et al., 2014). According to Fig. 1, Tc ¼ T cx T cy T cz½ �T is
Fig. 1. Closed loop satellite attitude contro
the control torque input commanded by attitude controller;

Trw¼ T rw1 T rw2 T rw3 T rw4½ �T and hrw¼ hrw1 hrw2 hrw3 hrw4½ �T are
the set of torques and angular momentum produced by the

four RWs respectively; Tw¼ T wx T wy T wz½ �T and

hw¼ hwx hwy hwz½ �T are the RWs’ applied torques and
RW’s angular momentums in three reference axes respec-
tively. Tw can also be written as follows:

Tw ¼ Rrw½ � Rrw½ ��1
Tc ð6Þ
3.1. Four reaction wheels in pyramid configuration

In this research, the RWs onboard the satellite are in the
pyramid configuration (Fig. 2). Note that the pyramid con-
figuration offers good torque and momentum capabilities
in any satellite principal axis, whether with the use of four
or even only three RWs (in case of one wheel failure)
(Hurtado and Villota, 2014).

The pyramid’s inclination angle a is the angle between
the XB and the wheel spin axis projection on both XB=Y B

and XB=ZB planes (i.e. all the wheel axis components have
the same magnitude). In a pyramid configuration, each
wheel can induce torque and momentum in the ZB direc-
tion. When the pyramid configuration is rotated by an
angle a around ZB axis, the RW torques developed along
the three-axis of the satellite’s body can be detailed as
follows:

T wx

T wy

T wz

2
64

3
75 ¼

cosbcosa �cosbsina �cosbcosa cosbsina

cosbsina cosbcosa �cosbsina �cosbcosa

sinb sinb sinb sinb

2
64

3
75

�

T rw1

T rw2

T rw3

T rw4

2
66664

3
77775

ð7Þ

By simplifying Eq. (7), and with a ¼ 45
�

and

b ¼ 35:264
�
, as examples, the torque distribution matrix

can be re-written as follows where the matrix becomes
homogeneous (even distribution):
l system using reaction wheels actuator.



Fig. 2. Reaction wheels arrangement in a pyramid configuration.
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T wx

T wy

T wz

2
64

3
75 ¼

ffiffiffi
3

p

3

1 �1 �1 1

1 1 �1 �1

1 1 1 1

2
64

3
75

T rw1

T rw2

T rw3

T rw4

2
6664

3
7775 ð8Þ
3.2. Control of an underactuated satellite using two RWs

This section describes the new attitude control schemes
for an underactuated satellite using two RWs. The
approach pursued in this section utilizes the control alloca-
tion technique. Based on RWs in pyramid configuration
given in Fig. 2 and assuming the failure of two RWs
(RW 3 and RW 4), the RW configuration can be depicted
as in Fig. 3:

By using a special design, it is possible to control and
stabilize a three-axis satellite attitude with two functional
RWs (RW 1 and RW 2) (Lam et al., 2010). For the control
allocation technique in this study, the two functional
wheels are still arranged in the pyramidal configuration
and are not restrained in a specific location as these wheels
can slide between specific angles. When these wheels are
positioned at specific angles, they can deliver the torques
more effectively at two particular axes, which can be XB-
Y B, XB- ZB or Y B- ZB at a specific time. Although the other
unaffected rotational axis is briefly uncontrolled, this brief
moment does not have sufficient time to destabilize that
Fig. 3. Model of a satellite with two reaction wheels.
axial dynamics. In other words, the wheels are repositioned
to another specific angle through a fixed sliding mechanism
so that the previously uncontrolled axis can regain control.
The control allocation technique for an underactuated
satellite using two RWs is depicted in Fig. 4, where R1,
R2 and R3 denote rotation 1, rotation 2 and rotation 3
respectively.

