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Abstract—In this paper, a method for nonlinear control is
proposed using an extended state observer for position tracking
of an electro-hydraulic system (EHS) with only position feedback.
The proposed method consists of a high gain extended state
observer (HGESO) and a nonlinear controller. The EHS model
is transformed into the normal form to lump a system function
and a external disturbance into a disturbance. The HGESO
observer is accordingly designed to estimate the full state and
disturbance. The nonlinear controller is then developed using
backstepping to suppress the position tracking error using the
input-to-state stability (ISS) property. The key innovation of
the proposed method is the design of the nonlinear gain to
suppress the position tracking error according to the disturbance
estimation error. Thus the use of the high observer gain to
accurately estimate the disturbance can be avoided. The stability
of the closed loop including the EHS, controller, and observer
is then mathematically demonstrated without the need for an
approximation of the ‘sgn’ function in the EHS dynamics. The
proposed method is verified using simulated and experimental
testing.

Index Terms—Electro-hydraulic system, Observer, Position
control

I. I NTRODUCTION

Electro-hydraulic systems (EHSs) have been widely used
in industrial automation applications such as robots, aircraft
actuators, and rolling mills due to their high power-to-weight
ratio and their ability to rapidly generate high forces [1]–[3].
Importantly, EHSs have nonlinearities in their dynamics due
to their use of hydraulic fluids and the complex flow properties
of servo valves. In order to improve the position/force tracking
performances of EHSs, various control methods have been
proposed by academic and industrial researchers to compen-
sate for these nonlinearities. In [1], linear control theory was
applied to EHSs in order to guarantee local stability. A robust,
adaptive, and repetitive digital tracking control method was
presented as a way to provide disturbance rejection in [4].
Variable structure control methods were developed to control
EHSs in [5]. Furthermore, several input-output linearization
control methods have been proposed for the control and com-
pensation of EHS nonlinearities [6], [7]. Backstepping control
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methods relying upon the dynamic properties of an EHS have
also been proposed [8]–[10]. A Barrier Lyapunov function
based on a nonlinear control method has been introduced to
provide a position tracking error constraint for EHSs [11],
and a flatness-based control method was developed to improve
position tracking performance and reduce the control input
ripple [12]. These control methods all require complete system
information for the EHS model; however, in practice, it is
impossible to acquire all system information necessary to pro-
vide perfect cancellation. Singular perturbation theory-based
nonlinear control methods have accordingly been presented
to provide robustness to the uncertainties in the effective
bulk modulus [13], [14]. To reduce the necessity of feedback
control efforts and to further improve tracking accuracy, an
adaptive control method using the robust integral of the sign
of the error was presented in [15], but this method can only
handle matched disturbances; in practice, an EHS will contain
unmatched disturbances. Recently, a robust adaptive control
method was proposed that provides friction and valve dead-
zone compensation [16].

All of these previously developed methods require full state
feedback to successfully improve EHS position and force
control performance. Unfortunately, it is not always possible to
measure the full state of an EHS due to cost and space limita-
tions. Furthermore, the pressure sensor measurements contain
noise that many methods can actually act to amplify. Thus, the
accurate determination of EHS state remains a critical concern
in the field. To estimate state variables or disturbances, several
estimation methods have been proposed [7], [17]–[21]. In [17],
the observer estimated only acceleration, while a proportional
integral observer was designed to estimate the full state in [18],
but although the estimation performance was validated in both
studies, closed-loop stability was not proven in either. An
observer-based controller was proposed for position-tracking
control of an EHS in which disturbances were ignored [20],
[21]. A disturbance estimation method was developed for
disturbance compensation in [7], [19], but it too requires full
state feedback. Recently, extended state observer-based control
methods were proposed to compensate for the disturbance
using only output feedback [22]–[29] and they were applied to
the EHS control system [30], [31]. However, their stability was
proven under the assumption that the sgn function could be
accurately approximated by ‘atan’, ‘tanh’ or ‘sigm’ functions.
As disturbances vary with time and their dynamics can be
unknown, it is difficult to accurately estimate them so that they
can be appropriately compensated for. Furthermore, the use of
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the high observer gain to accurately estimate the disturbances
may result in the amplification of the measurement noise.
Therefore, a control method that is able to compensate for
disturbances using only position feedback is still required.

