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Input-to-state Stability of Nonlinear Positive Systems
Yan Zhao and Fanwei Meng*

Abstract: In this paper, input-to-state stability (ISS), as a useful tool for robust analysis, is first applied to
continuous-time and discrete-time nonlinear positive systems. For continuous-time and discrete-time positive sys-
tems, some new definitions of ISS are introduced. Different from the usual ISS definitions for nonlinear systems,
our ISS definitions can fully reflect the positiveness requirements of states and inputs of the positive systems. By
introducing the max-separable ISS Lyapunov functions, some ISS criterions are given for general nonlinear positive
systems. Based on that, the ISS criterions for linear positive systems and affine nonlinear homogeneous systems are
given. Through them, the ISS properties can be judged directly from the differential and algebraic characteristics
of the systems. Simulation examples verify the validity of our results.
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1. INTRODUCTION

Positive systems are dynamical systems whose, in-
put, output and state variables are constrained to be non-
negative for all time whenever the initial conditions are
nonnegative [1]. This kind of systems can be seen in
many real-world processes of areas such as economics,
biology, ecology and communications. Due to their im-
portance and wide applicability, the analysis and control
of positive systems has attracted attention from the con-
trol community (see e.g., [2–6] and references therein). In
fact, the concept of positive system was first introduced by
Luenberger [7] in 1979. In 2000, Farina and Rinaldi sys-
tematically studied the theory and application of positive
systems in [1], and for the first time introduced quadratic
diagonal Lyapunov function to analyze the stability of
positive linear systems, revealing the unique and beauti-
ful properties of positive systems. In 2007, Rami et al.
[8, 9] used the linear programming algorithm to solve the
controller design problem of continuous time and discrete
time positive systems, and formally introduced the linear
copositive Lyapunov function (LCLF) to discuss the sta-
bility of positive systems. This LCLF method can solve
the positive system problem more effectively than the
quadratic Lyapunov function method. This has promoted
the rapid development of positive system theory and ap-
plication. Until now, for the positive systems, not only the
stability [10–12], stabilization [2], but also the problem of
observer design [13], fault detection [14], tracking con-
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trol [15], saturation control [16], model predictive control
[17], positive filtering [18, 19] and etc., have been consid-
ered. In another, when the positive systems with uncer-
tainty, the robust stability was studied in [20] and [21],
etc. However, little research has been done for positive
systems, especially for nonlinear positive systems, with
disturbance inputs. Only in [5], we consider the bound-
edness analysis of solutions of nonlinear positive systems
with disturbance inputs by using the systems’ successive
approximation method. The robust analysis of nonlin-
ear positive systems with disturbance inputs, has not been
studied.

In fact, since the performance of a real control system
is affected more or less by uncertainties such as unmod-
elled dynamics, parameter perturbations, exogenous dis-
turbances, measurement errors etc., the research on ro-
bustness of control systems do always have a vital status in
the development of control theory and technology. Aim-
ing at robustness analysis of nonlinear control systems,
Sontag’s input-to-state stability (ISS) and its various ex-
tension such as integral ISS (iISS) and finite-time ISS (
[22–25]) are developed. It has been applied to contin-
uous time dynamical systems [26], discrete-time system
[27], switched system [28,29], stochastic systems [29,30],
Markovian jump systems [30], time-delay systems [31],
sampled-data nonlinear systems [32], networked control
systems [33], etc. But, as a useful tool of robust analysis
for nonlinear systems, ISS has not been used to positive
systems for stability analysis and synthesis.

c⃝ICROS, KIEE and Springer 2019

http://www.springer.com/12555


2 Yan Zhao and Fanwei Meng

In this paper, we will introduce some new ISS def-
initions for positive systems firstly. Different from the
usual ISS definitions, our ISS definitions will fully reflect
the positiveness requirements of states and inputs of the
positive systems. Based on that, some ISS criterions for
continuous-time and discrete-time nonlinear positive sys-
tems will be provided, respectively. For linear and affine
nonlinear positive systems, some ISS criteria will also be
given, through which the ISS properties can be judged di-
rectly from the differential and algebraic characteristics of
the systems. Simulation examples will verify the validity
of our results.

The remainder of this paper is organized as follows:
Section 2 provides some notations and introduces some
preliminary results of positive systems. Section 3 gives
the definitions of ISS and max-separable ISS Lyapunov
functions for continuous-time positive systems, and pro-
vides some ISS criterions by the max-separable ISS Lya-
punov function method. Based on the given criterions, the
ISS properties for linear positive systems and affine non-
linear homogeneous positive systems are studied. Also, an
asymptotical stability criterion for affine nonlinear homo-
geneous positive system is provided. In Section 4, the ISS
properties are studied for discrete-time positive systems.
Similar to the study of continuous-time positive systems,
a new upper difference operator is defined and some ISS
criterions are provided. In Section 5, some simulation ex-
amples are provided to illustrate our results. Section 6
includes some concluding remarks.