As can be seen in Fig. 4, the satellite’s attitude can be
controlled by switching the rotation of R1, R2 and R3 fast

enough in a controlled cycle: R1 a ¼ 45
�
; b ¼ 35

�� �
, R2

a ¼ 0
�
; b ¼ 0

�� �
and R3 a ¼ 0

�
; b ¼ 90

�� �
. The control allo-

cation matrix given by the two RWs for each rotation is
summarised in Table 1 where the calculation of the applied
wheel torques to the three-axis satellite is based on Eq. (6),
with the assumption that RW 3 and RW 4 failed.

From Eq. (9), it is obvious that T wy and T wz will always
have the same amount of torque which is half from T cy and
the other half from T cz, which makes the torque control
non-unique and not fully-delivered in the sense of perfor-
mance. The two configurations in Eqs. (10) and (11) show
that the pitch-axis (y) and the yaw-axis (z) can be con-
trolled individually, when the angles of a and b are adjusted
accordingly. As shown in Fig. 4, the switching of the R1,
R2 and R3 enables each Euler axis to be controlled with
the right amount of torque for a brief moment and the
rotation cycle is repeated.

4. Error dynamics in quaternions

Let Qe ¼ qTe ; qe4
� �T ¼ qe1; qe2; qe3; qe4ð ÞT denote the atti-

tude quaternion error of satellite’s body frame with respect
to the desired reference frame, and is given by

Qe ¼
qe

q4e

� �
¼ q4dq� q4qd þ q�qd

q4dq4 þ qTd q

� �
ð12Þ

In Eq. (13), the satellite kinematic equation for the atti-
tude quaternion error is

_Qe ¼
_qe

_qe4

� �
¼ 1

2

Me

�qTe

� �
xe ð13Þ

where Me ¼ q�e þ q4eI3�3 and xe is the angular velocity
error (xe ¼ xb � CðqeÞxd). Note that xd is the desired
angular velocity and CðqeÞ is the attitude transformation
from the desired reference frame to the satellite’s body
frame that is given by

CðqeÞ ¼ q24e � qTe qe
� �

I3�3 þ 2qeq
T
e � 2q4eq

�
e ð14Þ

Next, the time derivative of xe is obtained as

_xe ¼ _xb � _CðqeÞxd � CðqeÞ _xd ð15Þ
Substituting the satellite’s attitude dynamic equation, _xb

in Eq. (3) into Eq. (15), yields

_xe ¼ J�1 �x�
b Jxb þ Awhwð Þ þ Tc þ Td

	 
� _CðqeÞxd

� CðqeÞ _xd ð16Þ



Table 1
Control allocation matrix and wheel’s applied torques using two RWs.

Rotation Wheel’s applied torques calculation Eq.

R1 Twx

T wy

T wz

2
4

3
5 ¼

ffiffi
3

p
3

1 �1
1 1
0 0

2
4

3
5 3ffiffi

3
p 1

4

2 1 1
�2 1 1

� � T cx

T cy

T cz

2
4

3
5

Twx

T wy

T wz

2
4

3
5 ¼

1 0 0
0 1

2
1
2

0 1
2

1
2

2
4

3
5 T cx

T cy

T cz

2
4

3
5 (9)

R2
Twx

T wy

T wz

2
4

3
5 ¼

ffiffi
3

p
3

1 �1
1 1
0 0

2
4

3
5 6

7

1 1 0
�1 1 0

� � T cx

T cy

T cz

2
4

3
5 Twx

T wy

T wz

2
4

3
5 ¼

1 0 0
0 1 0
0 0 0

2
4

3
5 T cx

T cy

T cz

2
4

3
5 (10)

R3
Twx

T wy

T wz

2
4

3
5 ¼

ffiffi
3

p
3

0 0
0 0
1 1

2
4

3
5 6

7

0 0 1
0 0 1

� � T cx

T cy

T cz

2
4

3
5 Twx

T wy

T wz

2
4

3
5 ¼

0 0 0
0 0 0
0 0 1

2
4

3
5 T cx

T cy

T cz

2
4

3
5 (11)

