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Robust tracking control of robot
manipulators with friction and variable
loads without velocity measurement:
A switched control strategy

Elizabeth Noghreian and Hamid Reza Koofigar

Abstract
This article addresses the adaptive-based robust output feedback tracking control for robot manipulators with friction
and alternating unknown loads. A switched nonlinear system is first established to model the friction and parameter var-
iations, caused by the load change. Under arbitrary load changings, an adaptive H‘ tracking control strategy is proposed
to ensure link position tracking, in the presence of uncertainties and external disturbances. Then, for bounded external
disturbances, a novel robust adaptive output tracking control strategy is developed, which guarantees all the closed-loop
signals are bounded and tracking error is driven to zero. Unlike some previous studies, the proposed algorithms do not
require velocity measurements, and the unknown switched parameters and disturbances are neither required to be peri-
odic nor to have known bounds. A simulation study is also given to demonstrate the analytically proved properties of
the proposed schemes.
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Introduction

Over the past decades, the development of controllers
for robot manipulator has attracted considerable atten-
tion due to their complex nonlinear dynamics and wide
applications in industrial systems.1–4 Various control
methods, including proportional-integral-derivative
control,5,6 backstepping method,7,8 and sliding mode
control,9–11 have been applied to robot manipulators in
past decades. In order to improve the tracking perfor-
mance, various methods have been developed and
applied to robotic systems to drive the tracking error to
zero.12,13 Nevertheless, as the friction affects the track-
ing accuracy at low speed, considering friction is inevi-
table to achieve high accuracy motion control.14–16

Accordingly, robot manipulators usually suffer from
different uncertainties, such as unstructured dynamics,
unknown loads, nonlinear friction, and external distur-
bances. Thus, it is difficult to find an exact dynamical
model for a robot manipulator. In the work by
Mohammadi et al.,17 a disturbance observer has been
suggested to tackle the disturbances, based on the
immediate angular measurement of link position and

velocity. Furthermore, the disturbance may be mod-
elled as a constant direct current parameter, estimated
along with the link position and velocity.18

Adaptive control, as a powerful strategy to deal with
the uncertainties, is widely used for robot manipulators.
In previous studies,19–21 the uncertain parameters are
assumed to be constant. In the work by Dumlu,22 an
adaptive and fractional sliding mode control approach
for a 6-degree-of-freedom (DOF) robot manipulator
has been investigated. This condition is only satisfied if
the load of the manipulator is fixed, whereas in prac-
tice, a robot manipulator often needs to pick up and
lay down some specific loads repeatedly. This causes
the value to change among several unknown para-
meters. In conventional adaptive control, it is assumed
that unknown parameters are constant. The jump in
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the value of robot parameters poses a new challenge for
adaptive control of robot manipulators. By considering
the robot manipulator as a switched system, the load
variations can be described by subsystems, each one is
activated by a switching signal over a period of time. In
the work by Noghreian and Koofigar,23 it has been
proven that an uncertain switched system, under arbi-
trary switching, is stable if a common Lyapunov func-
tion (CLF) exists for all subsystems of the switched
system. In the work by Wang and Zhao,24 an adaptive
switched controller has been designed for a nominal
switched robot model, whose switching is dominated
by the load. H‘ tracking control problem has been
studied for robot manipulators with changing loads in
the work by Wang et al.,25 while no friction has been
considered and error convergence to zero has not been
achieved.

