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On the stability of multivariable feedback systems

L.H. Keel and S.P. Bhattacharyya

Abstract—In this paper, we consider the stability of a
multivariable unity feedback system with an r X r rational
proper transfer matrix G(s) in the forward path. The analysis
is facilitated by introducing an “equivalent” scalar transfer
function ¢(s) which consists of the sum of the determinants of
all leading principal minors of G(s). It is shown that the char-
acteristic roots of the multivariable closed loop system consists
of two sets, one consisting of the closed loop characteristic roots
of the scalar unity feedback system with g(s) in the forward
path, and a second set consisting of the subset of open loop
characteristic roots which do not appear as poles of g(s). The
root locations (RHP or LHP) of the first set of roots can be
determined by applying the Nyquist criterion to g(s). This
test can be a measurement based test constructed from the
individual frequency responses g;;(jw) of the entries of G(s).
Examples are included for illustration.

I. INTRODUCTION

The problem of determining the stability of the multivari-
able feedback system (in Fig. 1) has been thoroughly studied
using minimal realizations [1], coprime factorizations [2] and
characteristic loci [3].

Fig. 1 is well posed. Then G(s) has a minimal state space
realization

i(t) = Az(t) + Bu(t) )
y(t) = C(t) + Du(t) @)

with (I + D) invertible and the closed-loop system is
represented by

i(t)=(A—B(I+D)"'C)z(t)
+B(I—(I+D)'D)u(t) 3)
y(t) = (I + D) 'Cx(t)+ (I + D) 'Du(t). (4)

The open-loop and closed-loop characteristic polynomials
are:

do1(8) := det[sI — A]
Sci(s) ==det [s] — A+ B(I+ D) 'C]

(&)
(6)
and the open and closed-loop characteristic roots are, respec-

tively, the zeros of do1(s) and d¢1(s).
To proceed, introduce the scalar transfer function g(s)

v Y constructed from G(s) as follows:
‘ G(S) T
+ g(s) ==Y mi(s) )
— i=1
where
. o m;(s) =the sum of the determinants of all ¢ x ¢ leading
Fig. 1. A multivariable feedback system
principal minors of G(s). 8)
In this paper, we show that the characteristic roots of the  Thuys, for
closed-loop system in Fig. 1 can be determined from an
“equivalent” : g11(s)  g12(s)  g13(s)
quivalent” scalar transfer function g(s) constructed from Gls) = (s) (s) (s) )
the leading principal minors of G(s). In fact, it is shown that o 921(5) 922(5) 923(5) ’
the closed-loop characteristic roots of the system in Fig. 1 ga1 gaz gas
coincide with those of the scalar unity feedback system with ~ We have,
g(s) in the forward path (zeros of 1+ g(s)) and those. poles g(s) =ma(s) + ma(s) +ma(s) (10)
of G(s) that do not appear as poles of g(s). In particular, B
no realization or coprime factorization is required and the ma(s) =g11(s) + g22(s) + g33(s) (1)
Nyquist plot of the scalar transfer function g(s) can be used ma(s) = det [ g11(s)  g12(s) }
to ascertain the stability of the multivariable system. We g21(8)  g22(s)
believe these results simplify multivariable stability analysis. 4 det [ g11(s)  g13(s) ]
e
II. PRELIMINARIES g31(s)  g33(s)
s s
Let G(s) in Fig. 1 be an r x r rational proper transfer + det [ izzgsg izzgsg ] (12)
function matrix and assume that the feedback system in
ma(s) =det[G(s)]. (13)
This work was supported in part by DoD Grant W911NF-08-0514. .
L.H. Keel is with Department of Electrical & Computer Engineering, Now write
Tennessee State University, Nashville, TN 37209, USA. v q(S)
S.P. Bhattacharyya is with Department of Electrical & Computer Engi- g (S) = = (14)
neering, Texas A&M University, College Station, TX 77843, USA 69(5)
978-1-4799-7886-1/15/$31.00 ©2015 IEEE 4627



where v,4(s) and 0,4(s) are coprime and d4(s) is a monic
polynomial. The zeros of d,(s) then are the poles of g(s).
Let also d¢(s) denote the monic characteristic polynomial
of G(s), that is the monic least common multiple of the
denominators of the determinants of all minors of G(s).

III. MAIN RESULT

The main result is stated in terms of the scalar unity
feedback system in Fig. 2 where g(s) is defined as in (7)
- (14).

9(s)

Fig. 2. A feedback system with the equivalent system

Theorem 1: The closed-loop characteristic roots of the
multivariable system in Fig. 1, consists of the closed-loop
characteristic roots of the scalar system in Fig. 2 along
with those open-loop characteristic roots of the multivariable
system counting multiplicities, that is, roots of dg(s), that
are not poles of g(s).