Fig. 4. Control allocation technique for an underactuated satellite.
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From Eq. (12) to Eq. (16), we can derive €qe

€qe ¼ 1
2
_Mexe þ 1

2
Me _xe

€qe ¼ 1
2
_Mexe þ 1

2
Me J�1 �x�

b Joxb þ Awhwð Þ þ Tc þ Td

	 
�
� _CðqeÞxd � CðqeÞ _xd

�
ð17Þ

Re-arranging Eq. (17), we obtain

2JM�1
e €qe ¼ JM�1

e
_Mexe � x�

b Jxb þ Awhwð Þ
þ Jx�

e CðqeÞxd � JCðqeÞ _xd þ Tc þ Td ð18Þ

where the form of 2JM�1
e €qe will be used to design the con-

ventional SMC and fractional-order SMC in Section 5. Eq.
(19) can be written compactly as

2JM�1
e €qe ¼ faðqe; _qe;xeÞ þ Tc þ Td ð19Þ
where

faðqe; _qe;xeÞ ¼ JM�1
e

_Mexe � x�
b Jxb þ Awhwð Þ

þ Jx�
e CðqeÞxd � JCðqeÞ _xd ð20Þ
5. Controller

In this section, the designs of a conventional SMC as a
reference and a novel fractional-order SMC for small satel-
lites are described in detail together with their governing
equations.

5.1. Conventional sliding mode controller (SMC)

Choosing qe and _qe as the sliding variables, the sliding
surface is constructed as
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_s ¼ _qe þ kqe ð21Þ
where k ¼ diag k1; k2; k3½ � must satisfy the Routh–Hur-

witz stability criterion. The first time derivative of s is given
by:

_s ¼ €qe þ k _qe ð22Þ
To design a sliding mode control law which guarantees

that qe and _qe are asymptotically stable, consider the fol-
lowing positive definite Lyapunov candidate function

which includes 2JM�1
e €qe:

V ¼ sTJM�1
e s ð23Þ

Taking the time derivative of V yields

_V ¼ sTJ _M
�1

e sþ 2sT _JM�1
e sþ 2sTJM�1

e _s

¼ sTJ _M
�1

e sþ 2sT _JM�1
e s|fflfflfflfflfflffl{zfflfflfflfflfflffl}

_J¼0

þ2sTJM�1
e _s

¼ sTJ _M
�1

e sþ 2sTJM�1
e _s

ð24Þ

Next, we substitute _s, Eq. (22) into Eq. (24) to obtain

_V ¼ sT J _M
�1

e sþ 2JM�1
e k _qe þ 2JM�1

e €qe

� �
ð25Þ

followed by substituting Eq. (19) into the term 2JM�1
e €qe

in Eq. (25) to yield

_V ¼ sT J _M
�1

e sþ 2JM�1
e k _qe þ faðqe; _qe;xeÞ þ Tc þ Td

h i
ð26Þ

Note that control law Tc consists of two parts: an equiv-
alent control term and a switching control term which can
be defined as

Tc ¼ Teq þ Tsw ð27Þ
where Teq ¼ T eq1 T eq2 T eq3½ �T and Tsw ¼ T sw1 T sw2 T sw3½ �T
(Eshghi and Varatharajoo, 2017). Neglecting both Tsw

and Td , and equating the expression in the square bracket
of Eq. (26) to zero,

J _M
�1

e sþ 2JM�1
e k _qe þ faðqe; _qe;xeÞ þ Tc þ Td ¼ 0 ð28Þ

Then, we solve Eq. (28) for Teq to get the equivalent con-
trol torque

Teq ¼ �J _M
�1

e s� 2JM�1
e k _qe � faðqe; _qe;xeÞ ð29Þ

The switching control torque Tsw is based on the con-
stant rate reaching law (Slotine and Li, 1991)

Tsw ¼ �K sign sð Þ ð30Þ
Note that, when Tc ¼ Teq þ Tsw is applied to Eq. (26), it

becomes

_V ¼ sT �Ksign sð Þ þ T d½ � ð31Þ
where the gain K is designed to be K � gþ kT dk with
kT dk ¼ max T df g and g > 0. Since K > kT dk, then
_V < �gk s k 6 0 ð32Þ
It is clear that the reachability condition, which ensures
the existence of an ideal sliding mode, has been established
above. Besides, the gain parameter K must be tuned appro-
priately and it must also satisfy a negative definite system
as shown in Eq. (32).

