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Abstract

This paper presents a novel safe integral reinforcement learning (IRL)-based
optimal trajectory tracking scheme for nonlinear systems with uncertain dy-
namics that is subject to constraints. We leverage multilayer neural networks
(MNNs) for actor-critic MNNs along with an NN identifier in the backstep-
ping process for minimizing a discounted value function. A time-varying
barrier Lyapunov function (TVBLF) is utilized for handling constraints and
to provide safety assurances. Online weight update laws for the actor and
critic MNNs are derived using singular value decomposition (SVD)-based
method that is driven by Bellman error. We introduce an online lifelong
learning (LL) method, utilizing the Fisher Information Matrix (FIM) based
on Bellman error in MNNs to address catastrophic forgetting. The method’s
effectiveness is demonstrated through simulations on mobile robot multitask
tracking. The paper concludes with a stability analysis of the closed-loop
system.
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1. Introduction

Optimal tracking control in nonlinear systems with constraints is pivotal
due to its widespread applications in industrial and robotic systems. The
Hamilton-Jacobi-Bellman (HJB) equation, central to optimal control, find
its online solutions in actor-critic designs with approximate dynamic pro-
gramming (ADP) [1, 2, 3, 4, 5]. However, they mainly cater to nonlinear
systems in affine form.

Research into adaptive NN-based tracking using backstepping for strict-
feedback systems exists [6, 7, 8, 9]. Yet, when combined with ADP’s pol-
icy/value iterations [7], the optimal adaptive control (OAC) methods use
neural networks (NNs) and need numerous iterations to find a solution to
HJB equation. Recent literature uses a positive function to determine weight
updates in a single layer NNs and relaxed PE conditions [6, 10].

Current OAC methods rely on single-layer NNs with basis functions as
activation functions to approximate both value function and control inputs,
but choosing appropriate basis functions for unknown systems is not well
understood. While the MNN’s universal function approximation enables a
single and two-layer NN control scheme for adaptive CT systems [11, 12, 13],
recent discussions on MNN-based adaptive control only present offline inner-
layer weight training and online output-layer weight tuning [14]. Despite the
evolution of NN control schemes [15], the potential of deep MNNs with online
tuning in optimal trajectory tracking for uncertain nonlinear strict-feedback
CT systems is not yet been explored. Challenges include online MNN weight
adjustments without facing the vanishing gradient issue [16] and ensuring
system stability.

The significance of safety considerations in domains such as autonomous
driving and industrial robotics is not explored in optimal control framework
for ADP or OAC-based methods[6, 10]. On the other hand, researchers have
investigated safety methods for control systems with constant constraints by
utilizing barrier Lyapunov functions (BLFs) and control barrier functions
(CBFs) [17] [18] [19]. CBFs and BLFs have been demonstrated to be power-
ful methods in the control domain for designing the controllers offering better
performance and intervene only when safety is at risk of being compromised.
Methods utilizing state transformation techniques [20] are primarily suit-
able for rectangular state constraints, i.e., the safe set is a hyperrectangle,
which does not encompass the complex safety specifications. Studies have
also examined control designs using time-varying BLF (TVBLF) for adaptive
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systems [21]. However, incorporating ADP-based optimal control in nonlin-
ear CT systems with constraints presents further difficulties while solving the
HJB equation.

Besides optimality and safety, industrial or robotic systems operate in
multitasking situations, requiring the NNs to undergo intermittent retraining
for each task due to changes in dynamics. However, when control schemes use
online learning instead of offline training, catastrophic forgetting [22] is quite
common. To address this issue, online lifelong learning (LL) techniques over
[22], [23] are needed for safety-critical systems. Moreover, offline LL elastic
weight consolidation (EWC) [22] technique has been shown to be effective in
mitigating forgetting, whereas it can lead to an exploding gradient[23]. The
works have effectively handled the LL issues in non-optimal adaptive con-
trol systems using online EWC utilizing the tracking error [24, 25], however
solving the optimal control methods requires a completely different approach
because of the actor-critic framework and the challenges of solving the HJB
equation in each step of backstepping.

Therefore, we propose a novel trajectory-tracking framework based on
ADP and lifelong integral reinforcement learning (LIRL) for a multi-tasking
environment. This framework uses a novel singular value decomposition
(SVD)-based actor-critic MNN with an activation function to formulate opti-
mal control policies differing from [6],[10]. The TVBLF is augmented into the
cost function to ensure the error vector stays within predefined constraints.
A new online L. MNN method is introduced using Bellman error to prevent
catastrophic forgetting while avoiding gradient explosion in contrast to of-
fline methods [22] and online methods which utilizes the tracking error and
online EWC [24, 25] with partially known dynamics.

The key contributions are;

1) Introducing a novel optimal tracking control method that distinctively
separates the safety components from the nominal control part, leveraging the
ADP and Bellman optimality principle subject to both static and dynamics
constraints in contrast to the existing literature [18, 20].