2. NOTATIONS AND PRELIMINARY RESULTS

Throughout this paper, R+, N and N0 denote the set of
all nonnegative real numbers, natural numbers and natural
numbers including zero, respectively. Rn and Rn×m de-
note, respectively, n-dimensional real space and n×m di-
mensional real matrix space. Especially, for a matrix A =
(ai j) ∈ Rn×n, it is Metzler if and only if its off-diagonal
entries ai j, ∀ i ̸= j are nonnegative [1]. The transpose of
vectors and matrices are denoted by superscript T . The
positive orthant Rn

+ in Rn is the set {x = (x1, · · · ,xn)
T ∈

Rn : xi ≥ 0, ∀ i}. By the boundary of Rn
+, also denoted

by ∂Rn
+, we mean the set {s ∈ Rn

+ : ∃ i : si = 0}. The in-
terior of Rn

+ denoted as V := intRn
+ which means the set

{x ∈ Rn : xi > 0, ∀ i}. For vectors x,y ∈ Rn, we write:
x ⪰ y (x ⪯ y) if xi ≥ yi (xi ≤ yi) for i ∈ In =: {1,2, · · · ,n};
x > y (x < y) if x ⪰ y (x ⪯ y) and x ̸= y; x ≻ y (x ≺ y)
if xi > yi (xi < yi) for i ∈ In. 1n ∈ Rn denotes the vec-
tor whose components are all one. The p-norm on Rn is
denoted by ∥ · ∥p, where p is usually omitted in the case
p = 2. The max-norm is denoted as ∥ · ∥∞. For vector
x ∈ Rn, |x| denotes the Euclidean norm |x|= (∑n

i=1 x2
i )

1/2.
Given a vector v ∈ Rn, v ≻ 0, the weighted l∞ norm is
defined by ∥x∥v

∞ = max1≤i≤n
|xi|
vi

. All the vectors are col-
umn vectors unless otherwise specified. Ci denotes all the

ith continuous differential functions; Ci,k denotes all the
functions with ith continuously differentiable first compo-
nent and kth continuously differentiable second compo-
nent. Finally, we denote the composition of two functions
φ : A → B and ψ : B →C by ψ ◦φ : A →C.

The comparison function classes K and K∞ are, respec-
tively, the sets of continuous functions {γ : Rn

+,γ(0) =
0,γ is strictly increasing} and {γ ∈ K : γ is unbounded}.
A function β : R2

+ → R+ is of class KL if for fixed t ≥ 0
the function β (·, t) is of class K and for fixed s ≥ 0 the
function β (s, ·) is non-increasing with limt→∞ β (s, t) = 0.

In this paper, we consider the following continuous-
time n-dimensional nonlinear system

ẋ = f (x,u), t ≥ t0, (1)

where x ∈ Rn
+, u ∈ Lm

∞ are system state and input, respec-
tively; Lm

∞ denotes the set of all the measurable and locally
essentially bounded input u ∈ Rm

+ on [t0,∞) with norm

∥u∥= esssup
t≥t0

{∥u(t)∥∞}.

f : Rn
+ ×Rm

+ → Rn is continuous differentiable in (x,u),
satisfies f (0,0)≡ 0; initial data x0 = (x01, · · · ,x0n)

T ∈Rn
+.

For controlled dynamical systems, i.e. systems forced
by some exogenous input signal, we assume the given par-
tially ordered input value space U ⊂Rm

+. By an “input" or
“control", we will mean a Lebesgue measurable function
u(·) : [t0,∞)→ U which is essentially bounded, i.e. there
is for each finite interval [t0, t0 + T ] some compact sub-
set C ⊂ U such that u(t) ∈C for almost all t ∈ [t0, t0 +T ].
We denote U∞ as the set of all inputs. Accordingly, for
any pair of input values u1,u2 ∈ U∞, we write u1 ⪰ u2 if
u1(t) ⪰ u2(t) for all t ≥ t0. We interpret x(t, t0,x0,u) as
the state at time t with initial data (t0,x0) and the external
input u(·). Sometimes, when clear from the context, we
write x(t) instead of x(t, t0,x0,u).

We also consider the discrete-time nonlinear system

x(k+1) = f (x(k),u(k)), k ∈ N0, (2)

where x(k)∈Rn
+ is the state vector, u(k)∈Rm

+ is the input.
f : Rn

+ ×Rm
+ → Rn

+, f (0,0) = 0. Let x(k,x0,u) denote
the solution of system (2) with initial data (0,x0) and the
external input u(·). For brevity, we write x(k) instead of
x(k,x0,u).