5.2. Fractional-order calculus

There are three definitions used for the fractional-order
calculus, namely: the Riemann-Liouville (RL), the
Grunwald-Letnikov (GL), and the Caputo definitions.
The RL definition is a widely used definition in
fractional- order calculus and the af th-order RL fractional
derivative of function f tð Þ is defined as (Xue et al., 2007):

t0D
af
t f tð Þ ¼ daf

dtaf
f tð Þ

¼ 1

C n� af
� � dn

dtn

Z t

t0

f sð Þ
t � sð Þaf�nþ1

ds ð33Þ

Here n is the first integer larger than af , such as
n� 1 � af < n, t � to is the interval of integration and
C :ð Þ is the Euler’s Gamma function. Letn ¼ 1; the af th-
order differential operator is simplified as Daf with the ini-
tial condition at zero and 0 < af < 1. Using the Laplace
transform, the numerical solution of the fractional system
described by Eq. (33) has to be calculated as follows
(Tang et al., 2013):Z 1

0

0D
af
t f tð Þe�stdt ¼ saf L f tð Þf g

�
Xðn�1Þ

k¼0

sk0D
af�k�1ð Þ

t f ðtÞ
�����
t¼0

ð34Þ

where L :f g represents the Laplace operator. In particular,
if the derivatives of the function f ðtÞ are all equal to zero
at initial conditions, the Laplace operator in Eq. (34) can
be simplified as follows:

L 0D
af
t f tð Þ	 
 ¼ saf L f tð Þ½ �
¼ saf F ðsÞ
F ðsÞ ¼ 1

saf

ð35Þ

In the practical of the satellite control system analysis
and design, the numerical solution of the fractional systems
described by fractional differential equations has to be cal-
culated. However, it is not easy to obtain the exact solution
of fractional differential equations in most cases, since the
samples of the function should be known and online real-
time fractional-order differentiation may be required in
the control systems. Following that, the approximation
methods are widely adopted in practice, where in this work
the fractional element saf is approximated by the Ous-
taloup’s filter. The Oustaloup recursive filter function is
used as an approximate realisation for the fractional-
order derivative in the frequency range of interest. It is
based on the recursive distribution of zeros and poles
(Oustaloup et al., 2000). The Oustaloup recursive filter
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has been proven suitable to the fractional operators and
has been widely used in the control systems (Abdelhamid
et al., 2014). The Oustaloup’s approximation model of a
fractional-order differeniator saf can be written as:

G sð Þ ¼ saf ¼ K
Yn
i¼1

sþ x0
i

sþ xi
ð36Þ

where the poles, zeros and gain are determined by the fol-
lowing formulas:

x
0
i ¼ xb 	 x 2i�1�afð Þ=n

u ;xi ¼ xb 	 x 2i�1þafð Þ=n
u ;K ¼ x

af
h ð37Þ

with xu as the unity frequencies gain and the central fre-
quency of a band of frequencies distributed geometrically.
Let xu ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

xh 	 xb
p

, where xh and xb are respectively the
upper and the lower frequencies. af is the order of deriva-
tive (0 < af < 1) and n is the order of approximating
function.