Many robot controllers, in addition to joint position
measurements, require joint velocity measurements,
whereas most of robotic systems are only equipped
with joint position measurement devices. To overcome
this constraint, several researchers have presented link
position tracking controllers, by estimating velocity
information. With an exact robot model, an observer
may be designed either for fault detection or tracking
controller design.26,27 To compensate the robot uncer-
tainty, an adaptive link position controller without
joint velocity measurements is suggested in the work by
De Queiroz et al.28 Also, intelligent output feedback
controllers, based on fuzzy logic and neural networks,
were proposed by Liu and Li29 and Kim.30 In addition,
global output feedback tracking control of uncertain
robot manipulators, using a nonlinear dynamic filter, is
provided in the work by Zhang et al.31

To the best of our knowledge, robust tracking con-
trol problem of robot manipulators with friction and
variable loads, without velocity measurements, has
been rarely studied before. Therefore, in this article, a
switched nonlinear system is first adopted to model
robot manipulators with friction and jumping para-
meters. A high-gain observer is also produced to com-
pensate for the lack of velocity measurement. Then,
two adaptive-based robust controllers are proposed to
ensure asymptotic link position tracking, despite the
switched parametric uncertainty, external disturbances,
and the absence of link velocity measurements. The
article is organized as follows. In the next section, the
switched robot model containing friction and changing
loads is proposed. In section ‘‘Design of robust adap-
tive output feedback controller,’’ the output feedback
controllers are developed for robot manipulator subject
to square-integrable and bounded and external distur-
bances, under arbitrary switching. A simulation exam-
ple is introduced in section ‘‘Simulation study’’ to
demonstrate the effectiveness of the proposed methods.
Finally, the concluding remarks and contributions are
summarized in section ‘‘Conclusion.’’

Notations

In the following, R
n represents the n-dimensional

Euclidean space, denotes the natural numbers, j:j
represents the absolute value of a scalar, and jj�jj refers
to the induced 2-norm of a vector or a matrix.
Moreover, for a n3 1 vector E, E 2 L‘½0,‘) if
jjE(t)jj\ ‘, t 2 ½0,‘) and E 2 L2½0, T� if

Ð T
0 jjE(t)jj

2

dt\ ‘, T 2 ½0,‘).

System description and preliminaries

Consider the Euler–Lagrange equations of an n DOF
robot manipulator as32

M qð Þ€q+C q, _qð Þ _q+G qð Þ= t� F q, _qð Þ+v tð Þ ð1Þ

where q, _q, €q 2 R
n denote the vectors of link position,

velocity, and acceleration, respectively; t 2 R
n repre-

sents the control torque; v(t) is the disturbance input;
M(q) 2 R

n3n, C(q, _q) 2 R
n, and G(q) 2 R

n are inertia
matrix, centrifugal, and Coriolis forces matrix and
gravitational forces vector, respectively. Furthermore,
the friction vector F(q, _q) 2 R

n which includes
Coulomb friction, static friction, viscous friction, and
the Stribeck effect can be modelled as33

F q, _qð Þ=
sgn _q1ð Þ a01 � a11 _q1j j

1
2 +a21 _q1j j

� �
..
.

sgn _qnð Þ a0n � a1n _qnj j
1
2 +a2n _qnj j

� �
2
6664

3
7775 ð2Þ

where aij, i=0, 1, 2 are the friction parameters of the
jth joint. The friction model (equation (2)) is written
here as

F q, _qð Þ=

sgn _q1ð Þ 0 0

0 . .
.

0

0 0 sgn _qnð Þ

2
664

3
775

1 � _q1j j
1
2 _q1j j 0 � � � 0

. .
.

0 � � � 0 1 � _qnj j
1
2 _qnj j

2
664

3
775

a01

a11

a21

..

.

a0n

a1n

a2n

2
6666666666664

3
7777777777775

=f _qð Þa

ð3Þ

In practice, robot manipulators have to fre-
quently pick up and lay down certain loads. Also,
the friction character can be affected by the chang-
ing loads. This causes the system parameters to be
changed between several unknown constants. Such
evidences motivate to adopt a switched model of the
robot manipulator

Noghreian and Koofigar 533

Downloaded from https://iranpaper.ir
https://www.tarjomano.com https://www.tarjomano.com



Ms qð Þ€q+Cs q, _qð Þ _q+Gs qð Þ+Fs q, _qð Þ= t+v tð Þ
ð4Þ

where s : ½0,‘) 7! L= f1, . . . , Ng denotes a piecewise
constant right continuous switching signal, and N 2 N

is the number of subsystems, specified by number of
different loads.