2) Development of an SVD-based MNN tuning approach for the actor-
critic MNNs to maintain optimality and safety using the safety-based Bell-
man error and control input error while providing stability in contrast to
single-layer-based optimal control methods using basis function [6, 10]and
multilayer-based non-optimal methods utilizing the tracking errors [25].

3) An online LL technique that uses Bellman error and a regularization-
based approach to assess the importance of NN weights for the critic MNN in
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contrast to non-optimal offline based EWC methods [22], and online EWC-
based methods [24, 25|, within a learning framework to prevent catastrophic
forgetting in the multi-tasking environment.

4) Validating the efficiency and stability of the tracking system by estab-
lishing Lyapunov stability, ensuring safety, and demonstrating effectiveness
on a mobile robot system, taking into account both kinematics and dynamics.

For the sake of simplicity, the time variable ¢ will be omitted unless oth-
erwise mentioned.

2. Problem Formulation and Optimal Control

This section presents the problem setup and introduces a safe lifelong
reinforcement learning (SLRL) control approach.

2.1. System description

Consider the following strict feedback system

1 (t)
Ty (t)

fi(z1) + gi(x1) 2,

F2 (2) + o(F)u, M)

where Zy(t) = [21(t), 22(t)]" € R? is the set of system states, xy, s, are

the system states, u € R is the control input, and f; (.),¢:(.),i = 1,2 are
unknown yet Lipschitz continuous functions and satisfying f;(0) = 0. The
standard following assumptions are stated to proceed.

Assumption 1 ([1]). The nonlinear CT system is controllable and observ-
able. In addition, the control coefficient matriz satisfies ||g:(.)|| < ginr, where
givm 1S an unknown positive constant.

Assumption 2 ([1, 26]). The state vector is assumed to be measurable. In
addition, the desired trajectory r4(t) in R, and all of its higher derivatives,
are assumed to be bounded such that ||rq|| < kg < Ky where kq;, Ky are the
bounded constraints on the reference trajectory and system states respectively
and the reference trajectory is obtained using the generator function as 7q =

hd<rd) .

Provided assumption 2 the state constraints can be transformed into the
error constraints as [|(|| < ke, where ko = Kj; — kg; where Kj; is the
constraint on system states x;, i = 1,2 and (4 = x; — rg(t),(o = 29 — «

4

Final version submitted to Control Engineering Practice



denote tracking errors, o being the virtual controller and r4 be the reference
trajectory.

In this paper, we aim to develop an optimal tracking control, u*, for
(1), which ensures that the tracking errors should remain in a safe set for
all t > 0 such that ||(;(t)]] < kei(t) where ke; - RY — R, @ = 1,2 are the
constraints on the tracking errors (;, generated using a generator function
[26] as fiei = 9(Ke;) While minimizing the performance index functions ¢}, ¥
to be defined later and mitigating the catastrophic forgetting in multitasking
scenarios. Next, the TVBLF is presented.

2.2.  Barrier Lyapunov function

To perform the objective, we initially partition the state space R into
subsets: a safe set & C R and an unsafe set D = R\& C R. We define the
safe set & as an open set, represented as the exact 0-superlevel set of a C*
continuously differentiable function b : R x R — R.

$ ={G € R b(Gi, kei(t)) > 0},

08 ={¢ € R | b((;, kei(t)) = 0} . @)

where (;,7 = 1,2 is the error variable.

Assumption 3. [17] The initial condition of the state variable in equation
(2) belongs to the interior of 8, i.e., (o € inl(S).

Definition 1 ([17]). For a set & C R and an initial condition (0) = (o, the
set 8 is considered forward invariant for system (1) if (o € & = ((t) €
SVt > 0.

Consider the TVBLF for the control design as

K

oGm0 = o ) @
The TVBLF (3) is chosen because it satisfies the following properties that
are important for the control design, b, .., : Int(8) — Ry that satis-
fies infciélnt(é’) b(Cza Kei) > 07 hmgiaas b(CM Hei) = o0, b<07 Hei(t)) = 0. In
this optimal framework, we propose to augment the instantaneous cost with
TVBLF, whose minimization implies satisfaction of the original constraints.
Next, the SLRL-based control design is introduced.
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2.3. Optimal backstepping control

To develop an optimal control using the backstepping technique, define
the tracking error as (;(t) = x1(t) — rq(t). Taking the time derivative to
obtain

G(t) = fi(m) + gi(ar)wa — 7o), (4)

where x5(t) is the virtual control and 74(t) = hg(ry). In this paper, we
will explore the concept of two-step backstepping. Nevertheless, the same
methodology can be applied to n-step backstepping as well.