For systems (1) and (2), we introduce the following def-
initions.

Definition 1 [34]: The system (1) ((2)) is called mono-
tone if the implication

u1 ⪰ u2,x1 ⪰ x2 ⇒ x(t,x1,u1)⪰ x(t,x2,u2)

(x(k,x1,u1)⪰ x(k,x2,u2))

holds for all t ≥ t0 (k ∈ N0).
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This definition states that trajectories of monotone sys-
tems starting at ordered initial conditions preserve the
same ordering for all inputs u(·) and all times t ≥ t0. By
choosing x2 = 0, u2 = 0, since x(t,0,0) = 0 for all t ≥ t0
(x(k,0,0) = 0 for all k ∈ N0), it is easy to see that

x1 ∈ Rn
+,u1 ⪰ 0 ⇒ x(t,x1,u1) ∈ Rn

+, ∀ t ≥ t0
(x(k,x1,u1) ∈ Rn

+, ∀k ∈ N0).

This shows that the positive Rn
+ is an invariant set for the

monotone system (1) ((2)). Thus the monotone systems
with an equilibrium point at the origin define positive sys-
tems.

Proposition 1 [34]: System (1) ((2)) is monotone if and
only if, for all x1,x2 ∈ V := intRn

+,

x1 ⪰ x2, u1 ⪰ u2 ⇒ f (x1,u1)− f (x2,u2)⪰ 0. (3)

Note that if f is continuously differentiable on Rn
+ ×

Rm
+, then condition (3) is equivalent to the requirement

that

∂ fi

∂x j
(x,u)≥ 0, ∀x ∈ V, ∀u ∈W, ∀ i ̸= j, (4)

∂ fi

∂u j
(x,u)≥ 0, ∀x ∈ Rn

+, ∀u ∈W (5)

for all i, j ∈ In, where W = intU . If (4) and (5) hold,
system (1) ((2)) is called cooperative.

In this paper, we will consider the ISS properties of
nonlinear positive systems. To this end, we introduce the
following new definitions on ISS and max-separable ISS
Lyapunov function, tailored for positive system.

Definition 2: The nonlinear positive system (1) is said
to be input-to-state stable (ISS) if, there exist scalar func-
tions β ∈ KL and γ ∈ K such that

x(t)⪯ β (max
i∈In

{x0i}, t − t0)1n + γ(∥u∥)1n. (6)

Remark 1: Under the precondition that positive sys-
tems and initial data x0 ≻ 0, (6) is equivalent to any of the
following three inequalities:

∥x(t)∥∞ ≤ β (∥x0∥∞, t − t0)+ γ(∥u∥),

∥x(t)∥1 ≤
1
n

β (∥x0∥1, t − t0)+
1
n

γ(∥u∥),

∥x(t)∥2 ≤
√

nβ (
√

n∥x0∥2, t − t0)+
√

nγ(∥u∥).

From the properties of KL functions ( [35]), the nonlinear
positive system (1) is also ISS in the sense of l∞, l1 and
l2-norm. So, our new ISS definition is coincident with the
usual ISS definitions for general systems.

Remark 2: The ISS definition can also be defined in
a broader way. If any one of the following conditions (i)
and (ii) holds, the nonlinear positive system (1) is said to

be ISS.
(i) For given positive vectors p,q ∈ Rn

+, if there exist
scalar functions β ∈ KL and γ ∈ K such that

x(t)⪯ β (max
i∈In

{x0i}, t − t0)p+ γ(∥u∥)q;

(ii) if there exist scalar functions βi ∈ KL and γi ∈ K
(i = 1, · · · ,n) such that

x(t)⪯ β̄ (max
i∈In

{x0i}, t − t0)+ γ̄(∥u∥),

where β̄ = (β1, · · · ,βn)
T , γ̄ = (γ1, · · · ,γn)

T .
These definitions cover more situations and are more suit-
able for practical needs. For example, in the study of
multi-agent systems, the position and velocity of agents
have different demand. Then, each state component of
the state space has different upper bounds. So, we can
find that, comparing with the usual ISS definitions, our
ISS definition emphasizes the requirement for each com-
ponent of the system states and is more refined. This idea
can also be used to study large-scale systems. Here, for
simplicity, we use the special case of p = q = 1n to study
the ISS properties of positive systems.

For monotone systems or positive systems, max-
separable Lyapunov function is often considered for sta-
bility analysis. For the definition and construction of it,
we can refer to [36]. Here, for the ISS analysis of positive
systems, our new max-separable ISS Lyapunov function
is defined as follows.