In this article, the control objective is to design a
robust link position tracking controller for the uncer-
tain robot model (equation (4)), assuming the load can
be arbitrarily changed and velocity measurements are
not available. To this end, the following assumptions
are considered for the system.

Assumption 1. The dynamic of robot manipulator model
(equation (1)) can be linearly parameterized, that is,
there exist regression matrix Y(q, _q, €q) 2 R

n3m and
unknown constant system parameters vector us 2 R

m

such that24

Ms qð Þ€q+Cs q, _qð Þ _q+Gs qð Þ=Yðq, _q, €q Þus ð5Þ

Therefore, one can rewrite equation (4) as

Wðq, _q, €q Þfs = t+v tð Þ ð6Þ

where W(q, _q, €q)= ½Y(q, _q, €q), f( _q)� 2 R
n3 m+3nð Þ con-

tains known functions of link position, velocity, and
acceleration and fs = ½uT

s ,a
T
s �

T 2 R
3n+m includes

unknown switching parameters determined by loads.

Assumption 2. The switching parameter vector fs

belongs to a compact set O= ffk:kfkkłj, 8k 2 Lg,
in which j. 0 is an unknown constant parameter.

Design of robust adaptive output feedback
controller

Define the tracking error vector as E= ½eT, _eT�T, where
e=q� qd 2 R

n is the error vector for a smooth desired
link trajectory qd 2 R

n. Consider

t=M0 €e+kv _e+kpe
� �

� tr ð7Þ

where M0 2 R
n3n is a positive-definite matrix,

kp 2 R
n3 n and kv 2 R

n3n are the proportional and
derivative gain matrices, respectively, and tr is the
robust control to be designed. Substituting equation (7)
into equation (6), the state–space model of the error
dynamic is obtained as

_E=
0n In

�kp �kv

� �
E+

0n

In

� �
M�10

ðtr +Wðq, _q, €q Þfs +v tð ÞÞ
ð8Þ

where 0n and In denote n dimension zero matrix
and identity matrix, respectively. Furthermore, by

defining d(t)=M�10 v(t) as new disturbance,

C(q, _q, €q)=M�10 W(q, _q, €q), A=
0n In
�kp �kv

� �
, B=

0n
In

� �
,

and choosing kp and kv such that A is Hurwitz, one

can rewrite equation (8) as

_E=AE+BðM�10 tr +Cðq, _q, €q Þfs +d tð ÞÞ ð9Þ

Remark 1. In order to eliminate the need for velocity
measurement, error E can be estimated using the high-
gain observer below34

_̂e1 = ê2 +
k1

e1
e1 � ê1ð Þ

_̂e2 =
k2

e2
e1 � ê1ð Þ

ð10Þ

where ei, i=1, 2 are small positive parameters, and
ki . 0, i=1, 2 is chosen such that the roots of
s2 + k1s+ k2 =0 have negative real parts.

Theorem 1. Consider the robot dynamic model (equa-
tion (4)), under arbitrary switching. The robust adap-
tive output feedback controller (equation (7)) with
robust control torque

tr = �M0
1

2r2
BTPE+ ĵ2 CTCBTPE

CBTPEĵ+ de�yt

� 	
ð11Þ

and adaptation law

_̂j= gCBTPE ð12Þ

where P is a positive-definite symmetric matrix satisfy-
ing the Riccati-like inequality

ATP+PA+Q+PB
1

r2
I� 1

r
I

� 	
BTPł 0 ð13Þ

and r . 0 is a damping level prescribed, Q=QT . 0 is
a weighting matrix, r. 0 is the H‘ control gain guaran-
tees that

1. The tracking error is uniformly ultimately bounded
(UUB), for all d 2 L‘½0,‘).

2. The tracking error asymptotically converges to
zero, for all d 2 L2½0,‘) \ L‘½0,‘).

In equation (11), d and y, are some small positive
designed constants, and in equation (12), g . 0 is the
adaptation gain and ĵ is the estimate of j.