Step 1: For the first backstepping step, the augmented barrier based
optimal performance index function ¥;(¢;) = minaey ¥1(¢;) for the optimal
tracking problem leading to optimal controller with safety is defined as

U (G) = glei{} ( /t e (G (T)TQ1G(T) + a " Ria+ N ds;l )dT)

()

= (/oo e_vl(T_t)(gl(T)TQICi(T) + O./*TRloé* + )\ldsgl)dT) 7

where U denotes the set of admissible control policies, ¢; = [/, 74, x4]T,

Ul(él) = (ftoo 6_71(T_t)il1m (<1, O./) dT), and ile = Cl(T)TQlcl(T) + O./TRlOé -+

/\le;1, and ke is a bounded constraint generated dynamically using k., =

Glker), b = In (25 ) satisfying b(0) = 0,b,:(G) > 0 VG € 8;/{0},
and lime, s, b,i(¢;) = 00, 08; and Int(S;) to be the boundary and the interior
of the set &; respectively, )1, Ry are positive, ; is the discount factor, v; >
0, A1 is the trade off factor between optimality and safety, a and a* be the

virtual and optimal virtual control inputs respectively.

Remark 1. To ensure that V) remains finite, and the control input is ad-
missible, as will be demonstrated in the subsequent theorem, we adopt a dis-
counted cost function as given in (5). Additionally, the incorporation of
the barrier terms for safety into the instantaneous cost introduces additional
challenges in deriving the optimal backstepping-based approach.

Next, the definition of a safe input set is stated.

Definition 2 (Safe Input Set). Given a system state (;, the safe input set
U, 15 defined as the set of all control inputs u; such that the application of
u; keeps the state vector of (4) within a predefined safe set S for all future
times, i.e Us = {u; € U|(;(t) € $,Vt > 0 under the control u;}

6

Final version submitted to Control Engineering Practice



Assumption 4 ([17]). We assume that for any initial condition (y € 8, the
set of admissible control policies is non-empty, i.e.,U N Uy # ().

For the trajectory tracking, by using the Bellman optimality principle,
which is in line with the ([27]), the Hamiltonian-based equation can be writ-
ten as

fg[mm+mm (0) ~

— G QG = U(a") = Vb, [fila1(t) — ha + ga(@a(t))a” ()] — U1 = 0.

Hf =y U —
1 1V (6)

o, ovrT oy T « «T «
where Wy = 5591 (Ke1) + Hi—ha(ra) + 5 ¥1(ka), U(e) = o Ria”. The
additional terms in the Hamiltonian arise because of the barrier function and
the reference trajectory which leads to the design of safe optimal tracking
controller as will be shown next.

By taking the derivative of (6) with respect to o*, and using the stationary
conditions we have, 0H;/0a* = 0, the optimal control policy a*, is given by

a*(&)=—%Rflgf<x1>wl*<51> AlR1 1 (21) Vb (7)

where (; = [¢] Ta s k)T, VU, Vb, are the partial derivatives of the optimal
value function ¢j* and BLF b1 with respect to (; respectively.

Given the value function (5) and VV}* being unknown yet continuous on
a compact set 2, they can be represented by MNNs characterized by weights
and activation functions with reference trajectory as one of the input. Hence,
we can approximate it as follows

Vr(G) = Wao (Vi a(G) + €a(G), (8)

where o is the activation function, W,; and V,; are the output and hidden
layer target weights, respectively, which are unknown but bounded on a
compact set, 011 = o(V.10 (1)), 021 = 0((1) where o is the activation function
with reference trajectory as one of the input. Similarly, an actor NN will
approximate the optimal virtual control input (7) on a compact set as

0" = Wiow (Viloa(Q)) +20(G) — 2R o] (20) Vb, (9)

where W1, V1 are the target unknown weights bounded on a compact set,
and 1 denotes the function reconstruction error, o, is the activation function.

7
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Now, to use the IRL formulation in order to avert the need for drift
dynamics, it is necessary to integrate the infinitesimal representation of (5)
throughout the interval [t — 7', t] as shown in [1], where 7" > 0 is a time
interval to get

FGe-T)= [ eI

dbrl
dt

(10)

+ U(a®) + Xo——]dr + e TV (1 (1)).

Substituting (8) in (10), the HJB approximation error can be written as

‘ db,
€R] = / e~ (r=t+T) [Q(Cl) +U(a™) + A2 2| dr + ©1, (11)
t—T

dt
where, ¢; = e W 1011(C1(t)) 1001(C1(t —T)), ep1 = 51(61@ -T)) -
e VlTal(Cl( )). Since the target weights, W, and V,;, are unknown, approx-
imate (8) on a compact set as

D(G(1) = Waa (Vo (), (12)

where \761, W., are the estimated weights of MNN, o is the nonlinear activa-
tion function and 61, = o(V,]5((1)). Since the target weights are unknown,
the actor NN will be designed to estimate the optimal virtual control given
by

R A A
6 = Whou(Vi0a(Q) = SRl (1) Vb, (13)

where Wal, Val, o, are the estimated weights and the activation function of
actor NN respectively.

Remark 2. The admissibility of the initial control policy, ug, s a necessary
condition for ensuring that the value function, Oj, is finite. Additionally, the
stability of the nonlinear system (1) must be maintained when the admissible
control policy, ug, 1s applied. Next, the following assumption is needed.

Assumption 5 ([1]). The target weights and the reconstruction errors for
both actor and critic NN are bounded on a compact set.