Definition 3: For positive system (1), a function V (x)
is called a max-separable ISS Lyapunov function

V (x) = max
i∈In

{Vi(xi)}, (7)

with functions Vi : R+ →R+, if there are functions α1, α2,
χ of class K and continuous positive definite function µ
such that for all i ∈ In,

α1(xi)≤Vi(xi)≤ α2(xi), (8)

and

V (x)≥ χ(∥u∥)⇒ D+V (x)≤−µ(x), (9)

where the upper-right Dini derivative D+V (x) along the
solutions of (1) is defined as

D+V (x) = limsup
h→0+

V (x+h f (x,u))−V (x)
h

. (10)

The following result shows that if the functions Vi in (7)
are continuous differentiable, then (10) admits an explicit
expression.

Proposition 2 [37]: Consider V : Rn
+ → R+ in (7) and

let Vi : R+ → R+ be continuously differentiable for all i ∈
In. Then, the upper-right Dini derivative (10) is given by

D+V (x) = max
j∈J (x)

{
∂Vj

∂x j
(x j) f j(x)

}
,
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where J (x) is the set of indices for which the maximum
in (7) is attained, i.e.,

J (x) = { j ∈ In|Vj(x j) =V (x)}.

Similar to the continuous-time case, we introduce our
new definitions on ISS and max-separable ISS Lyapunov
function, tailored for discrete-time nonlinear positive sys-
tems.

Definition 4: The discrete-time positive system (2) is
said to be input-to-state stable (ISS) if, there exist scalar
functions β ∈ KL and γ ∈ K such that

x(k)⪯ β (max
i∈In

{x0i},k− k0)1n + γ(∥u∥)1n, k ∈ N0.

Definition 5: For system (2), a function V (x) is called
a max-separable ISS Lyapunov function

V (x) = max
i∈In

{Vi(xi)}, (11)

with scalar functions Vi : R+ → R+, if there are functions
α1, α2, χ of class K and function µ of class K∞ such that
for all i ∈ In,

α1(xi)≤Vi(xi)≤ α2(xi), (12)

and

V (x)≥ χ(∥u∥)⇒ ∆+V (x)≤−µ(x). (13)

Similarly to the upper-right Dini derivative for the
continuous-time case, for discrete-time systems, the new
upper difference operator ∆+ as in (13) is defined in the
form of

∆+V (x) = max
j∈J (x)

{Vj( f j(x,u))−Vj(x j)},

where J (x) is the set of indices for which the maximum
in (11) is attained, i.e.,

J (x) = { j ∈ In|Vj(x j) =V (x)}.

3. INPUT-TO-STATE STABILITY OF
CONTINUOUS-TIME NONLINEAR POSITIVE

SYSTEMS

In this section, based on our new definitions on ISS and
max-separable ISS Lyapunov function, we will state and
prove the following ISS criterion for continuous-time non-
linear positive systems.

Theorem 1: If there exists a max-separable ISS-
Lyapunov function for nonlinear positive system (1), sys-
tem (1) is ISS.

Proof: Let τ ∈ [t0,∞) denotes a time at which the tra-
jectory enters the set B = {x ∈ Rn

+|V (x) < χ(∥u∥)} for
the first time. Let us complete the proof by considering

the following two cases: x0 ∈ Bc and x0 ∈ B\{0}, respec-
tively.

Case 1: x0 ∈ Bc. In this case, for any t ∈ [t0,τ], V (x)≥
χ(∥u∥). From (9), we have

D+V (x(t))≤−µ(x(t)), t ∈ [t0,τ].

By Theorem 4.19 in [35], there exists a KL function β̂
such that

V (x(t))≤ β̂ (V (x0), t − t0), t ∈ [t0,τ].

From the definition of max-separable ISS Lyapunov func-
tion and the property of K functions,

α1(max
i∈In

{xi}) =max
i∈In

{α1(xi)} ≤ max
i∈In

{Vi(xi)}=V (x)

≤β̂ (V (x0), t − t0)

≤β̂ (α2(max
i∈In

{x0i}), t − t0), t ∈ [t0,τ].

So,

x(t)⪯α−1
1 ◦ β̂ (α2(max

i∈In

{x0i}), t − t0)1n

:=β (max
i∈In

{x0i}, t − t0)1n, t ∈ [t0,τ],

where β (r,s) ∈ KL can be known from Lemma 4.2 in
[35].