Proof. Take the CLF candidate

V E, ~jð Þ= 1

2
ETPE+

1

2g
~j2 ð14Þ
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where ~j=j� ĵ denotes the adaptation error. For any
k 2 L, the time derivative of V is given by

_V=
1

2
ET ATP+PA
� �

E

+ fT
kC+ tTr M

�1
0 + dT

� �
BTPE+

1

g
~j _~j

ð15Þ

substituting robust control law equation (11) into equa-
tion (15), for any k 2 L, implies that

_Vł
1

2
ET ATP+PA
� �

E+fT
kCBTPE

+ETPB d� 1

2r2
BTPE

� 	

� ĵ2 ETPBCTCBTPE

CBTPE


 

ĵ+ de�yt

!
� 1

g
~j _̂j

ð16Þ

Using inequality (13) one has

_Vł � 1

2
ETQE+j CBTPE



 


� 1

2

1

r
BTPE� rd

� 	2

+
1

2
r2 dk k2

�ĵ CBTPE


 

+ de�yt � 1

g
~j _̂j

ð17Þ

substituting adaptation control law (equation (12))
yields

_Vł � 1

2
ETQE+

1

2
r2 dk k2 + de�yt ð18Þ

1. For any bounded disturbance, that is,
d 2 L‘½0,‘), there exists a D. 0 such that
jjdjjłD. By inequality (18), one concludes
_Vł � lQjjEjj2 + r2D2 + d, where lQ is the mini-
mum eigenvalue of Q. Thus, _V is bounded.
Choosing lQ . (r2D2 + d)=j2 for any small j . 0,
there is a b . 0 so that _Vł � bjjEjj2 \ 0 for all
jjEjj. j. Hence, there exists a T . 0 such that
jjEjjł j for all t øT. That means the tracking
error is UUB35 and all the closed-loop signals are
bounded.

2. For d 2 L2½0,‘) \ L‘½0,‘), integrating the
inequality (18) over ½0, t� yields

1

2

ðT
0

E tð Þk k2Qdt+V E Tð Þ, ~j Tð Þð Þ

łV E 0ð Þ, ~j 0ð Þð Þ+ d

y
1� de�yt
� �

+
1

2
r2

ðT
0

d tð Þk k2dt, T 2 0,‘½ Þ

ð19Þ

By definition, I0 =2(V(E(0), ~j(0))+ (d=y)) one
obtains

ðT
0

E tð Þk k2Qdtł I0 + r2

ðT
0

d tð Þk k2dt

T 2 0,‘½ Þ

ð20Þ

That shows that jjEjj is bounded and square-inte-
grated. Given error dynamic (equation (9)) and control
law (equation (7)), since all closed-loop signals are
bounded, _E is also bounded. Hence, E, _E 2 L‘½0,‘)
and E 2 L2½0,‘) and Barbalat’s lemma35 guarantees
that tracking error converges to zero, for uncertain
switched system exposed to external disturbances. j

Theorem 1 only guarantees that the tracking error is
UUB for d 2 L‘½0,‘). While, in real-world robotic
applications, asymptotic tracking may be needed, even
an external disturbance is not square-integrable. In
Theorem 2, an adaptive output feedback controller is
presented to ensure that the tracking error tends to
zero. Define the augmented time varying vector

Fs(t)= ½fT
s(t), d(t)�

T 2 R
3n+m+1 and augmented

regression vector Ca = ½CT, 1�T 2 R
n3 3n+m+1ð Þ. Since

d(t) 2 L‘½0,‘) and the parameters belong to a compact
set, there is an unknown positive constant Y such that

Fk tð Þk kł Y, 8k 2 L ð21Þ

Theorem 2. For the robot dynamic model (equation
(4)), perturbed by some bounded disturbance d(t), the
adaptive output feedback controller (equation (7)) with

tr = �M0 Ŷ
2 CT

a CaB
TPE

CaB
TPE



 

Ŷ+ de�yt

 !
ð22Þ

and update law

_̂
Y= g CaB

TPE


 

 ð23Þ

where Ŷ is the estimated value of Y and P=PT . 0 is
the solution of Lyapunov equation

ATP+PAł �H, H=HT . 0 ð24Þ

ensures asymptotic link position tracking for switched
system, under arbitrary switching.