The proof is constructed using the following lemmas.

Let

G(s) = N(s)D(s) ™" (15)

denote a right coprime polynomial factorization of G(s) with
det[D(s)] being monic.

Lemma 1:

(16)
a7

Proof: Since (A, B,C, D) is a minimal realization, it
follows from standard results that the order of the open-loop
and closed-loop systems are equal to degree g (s). [ ]

Lemma 2:

det[I + G(s)] =1+ g(s) (18)
Proof: The proof is a straightforward calculation by
expanding the determinant on the left and is left to the reader.
B

Lemma 3:

dg(s) | dc(s) (19)

Proof: The proof of (19) follows from the fact that
d4(s) must divide the least common multiple (LCM) of the
denominators of the determinants of the leading principal
minors whereas dg(s) is the least common multiple of the
determinants of the denominators of all possible minors. B

From Lemma 3, we can write

dc(s) = 04(5)d(s)

for a unique monic polynomial d(s), whose roots are the
fixed poles.

(20)

Lemma 4: The zeros of §,4(s) + v4(s) are identical to the
zeros of 1+ g(s) when v,y(s) and d4(s) are coprime.

Proof: The simple proof is omitted. [ ]

Proof: [Theorem 1]

From (17),
ba(s) = det[D(s) + N ()] (Lemma 1)
= det[I + G(s)] det[D(s)]
= (1+g(s))da(s) (Lemma 2)
ACESACY
B < HE) >6G( )
= (04(8) + v4(s)) df(s) (Lemma 3)

and therefore,

zeros of d(s)
= (zeros of (1 + g(s))) U (zeros of d(s)) (21)

by Lemma 4. [ ]
Also of interest is the following:
Lemma 5: There are no fixed poles in the multivariable
feedback system in Fig. 1 if and only if det[D(s)] and
det[D(s) + N(s)] are coprime.

Proof: Fixed poles do not occur if and only if

degree (d4(s))
= degree (0 (s)) — degree (det[D(s)]).  (22)
Then

det[D(s) + N(s)] = det[I + G(s)] det[D(s)]
= (1+ g(s)) det[D(s)]
_ (9g(s) + v4(s)
- () st
= 04(s) + v4(s). (23)

Hence, if det[D(s) + N(s)] and det[D(s)] are not coprime,
it follows from (23) that §,(s) and d,4(s) + v4(s) are not
coprime, implying that d,(s) and v4(s) are not coprime as
well, which contradicts (14). Therefore, if there are no fixed
poles, then det[D(s) + N(s)] and det[D(s)] are coprime.
Conversely, if det[D(s) + N(s)] and det[D(s)] are co-
prime, then d,(s) +v,(s) has n characteristic roots implying
that d4(s) has degree n. Hence, d,4(s) has the same degree
as dg(s) and so by Lemma 3 there are no fixed poles. H
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IV. ILLUSTRATIVE EXAMPLES

Example 1: Let

1 1
s—1 (s—1)2
G(s) = (24)
s—1 1
s—2 s—2
Then
g(s) = ma(s) + ma(s) (25)
with
1 1
ml(s):s—l 5—2 (26)
(27)
ma(s) = det[G(s)] =0, (28)
so that
(2s=3) _ v4(s)
B = 6=~ 5,6) @
Also
dg(s) = (s = 1)%(s — 2) (30)
and therefore
dr(s)=s—1. (31

The closed-loop characteristic polynomial is, by Theorem 1,
predicted to be

da(s)=[(s—=1)(s—2)+2s—3](s—1)

=(s*—s—1)(s—1). (32)

This result may be verified using a state space realization of
minimal order for G(s):

1 10 1 0
zt)=10 1 0 |z@®)+]| 0 1 [u(®)
0 0 2 11
1 00 0 0
O R ECR R RTCRES
The closed-loop system matrix
0 1 0
A-BI+D)y'Cc=|1 1 -1 (34)
0 0 1

and it can be seen that its characteristic polynomial coincides
with (32), verifying the theorem.