When t ∈ (τ,∞), since D+V (x) is negative for x(t) out-
side the set B, we have V (x)≤ χ(∥u∥). Thus, we get

x(t)⪯ β (max
i∈In

{x0i}, t − t0)1n + γ(∥u∥)1n, t ∈ [t0,∞),

where γ = α−1
1 ◦χ ∈K can be known from Lemma 4.2 in

[35].
Case 2: x0 ∈ B\{0}. In this case, τ = t0. When t > t0,

following the proof of Case 1., we obtain that

x(t)⪯ β (max
i∈In

{x0i}, t − t0)1n + γ(∥u∥)1n, t ∈ (t0,∞).

When t = t0, by the definition of the set B and the defini-
tion of γ , we obtain

x(t0)⪯γ(∥u∥)1n

⪯β (max
i∈In

{x0i}, t − t0)1n + γ(∥u∥)1n, t ∈ [t0,∞).

In all, system (1) is ISS. □

Consider the nonlinear positive system system (1) with
f (x,u) = Ax+u, where A ∈ Rn×n. Then, it reduces to the
linear positive system

ẋ = Ax+u, (14)

where the function u : [t0,∞) → Rn
+ is the disturbance.

Using the max-separable ISS-Lyapunov function method
shown in the proof of Theorem 1, we can get the following
proposition.
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Proposition 3: For the linear positive system (14), sup-
pose that A is asymptotically stable Metzler matrix, and
further, there exist number ε0 > 0 and vector v ≻ 0 such
that for any i ∈ In,

−aii ≥
n

∑
j=1, j ̸=i

ai j
v j

vi
+ ε0,

then system (14) is ISS.

Proof: See Appendix A. □

Consider the affine nonlinear positive system

ẋ = f (x)+g(x)u, (15)

where the function u : [0,+∞) → R+ is the disturbance.
For the convenience of ISS study, we introduce the fol-
lowing definitions and assumptions on system (15).

Definition 6 [38]: A continuous vector field f : Rn →
Rn, which is C1 on Rn\{0}, is said to be cooperative
if the Jacobian matrix (∂ f/∂x)(a) is Metzler for all a ∈
Rn

+\{0}.

Cooperative vector fields satisfy the following property.

Proposition 4 [39]: Let vector field f : Rn → Rn be
cooperative. For any two vectors x,y ∈ Rn

+, with xi = yi,
and x ⪰ y, we have fi(x)⪰ fi(y).

Definition 7 [10]: f : Rn → Rn is said to be homoge-
neous of degree α if for all x ∈ Rn and all real λ > 0,
f (λx) = λ α f (x).

When α = 1, f is called homogeneous of degree one.

Definition 8 [10]: g : Rn →Rn is order-preserving on
Rn

+ if g(x)⪰ g(y) for any x,y ∈ Rn
+ such that x ⪰ y.

Assumption 1: i) f is cooperative, continuous on Rn,
continuously differentiable on Rn\{0}, and homogeneous
of degree one; ii) g is continuous and bounded by M on
Rn

+; iii) There exists a vector v ≻ 0 such that f (v)≺ 0.

Assumption 2: i) f and g are continuous on Rn, con-
tinuously differentiable on Rn\{0}, and homogeneous of
degree one; ii) f is cooperative and g is order-preserving
on Rn

+; iii) There exists a vector v ≻ 0 such that f (v)≺ 0.
Under Assumption 1 and Assumption 2, we have the

following two propositions, respectively.

Proposition 5: If Assumption 1 holds, the system (15)
is ISS.

Proof: See Appendix B. □

Proposition 6: Suppose that Assumption 2 holds and
there exists η ≻ 0 such that fi(v)+gi(v)∥u∥

vi
+ηi = 0 for any

i ∈ In, then the system (15) is asymptotically stable.

Proof: See Appendix C. □

Remark 3: Using our ISS criterion, Theorem 1, or
max-separable ISS-Lyapunov function method for contin-
uous positive systems, Propositions 3, 5, and 6 can be got.
From them, the ISS or asymptotical stability properties
can be got, just from the differential and algebraic charac-
teristics of the systems.

4. INPUT-TO-STATE STABILITY OF
DISCRETE-TIME NONLINEAR POSITIVE

SYSTEMS

In this section, we will study the ISS of discrete-time
positive systems. Based on the preliminary results of Sec-
tion 2, we can give our main result as follows for the ISS
analysis of discrete-time nonlinear positive systems.

Theorem 2: If there exists a max-separable ISS-
Lyapunov function for the discrete-time nonlinear positive
system (2), the system (2) is ISS.

Proof: Let j0 denotes a time at which the trajectory en-
ters the set B= {x∈Rn

+|V (x)< χ(∥u∥)} for the first time.
Let us complete the proof by considering the following
two cases: x0 ∈ Bc and x0 ∈ B\{0}, respectively.