Proof. Choose the CLF

VðE, ~YÞ=ETPE+
1

2g
~Y
2 ð25Þ

where ~Y=Y� Ŷ. Differentiating V for any k 2 L,
yields

_Vł � ETHE+ fT
kC+ tTr M

�1
0 +dT

� �
BTPE

+
1

g
~Y

_~Y
ð26Þ

substituting robust control law equation (22) into equa-
tion (26), for any k 2 N, implies that
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_Vł � ETHE+FT
kCaB

TPE

� Ŷ
2 ETPbCT

a CaB
TPE

CaB
TPE



 

ĵ+ de�yt

!
� 1

g
~Y

_̂
Y

ð27Þ

Using update law (equation (23)) implies that

_Vł � ETHE+ de�yt ð28Þ

By integrating inequality (28) over ½0, t� one obtains

ðT
0

E tð Þk k2Hdt+V E Tð Þ, ~Y Tð Þ
� �

łV E 0ð Þ, ~Y 0ð Þ
� �

+
d

y
1� de�yt
� �

, T 2 0,‘½ Þ

ð29Þ

which indicates E 2 L2½0,‘). In addition, using inequal-
ity (28), it can be concluded that _Vł � lHjjEjj2 + d,
where lH is the minimum eigenvalue of H. By following
the proof of Theorem 1, Barbalat’s lemma guarantees
that the tracking error converges to zero despite the dis-
turbances, under arbitrary switching. j

The overall structure of the proposed scheme for
controlling the switched robotic system is depicted in
Figure 1.

Remark 2. Unlike with some previous investigations,25

which robust tracking control problem is restricted to
d 2 L2½0,‘), in this article, the asymptotic tracking con-
troller is proposed for robot dynamic model (equation
(4)) perturbed by any bounded disturbance d(t), under

arbitrary switching. Furthermore, the friction vector is
considered and the assumption of a known constant
bound for jjC(q, _q)jj and jjG(q)jj is relaxed here.

Simulation study

In order to demonstrate the effectiveness of the main
results, proposed output tracking controllers are
applied to a 2-DOF planar manipulator with changing
loads. The dynamics of the robot manipulator, shown
in Figure 2, are given by24

Figure 1. Block diagram of the proposed adaptive robust control algorithm in Theorems 1 and 2.

Figure 2. Structure of robot manipulator.
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Ms qð Þ= J1 m2r2l1cos q2 � q1ð Þ
m2r2l1 sin q2 � q1ð Þ J2

� �
ð30Þ

Cs qð Þ=m2r2l1 sin q2 � q1ð Þ 0 � _q2
_q1 0

� �
ð31Þ

J1 =
4

3
m1r

2
1 +m2l

2
1, J2 =

4

3
m2r

2
2 ð32Þ

Y q, _q, €qð Þ

=
€q1 0 cos q2 � q1ð Þ€q2 � _q22 sin q2 � q1ð Þ
0 €q2 cos q2 � q1ð Þ€q1 � _q21 sin q2 � q1ð Þ

" #

ð33Þ
us = J1 J2 m2r2l1½ � ð34Þ
Fs q, _qð Þ=

sgn _q1ð Þ �sgn _q1ð Þ _q1j j
1
2 _q1 0 0

0 0 0 sgn _q2ð Þ �sgn _q2ð Þ _q2j j
1
2

"