In this paper, we accordingly propose a nonlinear control
method with high gain extended state observer (HGESO) for
position tracking of an EHS that uses only position feedback.
The proposed method consists of a HGESO and a nonlinear
controller. The EHS model is transformed into the normal form
to lump a system function and a external disturbance into a
disturbance. The HGESO observer is accordingly designed to
estimate the full state and disturbance. The nonlinear controller
is then developed using backstepping to suppress the position
tracking error using the input-to-state stability (ISS) property.
The key innovation of the proposed method is the design
of the nonlinear gain to suppress the position tracking error
according to the disturbance estimation error. Thus the use of
the high observer gain to accurately estimate the disturbance
can be avoided. The stability of the closed loop, including
the EHS, controller, and observer, is then mathematically
proven without the need for an approximation of the ‘sgn’
function in the EHS dynamics. The proposed control method
improves position tracking performance using only position
feedback under the effects of an external disturbance. The
performance of the proposed method is then experimentally
validated and compared to the performance of a previously
proposed method. The main benefits and contributions of the
proposed control method can be summarized as follows:

This paper is organized as follows. In Section II, a mathe-
matical model of the EHS and the normal form are presented.
The nonlinear controller is developed in Section III. The
HGESO is designed in Section IV and the stability of the
closed-loop system is studied in Section V. The simulation
and experimental results are presented in Section VI. Finally,
conclusions follow in Section VII.

II. M ATHEMATICAL MODELS AND PROBLEM

FORMULATION

The structure of EHS is shown in [12]. In many EHS
applications, valve dynamics are much faster than the dy-
namics of the other parts in the system, such that the effects
of valve dynamics are often neglected without resulting in a
significant reduction in control performance [7], [13], [14],
[32]. Therefore, for simplicity the following approximation of
valve dynamics has been applied in our mathematical model:

xv = kvi (1)

wherexv is the spool position of the servo-valve [m],i is the
input current of the torque motor [mA], andkv is the torque
motor gain [m/mA]. With the assumption that|PL|< Ps [1], the
flow control equation of the hydraulic valve giving the load
flow rate can be written as

QL =Cdwxv

√

1
ρ
(Ps − sgn(xv)PL) (2)

where QL is the load flow rate [m3/s], Cd is the discharge
coefficient, w is the area gradient of the servo-valve spool

[m], Ps is the supply pressure of the pump [N/m2], PL is the
differential pressure between the port A pressurePA and the
port B pressurePB and ρ is the density of the hydraulic oil
[kg/m3]. By applying the law of continuity to each actuator
chamber, the continuity equation for load flow rate is given
by [1]

QL = Apẋp +CtlPL +
Vt

4βe
ṖL (3)

wherexp is the piston position [m],Ap is the pressure area of
the piston [m2], Ctl =Cil +

Cel
2 is the total leakage coefficient

[m5/Ns], Cil is the internal leakage coefficient [m5/Ns], Cel is
the external leakage coefficient [m5/Ns], Vt is the total actuator
volume [m3], and βe is the effective bulk modulus of the
system [N/m2]. Combining the flow control equation (2) and
the load flow rate continuity equation (3), the fluid dynamic
equation of the actuator is given by

ṖL =−4βeAp

Vt
ẋp −

4βeCtl

Vt
PL +

4βeCdw
Vt
√ρ

√

(Ps − sgn(xv)PL)xv.

(4)

Finally, by applying Newton’s second law, the force balance
equation of the actuator can be written as

mẍp =−kxp − bẋp +ApPL −FL −FF (5)

where m is the piston mass [kg],k is the load spring con-
stant [N/m], b is the viscous damping coefficient [N/(m/s)],
FL is the load force [N], andFF is the friction force [N]. The
goal is to make the piston position track the desired position
with disturbance compensation.