Case 1: x0 ∈ Bc. In this case, for any k < j0, V (x) ≥
χ(∥u∥). From (13), we have

∆+V (x(k))≤−µ(x(k)), k < j0.

By the proof of Lemma 3.5 in [27], there exists a KL func-
tion β̂ such that

V (x(k))≤ β̂ (V (x0),k− k0), k < j0.

From the definition of max-separable ISS Lyapunov func-
tion and the property of K functions,

α1(max
i∈In

{xi}) = max
i∈In

{α1(xi)} ≤ max
i∈In

{Vi(xi)}=V (x)

≤ β̂ (V (x0),k− k0) = β̂ (α2(max
i∈In

{x0i}),k− k0),

k < j0.

So,

x(k)⪯α−1
1 ◦ β̂ (α2(max

i∈In

{x0i}),k− k0)1n

:=β (max
i∈In

{x0i},k− k0)1n, k < j0,

where β (r,s) ∈ KL can be known from Lemma 4.2 in
[35].

When k ≥ j0, since ∆+V (x) is negative for x(k) outside
the set B, we have V (x(k))≤ χ(∥u∥). Thus, we get

x(k)⪯ β (max
i∈In

{x0i},k− k0)1n + γ(∥u∥)1n, k ∈ N0.

Case 2: x0 ∈ B\{0}. In this case, k0 = 0. When k > k0,
following the proof of Case 1., we obtain that

x(k)⪯ β (max
i∈In

{x0i},k− k0)1n + γ(∥u∥)1n.
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When k = k0, by the definition of the set B and the defini-
tion of γ , we obtain

x(k0)⪯γ(∥u∥)1n

⪯β (max
i∈In

{x0i},k− k0)1n + γ(∥u∥)1n.

In all, the system (2) is ISS. □

Consider the ISS of discrete-time nonlinear positive
system (2) with f (x,u) = Ax+ u, where A ∈ Rn×n. The
system (2) reduces to the discrete-time linear positive sys-
tem

x(k+1) = Ax(k)+u(k), (16)

where the function u : N0 → Rn
+ is the disturbance.

Using the max-separable ISS-Lyapunov function
method shown in the proof of Theorem 2, we can get
the following proposition, from which the ISS property of
discrete-time linear positive system can be got just from
the characteristics of the system matrix.

Proposition 7: For the discrete-time linear positive
system (16), suppose that A is asymptotically stable Met-
zler matrix, and further, there exists ε0 > 0 such that

−(aii−1)≥
n
∑
j=1
j ̸=i

ai j
v j

vi
+ε0 for i= 1, · · · ,n, then system (16)

is ISS.

Proof: See Appendix D. □

Consider the discrete-time affine nonlinear positive sys-
tem

x(k+1) = f (x(k))+g(x(k))u(k), (17)

where the function u : N0 → R+ is the disturbance.
Using the max-separable ISS-Lyapunov function

method shown in the proof of Theorem 2, we can also
get the following Proposition 8, which can be proved by
combining the proof of Proposition 5 and 7. Here, the
detailed proof of it is omitted.

Proposition 8: For the discrete-time nonlinear positive
system (17), suppose that i) f is cooperative, continuous
on Rn, continuously differentiable on Rn\{0}, and homo-
geneous of degree one; ii) g is continuous and bounded
by M on Rn

+; iii) there exists a vector v ≻ 0 such that
f (v)− v ≺ 0, then the system (17) is ISS.

5. SIMULATION EXAMPLES

In this section, three examples are presented to
demonstrate the effectiveness and usefulness of our main
results.

Example 1 (Linear transportation network [40]): Con-
sider a dynamical system model which describe a trans-
portation network connecting four buffers with distur-
bances,

ẋ1

ẋ2

ẋ3

ẋ4

= A


x1

x2

x3

x4

+


u1

u2

u3

u4

 , (18)

where

A =


−1− l31 l12 0 0

0 −l12 − l32 l23 0
l31 l32 −l23 − l43 l34

0 0 l43 −4− l34

 .