To move on, using (12) and (13) in (11), the instantaneous HJB or Bell-
man tracking error can be represented as

€1 =p1+ WJA&lla (14)
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where p; = ftt_T e M(r=t4T) [Q(Cl) +U(&) + Aldfl;l} dr denotes the integral
reward function, Aéy; = e 76y, — 691, with 7" must be chosen as small as
possible [1], 611 = (V] o((i(t))), 601 = o(Vilo(Ci(t — T))). It is important
to note that the HJB error, as defined in equation (14), will serve as the
criterion for adjusting the weights as it is computationally tractable.

Remark 3. The barrier term is integrated into the IRL reward component of
the Bellman error, emphasizing an implicit prioritization of safety. This er-
ror will be employed in the following section to adjust the critic MNN weights.
Moreover, the MNN uses the activation function with a reference trajectory
as one of the inputs to approximate the value function and the control input.

STEP 2: Define the tracking error as (»(t) = x2(t) — &(t). Taking the
time derivative to obtain

G(1) = fo(T2) + ga(T2)u — &(t), (15)

where Zo = [11,25]" are the set of system states, u(t) is the actual control.

The optimal performance index function ¥;((y) where (& = [¢), a7, k)] "

leading to optimal controller as

uell dt

V5 (G2) = min (/t e RO (G(r) T Qula(r) + uT Ryu+ A2 )dT) (16)
16

= / 6_72(T_t)(CQ(T)TQ2C2(T) + U*TRQU* + Ao dZ? )dr,
t

where U denotes the set of admissible control policies, h((;) =
(];OO G_WQ(T_t)BQm (CQ, u) dT), and I__LQm(CQ, u) = CQ(T)TQQCQ(T>+UTRQU+)\2 dflgg s
and ke is a bounded constraint generated dynamically using feo = 1(Ke2),
7o is the discount factor, vo > 0.

To find the optimal control input that minimizes the cost function, we
apply the Bellman optimality principle to get

*T
Hy = a0 = 5202 = G Que = U(w) -

— Vbiy | F2(22(1)) — & + ga(@2(t)u(t)| — W2 = 0

8b:—2
OKe2

o (Ke2) + %%—i‘ + %‘f; Vo (Ke2), where U(u*) = u*" Ryu* and

Uy 2 U5(G). By taking the derivative of (17) with respect to u*, and applying

where Uy =



stationary conditions using Bellman optimality principle, i.e. 0Hy/0u* = 0,
the optimal control policy, u*, is given by

e 1 __ . A
W () = —5 Ry 9y VS (&) = SRy s Ve, (18)

where V{5, Vb,, are the partial derivatives of the optimal value function ¢
and BLF b, with respect to (.
Similar to step 1, we can express (16) using MNN as follows

Vs (C) = Who(Viyo(G)) + €ca(Ca), (19)

where ¢ is the activation function, W, and Vo are the output and hidden
layer target weights, respectively, which are unknown but bounded on a
compact set, o1 = (V,50((2)), 022 = 0(¢2). Now to use the IRL formulation,
similar to the step-1 we have

t
e
t=T
dbr2
dt

Similarly, an actor MNN will approximate the optimal virtual controller (18)
on a compact set as

(20)

[Q(G2(7)) + U(w") + Aa—=ldr + eV (Go(1).-

- A
Ut = W a20a ( Qo_a(CQ)) + €2 (CZ) - gRgngVbr%a (21)

where W,o, Vo are the target bouzlded unknown weights and 5 denotes the
function reconstruction error, o,((2(t)) is the activation function. Substitut-
ing (19) in (20), the HJB approximation error can be written as

t
€59 E/ 6—72(7—t+T) [Q(@) + U(u*) +)\2db
t—T

d 22
dt T + 2, ( )

where, g = e 2TW L015(Ca(t)) — W hooa (Gt — T)), epa = ea(Ga(t — T)) —
e 12T, ((y(t)). Since the target weights, W, and Vo, are unknown, approx-
imate (19) on a compact set as

(&) = Who(Vio(G)), (23)
where VCQ, W, are the estimated weights of critic NN, and o is the nonlinear
activation function and 615 = o(V.Jo((3)). Since the target weights are
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unknown, the actor NN will be designed to estimate the optimal control
input given by

. e A
i = W0u(Vi306(&2) = 5 By ') Vb, (24)

where Wag, Vag, aa(g_"g) are the estimated weights and the activation function
of an actor NN. To move on, using (23) in (22), the instantaneous HJB error
can be represented as )

€2 =p2+ W;A&u, (25)

where, py = ftt_T e 2T [Q(G) + U(a) + Ao 2e2] dr is the integral reward

function, Aé1s = e 27619 — 69, with T must be chosen as small as possible

1], 612 = 0(Via(G(t))), 602 = o (Voo (et — T))).

Remark 4. The value function is determined by the weights of the critic
neural network. The control policy is composed of the weights of the ac-
tor neural network from all the layers and a separate term based on safety
considerations. This term ensures that the system state remains within the
safe set at all times. Furthermore, the IRL-based technique just necessitates
knowledge of the control input matriz g; to compute the control input error,
without the necessity for internal dynamics. Given the unknown nature of
the dynamics, a NN identifier will be implemented.