Example 2: Consider

1 s+4 1 s+ 0.5
G(s)= 5———=| s+05 s+3 2
S+ 7s+6 1 2s+1 s+5

Vg(s)
g\s) =
(#) 59(3)
_ s+4 s+3 s+5
24 T75s+6  s24Ts+6 s24+Ts+6
[ s+4 1
+det(32+7s+6_8+0.5 S+3]>
[ s+3 2
+det(52+7s+6_28+1 s+5D
[ s+4 1
+det(52+7s+6_28+1 s+5D
1 s+4 1 s+ 0.5
sS+ist 1 2541 s+45

35" 4+ 57s" 4 39357 + 1181s% + 15545 + 746.3
T $6 4 2165 4+ 16554 + 59553 + 99052 + 756s + 216

Since the degrees of dg(s) and d,(s) are the same,
there are no fixed poles. Thus, the poles of G(s) (roots of
dc(s) and also d4(s)) are {—6,—1,—6,—1,—6,—1}. The
the closed-loop poles are found from the zeros of 1 4 g(s):

—7.6737
—6.0149 £ 51.5817
—1.5406
—1.3779 £ 50.4533

and the closed-loop system is stable. This is also verified
from the Nyquist plot of g(s) as shown in Fig. 3.

Geq of 3130 examplel

0 0.5 1 1.5 2 25 3 3.5

Fig. 3. Nyquist plot of g(s) (Example 2)

Example 3: Consider

1 s+4 1 s+ 0.5
G(s)=5————=| s+05 s+3 2
s°+5s—6 s+2 2s—1 s+5
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(s) = s+4 s+3 s+5
g T 2475s—6 s24+7s—6 s24+7s—6
1 [ s+4 1
+det<32+7s—6_8+0.5 s+3]>
[ s+3 2
+det<32+7s—6_28—1 S+5})
1 [ s+4 1
+det<32+7s—6_28—1 S+5})
1 s+4 1 s+ 0.5
+ det T 5 s+05 s+3 2
8778~ s+2 25—1 s45
:Vg(s)
59(5)
where

vy(s) = 3s° + 44s* + 187.55 + 96.55* — 453s + 213.3
84(s) = 5% + 155° + 57s* — 555% — 3425 + 5405 — 216

Since d¢(s) and d,4(s) have the same degree, there are no
fixed poles. Thus, the poles of G(s) (roots of dc(s) and also
dq4(s)) are {—6,1,—6,1,—6,1}. The closed-loop poles are,
from the zeros of 1+ g(s):

—7.4801
—5.8108 & 51.0048
0.0350
0.5334 + j0.1325

and it shows that the number of RHP open-loop and closed-
loop poles are same. It is also verified from the Nyquist plot
of g(s) as shown in Fig. 4.

Geq of 3130 example1
0.8 T T T T T T

0.6 : b

0.4t 1

0.2 b

Fig. 4. Nyquist plot of g(s) (Example 3)

V. DISCUSSION AND CONCLUDING REMARKS

The main result, Theorem 1, shows that the characteristic
roots of the multivariable feedback system of Fig 1 can be
completely characterized by the scalar transfer function g(s)

constructed as the sum of the determinants of the leading
principal minors of G(s). These characteristic roots coincide
with those of the scalar system with unity feedback around
9(s), along possibly with some fixed roots which are those
characteristic roots of G(s) counting multiplicities, which
are not poles of g(s). As our derivation clearly shows, these
fixed roots occur in addition to the uncontrollable and un-
observable modes of the open loop system which, as is well
known, continue to be eigenvalues of the closed loop system
matrix. Fixed poles will not occur if and only if, g(s) has
all the poles of G(s), counting multiplicities. This translates
to the condition: fixed poles do not occur if and only if, the
LCM of the denominator of the sum of the determinants of
all leading principal minors (after cancellations) has the same
degree as the LCM of the denominators of the determinants
of all minors of G(s). It is easy to see that fixed poles
will occur only in degenerate cases, that is, for G(s) having
special fragile structure that is destroyed under vanishingly
small perturbations. Since g(s) completely characterizes the
closed loop stability of the multivariable system, its poles
and zeros may be defined as the scalar-equivalent poles and
zeros of the multivariable system.

The results given here can be applied to the feedback
system below in Fig. 5 by defining G(s) = F(s)P(s)C(s).
The scalar equivalent g(s) in this case will be multilinear
functions of the entries of F(s), P(s) and C(s) (follows
from the property of determinants) and this fact could be
important for controller synthesis and robustness analysis
using say, the Mapping Theorem [4]. The definition of mean-
ingful stability margins for the multivariable system using the
scalar feedback loop of Fig. 2 as well as the development
of MIMO controller synthesis using SISO synthesis methods
are promising areas of research.

F(s)

Fig. 5.

A multivariable feedback system with controllers

Finally it is worth pointing out that the scalar Nyquist
criterion can be applied to g(jw) for stability analysis of
the multivariable system as shown in the examples. If G(s)
is stable, g(jw) can be constructed from the measured
frequency responses of the individual entries of G(s). These
simplifications are important for practical applications as
well as research. Since multivariable stability analysis may
now be carried out directly without the computational hurdles
of constructing minimal realizations, coprime factorizations
or characteristic loci, it can also simplify the teaching of
Linear Systems.
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