The states x1, x2, x3, x4 represent the contents of the
buffers, L = (li j) ∈ R4×4

+ is the transfer rate matrix, with
the gain li j determines the rate of transfer from buffer j to
buffer i. Such transfer between buffers is necessary to sta-
bilize the system. Notice that the dynamics has the form
ẋ = Ax+ u where A is a Metzler matrix provided that ev-
ery li j is nonnegative, and u is the disturbance. Hence,
by Proposition 3, ISS is equivalent to there exists ε0 > 0
and vector v4 ∈ R4

+ such that Av4 + ε0v4 ⪯ 0. There ex-
ist many solutions for this inequality. Here, as an exam-

ple, we take ε0 = 1 and v4 = 14, L =


0 1 0 0
0 0 1 0
1 1 0 1
0 0 3 0

,

system (18) is input-to-state stable. Moreover, if we take
u = 14, the simulation curves of (x1,x2,x3,x4)

T with ini-
tial value (1,1,1,1)T are shown in Fig. 1. From Fig. 1,
it can be seen that, the states are ultimately bounded but
don’t converge to zero. When u ≡ 0, the simulation curves
of (x1,x2,x3,x4)

T with initial value (1,1,1,1)T are shown

0 2 4 6 8 10 12

t(s)

0.4

0.5

0.6

0.7

0.8

0.9

1

1.1

1.2

x

x
1

x
2

x
3

x
4

Fig. 1. Response of linear transportation network with dis-
turbance.
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in Fig. 2. From Fig. 2, it can be seen that, the states will
converge to zero.

Example 2: Consider the nonlinear dynamical system
given by (15) with

f (x)=
[
−3x1+6x2−3

√
x2

1+x2
2

2x1−2x2−
√

x2
1+x2

2

]
, g(x)=

[
sin(x1)
cos(x2)

]
,

u is the disturbance input bounded by 1. From Definition
6 and Definition 7, f is cooperative and homogeneous of
degree one. g is continuous and bounded by 1 on Rn

+.
There exists a vector v = (1,1)T such that f (v)≺ 0. From
Proposition 5, the above system is ISS. When u ≡ 1, the
simulation curves of (x1,x2)

T with initial value (1,2)T are
shown in Fig. 3. From Fig. 3, it can be seen that, the states
are ultimately bounded but don’t converge to zero. When
u ≡ 0, the simulation curves of (x1,x2)

T with initial value

0 2 4 6 8 10 12
−0.2

0

0.2

0.4

0.6

0.8

1

1.2

t

x

 

 

x
1

x
2

x
3

x
4

Fig. 2. Response of linear transportation network without
disturbance.
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1.8

t

x

 

 

x
1

x
2

Fig. 3. Response of nonlinear affine system with distur-
bance input.

(1,2)T are shown in Fig. 4. From Fig. 4, it can be seen
that, the states will converge to zero. In the above system,
if

g(x) =
[ √

x2
1 + x2

2√
x2

1 + x2
2

]
,

g is homogeneous and order-preserving, Assumption 2
holds. From Proposition 6, for any given u bounded
by

√
2

2 , there exists η = (0.2426,0.4142)T ≻ 0 such that
fi(v)+gi(v)∥u∥

vi
+ηi = 0 holds for any i ∈ {1,2}, where v =

(1,1)T , the system is asymptotically stable. When u≡
√

2
2 ,

the simulation curves of (x1,x2)
T with initial value (1,2)T

are shown in Fig. 5. From Fig. 5, it can be seen that, the
states will converge to zero.

0 1 2 3 4 5 6
−0.2

0

0.2

0.4

0.6

0.8

1
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1.8

t

x

 

 

x
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x
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Fig. 4. Response of nonlinear affine system without dis-
turbance input.
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Fig. 5. Response of nonlinear affine system with distur-
bance input.
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2
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x
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Fig. 6. Response of discrete-time nonlinear positive sys-
tem with disturbance input.

Example 3: Consider the discrete-time nonlinear dy-
namical systems given by (17) with

f (x1,x2) =

(
0.3

√
x2

1 + x2
2

0.2
√

x2
1 + x2

2

)
,

g(x1,x2) = 0.5
(

sin(x1)
cos(x2)

)
,

input disturbance u(k) ≡ 1. It is easy to verify that f and
g satisfy conditions of Example 1. Especially, there exists
a vector v = (1,1)T such that f (v)− v ≺ 0. When u ≡ 1,
the simulation curves of (x1,x2)

T with initial value (1,2)T

are shown in Fig. 6. From Fig. 6, it can be seen that, the
system states are ultimately bounded but don’t converge
to zero.

6. CONCLUSION

In this paper, ISS analysis has been first done for
continuous-time and discrete-time nonlinear positive sys-
tems. By introducing the max-separable ISS Lyapunov
functions, the ISS criterions of continuous-time and
discrete-time nonlinear positive systems are provided.
Based on those, for linear positive systems and affine non-
linear homogeneous positive systems, some useful crite-
rions are given. From them, the systems’ ISS properties
can be got only from the differential and algebraic charac-
teristics of the systems. Simulation examples including an
application example verify the validity of our results.