2.4. NN Identifier

In this section, for approximating the unknown dynamics f(z1) and g(z;)
over a compact domain, a single-layer NN identifier is employed. Utilizing
g(x1), derived from the NN identifier, the control strategy is then imple-
mented on the nonlinear system by substituting the actual matrix ¢g; with
the estimated matrix to obtain the estimated control coefficient matrix g;.
The approximations are represented as f(z1) = V}, "oy, (71) + &5, (21) and
g(x1) =V, og, (1) + &4, (21), where Vj, and V,, are the NN weight matrices,
o (x1,) and o4 (1) are the activation functions, and e, (x1) and g4, () are
the NN reconstruction errors respectively. Since the target identifier weights
for online learning are not known, therefore, the estimated identifier weights
can be used to estimate the unknown dynamics as fy(21) = VfTJfl (1) and

g1(x) = f/gTagl (z1), where Vj, and V,, represent the estimated tunable
weights of the NN identifier. Define

() = Z{ o (€1)a + er(ay), (26)

11



where a = [1, oz]T , is the augmented control input, « is given by (18), Z; =
[ VfT VgT }T € R2™ represents the augmented NN identifier weights, and
o(&1) = diag{oy, (21),0, (z1)} denotes the augmented activation function
for the NN identifier. The reconstruction error of the NN identifier, denoted
by €;(z1), is defined as e;(z1) = (e, (z1) + €4, (21)a). Next, we state the
following Assumption.

Assumption 6 ([28]). The NN identifier’s reconstruction error is bounded
above on a compact set such that ||le;|* < bol|z1||* and || Z;| < Zm, where
Zm;,bo are constants.

Moving on, define the dynamics of the NN identifier as
ﬂi"l(t) = ZlTU(El)@+K($1 — 1), (27)

In this case, K represents a constant identifier gain matrix, and 2 (¢) indi-

cates the estimated state vector. The weights associated with the enhanced
T

NN identifier are expressed as follows: Z; = [ VfT Vg? , €, =T — @I s
the definition of the state estimation error. The weight update laws for the

single layer NN identifier are obtained using Lyapunov analysis as
Zi = —auZi +o(€))ae], (28)

where a,; > 0 is a tuning parameter, the sigma modification term is added
to relax the persistence of excitation (PE) condition. Similarly, the identifier
will be designed for the second step. The following subsection presents the
derivation of the novel weight update law for safe RL-based actor-critic NN.

2.5. SVD-based weight tuning laws

In the context of Backpropagation or SGD, the error between actual and
target NN output is propagated backward to adjust the weights of the MNN.
This process faces issues like vanishing gradients when using sigmoidal or
tanh activation functions, leading to ineffective learning.

A solution to this is the proposed SVD-based technique with an explo-
ration feature, which modifies the singular values of the gradient by adding
a small random noise, thereby avoiding instability. The SVD of the NN ac-
tivation function gradient is represented as Vo;(X;) = U;5;W;" = A, with
the modified SVD being A; = UjEjoT + UjerIWjT. Next, the following
Lemma is stated

Simplifying for each subsystem we have

12



Lemma 1. Using the SVD approach, the update laws for the proposed actor-
critic MNN are derived as:

Wei(t) = Bewt (Sewi€p1) — Cw1Wc1,
Vc1(t) Bewt (Sev1épr) — Co1 Ve,
Wal(t) = Bawt (Sawitier) — %leah
Var(t) = Ban ( avluel) - ’Yavlvéy

where Bewt, Bevs Bawl, Bavt a7€ the tuning parameters chosen by the designer,
Cwls Cols Yawl, Yavl @re the design parameters and are chosen smaller to not

let weights go zero, Sew1 = HAA&&#&H; where Aoy = e_vlTU(VcTU(El(t))) -
o(VToGlt = T)). Ser = e with 7 = (Au(0(G)) -

(Ao1(a(G(t =T)))") . Here, Ayj and Ay; are defined as:

All = ullzllwll + ull(allzll)wﬂ’
A21 = UQ1221W21 + u21 (521221)W217

with U X Wi = svd(V(o(V]o(¢1)))) and Uy Xy Wn =
svd(V(o(Vjo(Ci(t — T))))) where Vo(z) is the partial derivative of o
with respect v = Vo (Cl) and Vo(z(t —T)) is the partial derivative with
respect to x(t —T') = V.o (Ci(t —T)).

y y . Rawl Q — Eavl —
Similarly, Sawl I — and Sy TR where Kguwi

6a(VE0a(C1)),s Favt = (As1(04(G))T)T. The Agy is given by
Agy = Usy X1 Why + Usy (051 31) Wy,
representing the SVD of V(a1 (V, 1%((‘1))), where V(o(x)) means the gradi-
ent of o with respect to input x = V;I (C1), 6i; is the random noise added to

singular values. The error u.; between estimated and actual control for each
step is defined as

R N _ 1 .
Ue1 = W(Egal(va—[gal(gl(t))) + §R1_19IV01

where VY, = V(6(V.]0((1))) Wy and ép; is the estimated Bellman error
for each step given by egs. (14), (25) and V; is the estimated value function
obtained using the critic MNN. In a similar way the weight update laws can
be obtained for the second step of backstepping.