ð35Þ

As the load changes, the robot’s parameters change
from one value to another. Denoting s=2 for load
carrying and s=1 for no load case, the actual values
of the parameters for the two subsystems are specified
in Table 1. The desired trajectory is considered as
qd = 0:5sint sin3t½ �T. The gain matrices and the
positive-definite matrix M0, respectively, are taken as
kp =diag(12, 12), kv =diag(12, 2), and M0 =I23 2.
The Riccati-like inequality (13) gives

P=

1:1264 0 0:1509 0
0 1:1264 0 0:1509

0:1509 0 0:1041 0
0 0:1509 0 0:1041

2
664

3
775

by choosing g=0:7, d=0:5, y=0:1, r=0:7 and
r=0:5, the robust output feedback tracking control-
lers developed in Theorems 1 and 2 are easily estab-
lished. Cases 1 and 2 are considered here to evaluate
the effectiveness of controller, presented in Theorems 1
and 2, respectively:

Case 1. Bounded and square-integrable disturbance
d(t)=2e�0:5tsin5t. The simulation results are presented
with q(0)= ½0:5, 0:2�, ĵ(0)=0:7 and a random
switching signal with an average switching time of
0.5 s. Figure 3 demonstrates the results of tracking per-
formance using the control law proposed in Theorem
1. As depicted in Figure 3, the effects of uncertainties
and external disturbance are eliminated and tracking
error asymptotically converges to zero, under arbitrary
switching.
Case 2. Bounded disturbance d(t)=1+sin5t. In this
case, choosing Ŷ(0)=0:7 and the initial values and
switching signal similar to case 1, the adaptive control
law suggested in Theorem 2 is applied to achieve
asymptotic error convergence. Figure 4 shows the
asymptotic convergence of tracking error to zero,
despite the non-square-integrable disturbance d(t). As

Figure 3. Time history of simulation results of case 1: (a)
tracking error, (b) control effort, and (c) switching signal.

Figure 4. Time history of simulation results in case 2: (a)
tracking error, (b) control effort, and (c) switching signal.

Noghreian and Koofigar 537

Downloaded from https://iranpaper.ir
https://www.tarjomano.com https://www.tarjomano.com



expected in this case, the convergence of tracking error
to zero is obtained with a bounded control torque. In
order to show the effectiveness of the proposed
method, compared with that of the method in the work
by Wang et al.,25 the results for link positions 1 and 2
are depicted in Figures 5 and 6, respectively. By apply-
ing the control torque, presented in Theorem 2, the
control torque range has been significantly reduced
and the tracking performance has improved.

Conclusion

In this article, considering a switched dynamic model
for the robot manipulator with changing loads, a
robust adaptive output feedback tracking control law is
designed for robot manipulator in the presence of
uncertainties and disturbances to attain H‘ tracking
performance. When external disturbance is L2 and
bounded, proposed controller ensures that tracking
error converges to zero. Then, assuming that distur-
bance is not an L2 signal, a novel adaptive output

feedback tracking controller is developed for asympto-
tic convergence of tracking error to zero, under arbi-
trary switching. Compared with some existing results,
the main contributions of this article are (1) the link
velocity measurement is not required, (2) the nonlinear
friction vector is taken into account, (3) the external
disturbances and unknown parameters are not needed
to be periodic nor to have known bounds, and (4) the
control torque range is considerably reduced for link
position tracking, using the proposed output feedback
control schemes.
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Table 1. Parameter values of subsystems.

m1 r1 l1 m2 r2 a

s = 1 1 1 2 1 1 1 0:2 0:1 0:8 0:1 0:06½ �T

s = 2 1 1 2 2 1.5 2 0:3 0:15 1:9 0:27 0:1½ �T

Figure 5. Time responses by applying the proposed controller
in theorem 2 (–) dash dotted line and control algorithm in the
work by Wang et al.25 (—) to link position 1: (a) tracking error
and (b) control effort.

Figure 6. Time responses by applying the proposed controller
in Theorem 2 (–) and control algorithms in the work by Wang
et al.25 (—) to link position 2: (a) tracking error and (b) control
effort.
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