APPENDIX A

A.1. Proof of Proposition 3
Proof: Because A is asymptotically stable Metzler ma-

trix, there exists v ≻ 0 such that Av ≺ 0. Define function

V (x) in the form of

V (x) = max
i∈In

{xi

vi
}.

From Proposition 2,

D+V (x) = max
j∈J (x)

1
v j
(A jx+u j).

Let the subscript m denotes the index which make the
upper-right Dini derivative of V maximal.

D+V (x) = max
j∈J (x)

{ 1
v j
(A jx+u j)}

=
1
vm

(Amx+um)

=amm
xm

vm
+

n

∑
j=1, j ̸=m

am j
x j

vm
+

um

vm

=amm
xm

vm
+

n

∑
j=1, j ̸=m

am j
v j

vm

x j

v j
+

um

vm

≤amm
xm

vm
+

n

∑
j=1, j ̸=m

am j
v j

vm

xm

vm
+

um

vm

=(amm +
n

∑
j=1, j ̸=m

am j
v j

vm
)

xm

vm
+

um

vm

≤− ε0
xm

vm
+

um

vm
.

If we let χ(·) = 1
ε ×·,

∥x∥v
∞≥∥u∥v

∞⇒D+V (x)≤−(ε0−ε)
xm

vm
=−(ε0−ε)V.

It’s easy to see that (8) holds. So, V (x) = maxi∈In{ xi
vi
} is a

max-separable ISS Lyapunov function for positive system
(14). Therefore, system (14) is ISS. □

APPENDIX B

B.1. Proof of Proposition 5
Proof: By Assumption 1, there exists a vector v ≻ 0

such that f (v)≺ 0. Define function V (x) in the form of

V (x) = max
i∈In

{xi

vi
}.

From Proposition 2,

D+V (x) = max
j∈J (x)

1
v j
( f j(x(t))+g j(x(t))u).

Let the subscript m denotes the index which make the
upper-right Dini derivative of V maximal. Then, by x ⪯
∥x∥v

∞v,

D+V (x)≤ 1
vm

( fm(x(t))+gm(x(t))u)
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≤ 1
vm

(∥x∥v
∞ fm(v)+M∥u∥).

If we take χ(·) = 2M
max

i=1,··· ,n
{| fi(v)|} ×·,

∥x∥v
∞ ≥ 2M

max
i=1,··· ,n

{| fi(v)|}
∥u∥

⇒ D+V ≤ fm(v)
2vm

∥x∥v
∞ =

fm(v)
2vm

V < 0.

Also, (8) holds. So, V (x) = maxi∈In{ xi
vi
} is a max-

separable ISS-Lyapunov function for positive system (15).
Therefore, the system (15) is ISS. □

APPENDIX C

C.1. Proof of Proposition 6
Proof: Define function V (x) in the form of

V (x) = max
i∈In

{xi

vi
}.

From Proposition 2,

D+V (x) = max
j∈J (x)

1
v j
( f j(x(t))+g j(x(t))u).

Let the subscript m denotes the index which make the
upper-right Dini derivative of V maximal. Then, by x ⪯
∥x∥v

∞v,

D+V (x)≤ fm(x(t))+gm(v)u
vm

≤∥x∥v
∞( fm(v)+gm(v)u)

vm

≤−ηm∥x∥v
∞

=−ηm
xm

vm
.

So,

xm(t)
vm

≤ xm(t0)
vm

e−ηm(t−t0) ≤ xm(t0)
vm

e−η0(t−t0),

x(t)⪯V (t0)vmaxe−η0(t−t0)1n, ∀ t ∈ [t0,∞),

where vmax = max{v1, · · · ,vn}. Therefore, the system (15)
is asymptotically stable. □

APPENDIX D

D.1. Proof of Proposition 7
Proof: Because A is asymptotically stable Metzler ma-

trix, there exists v ≻ 0 such that Av ≺ 0. Define function
V (x) in the form of

V (x) = max
i∈In

{xi

vi
}.

Let the subscript m denotes the index which make the dif-
ference of V maximal. Similar to the proof of Proposi-
tion 3,

V (Ax+u)−V (x) =
(Ax+u)m

vm
− xm

vm

=
Amx+um

vm
− xm

vm

≤ (amm−1+
n

∑
j=1, j ̸=m

am j
v j

vm
)

xm

vm
+

um

vm

≤−ε0
xm

vm
+

um

vm
.

If we let χ(·) = 1
ε ×·,

∥x∥v
∞≥∥u∥v

∞⇒∆+V (x)≤−(ε0−ε)
xm

vm
=−(ε0−ε)V.

Also, (12) holds. So, V (x) = maxi∈In{ xi
vi
} is a max-

separable ISS Lyapunov function for positive system (14).
Therefore, the system (14) is ISS. □
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