13



Proof. The update laws for critic MNN are derived by defining the perfor-
mance measure first.

L7
Ej = étr(sgjij). (29)

To perform online updates for both layers, we use the normalized gradient

descent method. The derivatives of E; with respect to Wcj and ch are

computed and then used to update the weights as Wcj = —Bew; aavﬁ ,f/cj =

5cv] . The modified SVD is then used to replace the gradients, leading

to the Crltlc weight update laws given in Lemma 1. Similarly, the weight
update laws for the actor MNN are derived by defining the performance

function as E,; = 1 u? ; By using the gradient descent approach as Waj(t) =

ﬁaw] 9Bq; (1) V ;(t ) Bm,j aE‘” . These derivatives are used to update the
NN Welghés with additional teljrms added for stability. The gradients are
again replaced with the modified SVDs, resulting in the actor weight update
laws as given in Lemma 1. O]

Remark 5. To ensure that the gradient does not decrease too rapidly during
learning and to promote exploration of the parameter space, it is beneficial to
keep the singular vectors unchanged while introducing noise to the singular
values of the gradient can help prevent a decrease of gradient during learning
and address the issue of vanishing gradient ultimately enhancing robustness
and efficiency.

Remark 6. Though the sigma modification term in the update laws relaxes
the persistence of the excitation (PE) condition, preventing parameter esti-
mate divergence and ensuring weight estimate error boundedness, it does not
overcome the catastrophic forgetting problem; an online LL is needed.

Next, LL for MNNs is discussed.

2.6. Lifelong Learning-based Control

Catastrophic forgetting is a challenge faced by online NN systems oper-
ating in multitasking settings, where previously learned information can be
lost when new tasks are introduced. On the side ” LL” signifies the ability to
adapt to tasks while retaining past knowledge.

To address forgetting in multitasking scenarios a proposed online learn-
ing and adaptation technique is utilized. This method, integrated into a
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trajectory tracking control system employing MNN-methodology helps pre-
vent forgetting by identifying and preserving parameters during optimization.
The performance function to be used for the proposed LL is given as

A

2 o W A T 1% 2 A
L(Wej, Veg) = Ly + S22 Q5 (Wey = Wiy ) +

, . N2
%ij (ch - VA*CJ-) , (30)
where Lp; is the loss function, QO wj and Q v»j are the Fisher information ma-
trices (FIM) that are utilized to obtain the significance of i-th weight of the
MNN;, and WACJ, VACJ are the optimal MNN weights from the previous task.
When calculating the FIM, for each task it’s important to compute the gra-
dient of the Bellman error to the weights denoted as VWcijéBj’ where £p;
represents the HJB error at each stage. This evaluation of gradients is essen-
tial for understanding how the NN weights are related to the Bellman error
from tasks. Moreover examining the Jacobian matrix of this function pro-
vides insights, into which model parameters are most influential and critical
in capturing the Bellman error and ensuring optimal performance continuity
from earlier tasks. The Jacobian for the weights of each layer is computed

OV
as Jy;, Wy = # The FIM is then approximated as
Quij = E(Jyy,,, JVTVC”) (31)

where E denotes the expectation of the product of the Jacobian matrix and
its transpose. In a similar way, the diagonal FIM can be calculated for each
NN weight. The elements of the FIM matrix contain the data regarding the
HJB error associated with each weight. The FIM for task 1 is equal to zero,
while the FIM for task 2, which is estimated based on task 1, is bounded
due to the bounded nature of the closed-loop system for task 1 as shown
in stability proof. The proposed method can be scaled to accommodate N
tasks by maintaining the MNN weights close to those learned during the first
two tasks, either as one penalty term or as two distinct penalties.

The additional term in the critic weight update law is derived using the
performance function (30) and the normalized gradient descent shown in
Lemma 1. Next, the following theorem is presented

Theorem 1. Consider the system (1), the error dynamics (4), (15), the
value function (5), (16) and the NN identifier dynamics (27), with the iden-
tifier NN weight update laws (28), the estimated control (13) and (24). Let
Assumptions 1 through 5 hold for each task, and let the initial value uy be

15



admissible in each task with SVD-based actor-MNN weight update laws be
given by Lemma 1 and the LL-based critic MNN tuning laws given by

A

W Bcw] cwngj ijWCj - @wj(WCj B WZCJ’)’
‘/cj = Bcvj( _cngBj)T - Cvj‘/cj - (C)Uj(‘/cj o Vjcj)'

where O; = ozw])\w]ij,@w = iy Qvg: Awj, \vj are the design param-
eters, ouyj, awj are the NN learning rates, u;,$dy; are the significance of
weights after each task, for wezghts WCJ and VC] respectively, WCJ,VCJ are
the weights to be optimized, and WACJ,VAC] are the optimized weights from
the previously learned task, Then, the overall closed-loop system will remain
UUB, and the estimated control policy is close and bounded to the optimal
value.