5.3. Fractional-order sliding mode control law

A satellite attitude control law for FOSMC can be
obtained either by choosing a fractional-order sliding sur-
face or by introducing a fractional-order signum function
(Tang et al., 2013). In this study, the fractional-order slid-
ing surface-based approach which is inspired by the natural
2nd order system (€xþ 2x _xþ x2x ¼ 0) is followed. The
FOSMC sliding surface is defined as:

s ¼ _qe þ 2
ffiffiffi
k

p
Daf qe þ kqe ð38Þ

where k ¼ diag k1; k2; k3½ � is the diagonally positive matrix,
Daf is the fractional derivative term and 0 < af < 1. The
first time derivative of s is given by:

_s ¼ €qe þ 2
ffiffiffi
k

p
Dafþ1qe þ k _qe ð39Þ

Performing the substitution of _s and the term 2JM�1
e €qe

in Eq. (19) into the derivative of Lyapunov candidate func-

tion, the _V calculation then can be written as follows:

_V ¼ sT2JM�1
e _s

_V ¼ sT2JM�1
e €qe þ 2

ffiffiffi
k

p
Dafþ1qe þ k _qe

� �
_V ¼ sT2JM�1

e €qe þ sT2JM�1
e 2

ffiffiffi
k

p
Dafþ1qe þ sT2JM�1

e k _qe
_V ¼ sT 2JM�1

e €qe þ 4
ffiffiffi
k

p
JM�1

e Dafþ1qe þ 2JM�1
e k _qe

� �
_V ¼ sT 4

ffiffiffi
k

p
JM�1

e Dafþ1qe þ 2JM�1
e k _qe þ faðqe; _qe;xeÞ

h
þ Tc þ Td �

ð40Þ
By neglecting Td , rewriting Teq as Tfosmc, and equating

the expression in the square bracket of Eq. (40) to zero,
the fractional-order sliding mode control input Tfosmc is
obtained and it has the following formula:

Tfosmc ¼ �K sign sð Þ � faðqe; _qe;xeÞ � 4

�
ffiffiffi
k

p
JM�1

e Dafþ1qe � 2JM�1
e k _qe ð41Þ
This Tfosmc guarantees the sliding surface will converge
to zero and the sliding condition is achieved. When the
state trajectories reach the sliding surface s ¼ 0, then

_qe þ 2
ffiffiffi
k

p
Daf qe þ kqe ¼ 0 ð42Þ
5.4. Chattering elimination with hyperbolic tangent function

Although the introduction of the switching option in the
FOSMC works well theoretically, its smooth implementa-
tion is often hampered by chattering, an unwanted effect
in the attitude control, which leads to a high wear rate of
the RW bearings, and a high rate of heat loss in the control
circuits. The chattering effect may be reduced, if not elimi-
nated, by the switching term using a boundary layer tech-
nique. The boundary layer design can be realized by
replacing the discontinuous signum function with a linear
saturation function or a hyperbolic tangent function
(Eshghi and Varatharajoo, 2017). The signum function in
the switching control law in Eqs. (30) and (41) can be
replaced by the hyperbolic tangent function as follows:

Tsw ¼ �K tanh
s

b

� �
ð43Þ

with the definition of the hyperbolic tangent function sta-
ted as

tanh xð Þ ¼ exp xð Þ � exp �xð Þ
exp xð Þ þ exp �xð Þ ð44Þ

where x ¼ s
b

� �
and b is a positive constant scalar called the

hyperbolic tangent function boundary thickness.
6. Reaction wheel momentum unloading

The purpose of reaction wheel momentum unloading is
to reject the excess angular momentum accumulated by the
RWs so that the wheel can operate effectively. Without the
reaction wheel momentum unloading control, the wheel
can be saturated, thereby hindering its ability to deliver
the necessary control torque.
6.1. Momentum unloading by magnetic torquers

The magnetic torquers’ (MTQs) principle operation is
that the magnetic dipole moment m is created when an elec-
tric current is applied through its rod or coils. The interac-
tion between magnetic dipole moment with the local
magnetic field B can generate the magnetic control
torquesTm. Assuming proportional integral (PI) controller
is used to perform the momentum unloading control, the
control law to calculate the required unloading magnetic
control torques to desaturate the wheels can be written as
follows (Sidi, 1997):

Tm ¼ m� B ¼ �Kp þ Ki
s

B2
B2Dh� B B 	 Dhwð Þ� � ð45Þ



Fig. 5. Momentum unloading control using fuzzy PI controller.