Proof. See Appendix. n
Next, the propositions on admissibility and safety are stated.

Proposition 1. A control policy obtained from the optimal performance in-
dex V7, subject to the system (1), is admissible if and only if u; € U N Us.

Proof. The virtual and optimal control policy wu; is admissible when it is
bounded and finite given performance index ¥, = 1,2, for all . This
implies that both the BF b,;((;(t), ke;) and the cost to go hiy, (¢, u;) have to
be bounded and finite, V. Taking into account that h;,,(¢;, u;) for u; € U and
bri(Gi(t), Ke;i) for u; € U (where U, is the safe input set) are both bounded,
we can deduce that, if u; € UNU,, and given the discounting factor e 77—t
we confirm that V) < oo, Vt. This verifies that {/* is bounded and remains
finite Vt. Moreover, since u; € U, u; stabilizes the system (1) as proven in
Theorem 1. Thus, a control policy u; € U N Uy is admissible. O]

Proposition 2. Consider the dynamical system represented by (1). Assume
the origin is contained in 8, and that (o € Int(8). Further assume that there
exists a smooth function V;* > 0,1 = 1,2 which satisfies (6) and (17). Then
the closed-loop system (1) with the control input (13) and (24) will keep the
system safe while minimizing (5) and (16) respectively.

Proof. We can prove it by contradiction. Based on Assumption 4, there
exists at least one admissible control, since U N U, # (. Let u; € U N U,
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be admissible, thus the modified cost functions (5),(16) are bounded. Now
suppose (g € & and § is not forward invariant. Then 3¢ > 0 such that
G(t) = 08 = byi(Gi(t), Kei) — 00 = V*((i(t)) — oo, which contradicts.
Thus, #t > 0 for which ¢ — 08, s0 (p € § = ( € 8,Vt > 0 and
by Definitions 1,2, and Assumption 2, 4 & is forward invariant and (1) is
safe. O

Remark 7. This optimal framework ensures that the error vector stays
within a safe set by using the safety based controller which includes the nom-
inal control input and the additional BLF-based control input obtained using
the Bellman optimality principle and the augmented value function in each
subsystem.

Remark 8. The LL terms based on regularization, when integrated with
Lemma 1 MNN update laws, cause an increase in the weight estimation error
bounds, whereas stability is unaffected. The bounds in (?7) can be reduced
through the selection of a number of neurons or by adjusting the learning
rates. While the efficacy of the proposed LL method depends on the over-
lap of information between tasks, but without overlap, LL still helps prevent
forgetting previous tasks.

3. Simulation Results

The kinematic and dynamic equation of the mobile robot (MR) can be
expressed in a strict feedback form as [29]

q = fq(q) + g4(q)v,

v = f.(q,v) + gu(q;, vj)T, (32

where ¢ = [z, v, \II]T, x,y, and ¥ are actual Cartesian position and orientation
of the physical robot, v = [v,w]"and v, w are linear and angular velocities,
respectively, 7 = [Tu,Tr]T denotes the control inputs, f,(¢) = Onx1, g4(q) =

S(q), fulq,v) = —M"'Cv-M~'F, g,(q,v) = M~ B(q).

el cosV sin¥ 0 Ty — X
ea | = | —sin¥ cos¥ 0 Yr — Y (33)
es 0 0 1 v, —-v
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Figure 1: Lifelong learning-based OAT control using MNNs.
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Algorithm 1 Lifelong Learning-based Optimal Control for Strict-Feedback
Systems

1:
2:
3:

10:
11:
12:
13:
14:
15:
16:
17:
18:
19:

20:
21:
22:
23:
24:

25:
26:

27:
28:
29:
30:
31:
32:
33:
34:

Given: System dynamics, desired trajectory, constraints
Require: Optimal control inputs, updated NN weights
Initialize: Learning rates «, discount factors v, regularization parameter
Areg,design parameters.
Initialize multi-layer actor NN weights Wctor, Vactor
Initialize multi-layer critic NN weights Weitic, Veritic with lifelong learning
Initialize single-layer identifier NN weights Wigentifier
Initialize Fisher information matrix F < ()
for each task T in set of tasks do
if T is the first task then
No lifelong learning adjustments for the critic
else
Compute Fisher information matrix F[T] from previous task
Update Wisitic, Veritic with LL using F[T]
end if
for each time step within task 7" do
for each subsystem S do
Calculate tracking error egacx[S]
Calculate virtual control tyipua[S]
Compute control input u[S] using actor NN with current
Wactora V;ictor
Apply control input u[S] to subsystem S
Propagate dynamics and observe new state
Calculate cost and Bellman error for subsystem .S
Update identifier NN weights Wigentifier using identifier errror
Update actor NN weights Wactor, Vactor using SVD based up-
date laws
if not the first task then
Update critic NN weights Weitic, Veritic using Bellman error
and F'[T] with the proposed SVD based update laws.
end if
Enforce safety using TVBLF for subsystem S
end for
end for
if not the first task then
Store optimized critic weights for LL of next task
end if
end for 19
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Figure 2: Mobile robot tracking a reference.