Table 2
PI fuzzy control rules.

Dhw D _hw

NB NS ZZ PS PB

NB VS VS S S M
NS VS S S M B
ZZ S S M B B
PS S M B B VB
PB M B B VB VB
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where Kp and Ki are the PI gains, Kp the proportional gain,

Ki the integral gain and Dhw ¼ Dhwx Dhwy Dhwz½ �T is the
excess wheel angular momentum to be removed. Indeed,
the most crucial step in the momentum unloading proce-
dure is to select and tune the proper gain Kp and Ki. Nor-
mally, the PI gain is obtained by the conventional way: by
performing several simulations with different gain values
until an acceptable steady-state excess momentum remains,
with limited control magnetic dipole moments. In this
research, the determination of unloading control gain is
obtained using the fuzzy proportional-integral (PI)
controller.

6.2. Determination of the unloading control gain using fuzzy

PI

Fuzzy logic is beneficial for the system with a behaviour
that is inherently nonlinear and uncertain. Many existing
experiments have demonstrated that the fuzzy control
can also enhance the robustness of the system (Chak
et al., 2017). Therefore, the fuzzy PI control algorithm is
designed in this research to improve the wheel angular
momentum unloading control performance as well. As
shown in Fig. 5, a two-input and two-output fuzzy PI is
designed in this research. The inputs are the wheel momen-

tum error, Dhw, and the change in error rate, D _hw. The out-
puts are the P and I gain values. The objective is to find the

fuzzy relations among P, I, Dhw, and D _hw. With continual
reshaping of the fuzzy membership functions (MFs), the
two output parameters are adjusted to meet control
requirements and achieve good stability.
Fig. 6. (a) Gaussian MFs of the wheel momentum error. (
The membership functions used by fuzzy controller in
this work are Gaussian MFs and triangular MFs, as shown
in Fig. 6. The fuzzy subsets are Negative Big, Negative
Small, Zero, Small, Positive Small, and Positive Big,
respectively termed as NB, NS, ZZ, PS, PB. The control
rules are framed to achieve the best performance of the
fuzzy controller. These rules are given in Table 2. The out-
put subset are Very Small (VS), Small (S), Medium (M),
Big (B), and Very Big (VB).

The given MFs with the mentioned fuzzy subsets and
the control rules form the fuzzy controller. The inference
engine used in this research is the Mamdani inference
engine.

Based on the established fuzzy rules, the view of the out-
put surfaces of the built Fuzzy PI controller is shown in
Fig. 7.
7. Simulation and results

In this section, for comparison, the conventional SMC
and FOSMC are evaluated through the numerical treat-
ment. The fractional derivative block can be implemented
b) Triangular MFs of the wheel momentum error rate.



Fig. 7. PI fuzzy surface views.

Table 3
Reference Mission Parameter.

Inclination, i Altitude, h Orbital period, t External disturbance torques

83 [deg] 470 [km] 28,200 [s] Tdx ¼ 8� 10�5sin xo 	 tð Þ½Nm�;
Tdy ¼ 8� 10�6 þ 8� 10�5sin xo 	 tð Þ Nm½ � þ 5� 10�5cos xo 	 tð Þ½Nm�
Tdz ¼ 8� 10�6 þ 5� 10�5cos xo 	 tð Þ½Nm�

Table 4
Satellite and gain parameters.

Parameters Values

Moments of inertia matrix ½kg m2�
Jo ¼

4:2 0 0
0 4:4 0
0 0 4:2

2
4

3
5

Initial attitude quaternion qinit ¼ 0:1827 - 0:113 0:1077 0:9707½ �T
Desired attitude pointing qd ¼ 0 0 0 1½ �T
Wheels configuration matrix a ¼ 45

�
,b ¼ 35:264

�

Limit of the reaction wheels torques [Nm] T rw ¼ 0:1 0:1 0:1 0:1ð ÞT
SMC controller gains, fractional derivative order and boundary layer k ¼ diag 0:8 0:8 0:8ð Þ

K ¼ diag 0:0001 0:0001 0:0001ð Þ
af ¼ 0:4
b ¼ 0:01

Saturation limit of magnetic torquers ½Am2� m ¼ � 1 1 1½ �T
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directly in the Simulink environment. Using the Oustaloup
filter, the block requires an algorithm based on Eqs. (35)
and (36). In this study, the frequency range

xb;xhð Þ ¼ 10�1; 101
� �

and the approximation order n ¼ 5

are chosen according to the guidelines (Merrikh-Bayat,
2012). The system parameters used in the numerical simu-
lations are listed in Tables 3 and 4.

The simulation results for the conventional SMC based
on the signum function are shown in Figs. 8 and 9. Mean-
while, the simulation results for the FOSMC based on the
signum function are shown in Figs. 10 and 11.

The results of conventional SMC with the sign function
shown in Fig. 8 reveals that attitude stabilization was
achieved and the attitude quaternion errors converged to
an equilibrium in a finite time (within 18 s of the simula-
tion) and the steady state responses show that the steady

state attitude quaternion error is about �10�6.
Meanwhile, the results of FOSMC with the sign func-

tion show that the attitude quaternion errors converged
at 15 s (see Fig. 10), where the steady state attitude quater-

nion error is still about �10�6. The results prove that the
settling time using the FOSMC is enhanced than that
obtained using the conventional SMC, while the attitude

accuracy performance is maintained within �10�6 . This
performance is guaranteed through the added extra param-
eter af in the FOSMC which is referred to as the fractional-
order. This improvement also depends on the nature of the
chosen sliding surface. However, both conventional SMC
and FOSMC control inputs in Figs. 9 and 11 reveal that
there is a chattering effect once the trajectories reach the



Fig. 8. Transient and steady state responses of attitude quaternion errors
under conventional SMC with sign function.

Fig. 9. Transient and steady state responses of control torque input under
conventional SMC with sign function.

Fig. 10. Transient and steady state responses of attitude quaternion errors
under fractional-order SMC with sign function.

Fig. 11. Transient and steady state responses of control torque input
under fractional-order SMC with sign function.
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sliding surface. The chattering effect is caused by the sign
function in the control signals which leads the control input
to start oscillating around the sliding surface. This chatter-
ing can be eliminated by using the hyperbolic tangent func-
tion. The simulation results for conventional SMC based
on the hyperbolic tangent function are shown in Figs. 12
and 13 while those for FOSMC based on the hyperbolic
tangent function are shown in Figs. 14 and 15. From the
control torque plots in Figs. 13 and 15, it can be seen that
the chattering is eliminated for both attitude controls using
the conventional SMC and the FOSMC. The results show
that the hyperbolic tangent function works well to reduce
the chattering. In addition, the overall stability of the atti-
tude control is proved, where the level of the attitude accu-
racies is increased with the attitude quaternion error

accuracy of the conventional SMC at about �1� 10�4,
while the attitude quaternion error accuracy of the

FOSMC is about �2� 10�5, see Figs. 12 and 14.



Fig. 12. Transient and steady state responses of attitude quaternion errors
under conventional SMC with tanh function.

Fig. 13. Transient and steady state responses of control torque input
under conventional SMC with tanh function.

Fig. 14. Transient and steady state responses of attitude quaternion errors
under fractional-order SMC with tanh function.