The virtual reference position and orientation are given by x,,¥,., and W,.
The leader tracks a reference trajectory in various tasks, obtaining the virtual
control input «. Velocity tracking error e, = v — « is calculated, and using
Lyapunov analysis and system dynamics (32), the actual control input 7 is
determined. For a single leader robot tracking, the simulation is run for two
different tasks where trajectories are changed for each of them. Task one is
run for a duration of 0 to 20 secs with trajectories and dynamics parameters
as , m = 10kg,I = 5kg — m? R = 0.5m. Task two is run for a duration
of 20 to 30 secs with different desired trajectory , after 30 secs, task one is
executed again, ko = (0.9—0.08)e 2 4+0.075, keo = (0.6 —0.08)e 21 +0.02,
Given the time-varying constraints x.; and k.o, with the generator dynamics
as fier = —0.1(0.9-0.08)e7 % k1(0) = 0.9—0.0840.075 ko = —0.1(0.6 —
0.08)e %1 £Ke(0) = 0.6—0.0840.02, o = [1,2,7/8], i = 1, Bej = 2, Buj =
1,Q1; =5, Rij = 0.4, =0.13,00; = 0.06. \,,; = 1.5,\,; =1, and ~,; = 0.95,
T = 0.05.

All the NNs for actor-critic were designed to have two layers. The critic
NN was designed with 22 neurons and actor NN with 20 neurons in the hidden
layer; the identifier NN, on the other hand, is a single layer, configured with
12 neurons within its hidden layer, sigmoid is used as an activation function,
and the NN weights are chosen in the interval [-1,1] for identifier and for actor
critic frameowrk the initial admissible control which is chosen as a nominal
PD control in conjunction with the discounted cost function helps to find
an appropriate set of weights for initialization. The study presents mobile
robot trajectory tracking and a comparative analysis with recent literature

20
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Figure 4: Velocity errors and torque inputs using proposed safe LL-based MNN and recent
literature]6].

[6]. The abbreviations used include 'prop LL’, which represents the proposed
multilayer LL method, and ’Lit’ represents the literature [6].

Analyzing Figures 3 and 4, it is evident that the errors consistently re-
main low in the cases of prop MNN-based LL method, as shown in Fig 3b
and Fig 4a. Conversely, the 'Lit"” method encounters instances where the
errors are higher, particularly initially and during task changes. This is pri-
marily because Tasks 1 and 2 have some overlaps, with only the tracking
trajectories being different, while maintaining the same parameters and dy-
namics as Task 1; therefore, safe LL method shows an improvement when
executing Task 2. The control efforts are lower and bounded using safe LL
method in Fig 4b. The TVBLF is important for immediately constraining
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Figure 6: Norm of actor-critic MNN weights in multitasking environment.

errors within predefined boundaries during the initial stages of task execu-
tion, dynamically adapting to ensure the minimization of error propagation.
Concurrently, LL is vital for preserving and utilizing accumulated knowledge
effectively, thereby mitigating forgetting, particularly as the system experi-
ences continuous modifications or advancements during the change of tasks.

Figures ba and 5b illustrate the lower integral absolute error (IAE) and
cumulative costs achieved using the proposed safe LL method, as indicated
by the plot. In contrast, the Lit method shown by the red plot shows an
increase in these metrics initially as well as during the task change due to
the constraint violation and catastrophic forgetting when revisiting task 1.
The actor-critic weights are shown in Fig 6 for the multi-tasking scenario
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as the tasks change, there is a slight spike observed, which is because of
the sudden task change however, because of overlapping between task 2 and
task 1, since only the reference trajectory is changed in tasks therefore, the
weights do not change much and remain close to task 1, when moving back to
task 1 again at 40 s the weights remain close to the task 1 (0 to 20s) because
the LL term uses the knowledge gained from task 1 again when revisiting
it hence mitigating the issues of forgetting. In the actor NN the LL is not
explicitly added to actor weights since the weights are obtained using control
input error obtained using the LL-based critic weights; therefore, LL also
affects the actor weights implicitly.

4. Conclusion

This work presented a safe, optimal LL trajectory tracking control strat-
egy for nonlinear CT strict-feedback systems based on MNNs. By combining
SVD-based MNNs with LL, an efficient solution to the HJB equations with
uncertain dynamics is obtained. This approach improves multitasking perfor-
mance while reducing the catastrophic forgetting problem in MNNs by using
the LL-based penalty term in the weight update laws. Efficient constraint
handling and safety are ensured by the addition of a barrier Lyapunov func-
tion which gives an explicit safety control term in the control law to handle
safety. Our method is effective, as demonstrated by simulations, which also
show significant cost reduction over previous research methods and better
trajectory tracking control.
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