Fig. 15. Transient and steady state responses of control torque input
under fractional-order SMC with tanh function.
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Figs. 16 and 17 show the attitude control performances
of the underactuated satellite using the two RWs under the
SMC and the FOSMC respectively. The numerical results
show that by using the control allocation technique, the
satellite successfully converges to the desired pointing ori-
entation. The simulation results demonstrate that the con-
trol allocation technique provides a good performance in
controlling the attitude of an underactuated satellite using
two RWs. Such performance is highly desirable in reaction
wheel failure cases during satellite missions.
To demonstrate the functionality of the momentum
unloading strategy, the numerical simulation is used.
Firstly, the wheel momentum without the unloading con-
trol is shown in Fig. 18, while the simulation results of
the wheel momentum performances pertaining to the fuzzy
PI controller are shown in Fig. 19. The evaluation is based
on the fractional-order SMC for satellite attitude control
with hyperbolic tangent function.



Fig. 16. Transient and steady state responses of attitude quaternion errors
using two RWS under conventional SMC with tanh function.

Fig. 17. Transient and steady state responses of attitude quaternion errors
using two RWS under fractional order SMC with tanh function.

Fig. 18. Wheel angular momentum without momentum unloading
control.

Fig. 19. Wheel angular momentum with momentum unloading control
using fuzzy PI.
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As shown in Fig. 19, the wheel angular momentum in
the pitch and yaw axes can be unloaded and maintained
within acceptable limits during the attitude control opera-
tion under the fuzzy PI momentum unloading control
scheme. The excess momentum in the x, y and z reaction
wheels is well-controlled and limited to less than 0.2 [N
m/s]. In order to have an overall comparison, the summary
of attitude control performances is given in Table 5.
Generally, the FOSMC shows better performances for
nominal and underactuated test cases.



Table 5
Summary of attitude control performances.

Control technique Quaternion axis Attitude control performances
with 4 RWs in pyramid configuration

Attitude control performances
for an underactuated satellite
(2 RWs)

Conventional SMC (tanh) x-axis �1� 10�4 �2� 10�4

y-axis �1� 10�4 �2� 10�4

z-axis �1� 10�4 �2� 10�4

FOSMC (tanh) x-axis �2� 10�5 �5� 10�5

y-axis �2� 10�5 �5� 10�5

z-axis �2� 10�5 �5� 10�5
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8. Conclusions

This paper presents a fractional-order sliding mode
control (FOSMC) implemented for the small satellite atti-
tude control subjected to uncertainties and in-orbit distur-
bances. The principle of a conventional SMC was
introduced as a reference first where the stability is guar-
anteed by the Lyapunov theorem. Subsequently, the
FOSMC has been developed to enhance the satellite atti-
tude control performance. The chattering problem in this
study is mitigated by using the hyperbolic tangent func-
tion. The numerical results show clearly that the proposed
FOSMC can converge in a finite time and can maintain
the desired attitude control performance. In addition, it
can be seen that the FOSMC has better control perfor-
mance compared to the conventional SMC in the nominal
case of four RWs or even in the underactuated two RWs
case. In fact, an underactuated satellite attitude control
through the control allocation technique revealed that it
is also possible to successfully control and stabilize a
three-axis satellite attitude with only two functional
RWs, i.e., in the case of two RW failures out of the four
RWs in a pyramid configuration. On the other hand, the
fuzzy PI controller is proposed for the momentum
unloading control loop using the MTQs in this paper.
From the numerical results, it can be seen that the
three-axis wheel angular momentum can be maintained
well during the attitude control operation. In conclusion,
the FOSMC attitude control laws have been successfully
developed to stabilize the 3-axis satellite attitude in the
presence of external disturbances and uncertainties, while
an underactuated satellite attitude control performance
using only two RWs and the wheel momentum unloading
scheme using the MTQs with the fuzzy PI controller have
also been successfully demonstrated. Finally, this work
can be a basis for the FOSMC to be considered as a
potential satellite attitude controller.
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