Combining (1) - (5) with the system uncertainties,∆ f2 and
∆ f3, the dynamics of the EHS can be reformulated as the
following state space representation:

ẋ1 = x2

ẋ2 =−a1x1− a2x2+ a3x3−
FL

m
− FF

m
+∆ f2

︸ ︷︷ ︸

d2

ẋ3 =−h2x2− h3x3+ bu

√

Ps − sgn(u)x3u+ ∆ f3
︸︷︷︸

d3

y = x1

(6)

wherex= [x1 x2 x3]
T is the states,x1 = xp is the position of the

piston [m],x2 = ẋp is the velocity of the piston [m/s],x3 = PL

is the pressure difference between chambers A and B [N/m2],
u = i is the current input,i [mA], y is the output, anda1 := k

m ,

a2 := b
m , a3 := Ap

m , h2 := 4βeAp
Vt

, h3 := 4βeCtl
Vt

, bu := 4βeCd wkv
Vt
√ρ .

Remark 1: The port A pressurePA and the port B pressure
PB are generated from the supply pressurePs. BecausePL is the
differential pressure between the port A pressurePA and the
port B pressurePB, this condition|PL|< Ps is always satisfied
in the EHS [1]. Thus,

√

Ps − sgn(u)x3 is always positive.♦
To transform the EHS dynamics (6) into a normal form, we
define the new state variables as

z1 = x1

z2 = x2

z3 =−a1x1− a2x2+ a3x3+ d2.

(7)
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From (6) and (7), the EHS dynamics (6) can be written as

ż1 = z2

ż2 = z3

ż3 = α(z)+β (z,u)u+ d

y = z1

(8)

where

α(z) =− a1h3z1− (a1+ a2h3+ a3h2)z2− (a2+ h3)z3

β (z,u) =a3bu

√

Ps − sgn(u)

(
a1z1+ a2z2+ z3

a3

)

d =h3d2+ ḋ2+ a3d3−β (z,u)

+ a3bu

√

Ps − sgn(u)

(
a1z1+ a2z2+ z3− d2

a3

)

(9)

and d is the total disturbance consisting of the external
disturbances and the system uncertainties. In this paper, the
goal is to make positionz1 = x1 track the desired position
z1d = x1d using onlyz1 feedback under the effect of external
disturbances and system uncertainties.

III. N ONLINEAR CONTROLLER

In this section, the design of the nonlinear controller is
presented. The tracking errore =

[
e1 e2 e3

]T
is defined

as

e1 =z1− z1d

e2 =z2− z2d

e3 =z3− z3d

(10)

wherez1d = x1d andxid , i ∈ [2, 3] are yet to be designed. The
tracking error dynamics are given by

ė1 =e2+ z2d − ż1d

ė2 =e3+ z3d − ż2d

ė3 =α(z)+β (z,u)u+ d− ż3d .

(11)

In order to guarantee the boundedness ofe1, the controller is
designed as

z2d =− k1e1+ ż1d

z3d =− k2e2+ ż2d

u =
1

β (z,u)
(
−α(z)− k3e3+ ż3d − d̂

)

︸ ︷︷ ︸

ua

+
1

β (z,u)

(

−
(

k4

√

d̂2+ν
)

e3

)

︸ ︷︷ ︸

ub

.

(12)

where control gains,k1, k2, k3, k4, and ν are all positive,d̂
is the disturbance estimated by the observer that has yet to
be designed (in Section 4 it will be proven thatd̂ is bounded
by the observer), and̃d = d − d̂ is defined as the disturbance
estimation error.

Remark 2: In the control inputu in (12), ua provides the
stabilization whileub is a nonlinear gain term to suppresse1.
The position tracking performance depends on the estimation

performance of the disturbance. However, in reality, it is
difficult to precisely estimated when including external distur-
bances, system function, and input gain uncertainty. Generally,
as d increases, botĥd and d̃ increase, and wheñd increases,
the position tracking errore1 will increase as long as the
stability is satisfied byua. The nonlinear gain termub is
designed to indirectly suppress the effect ofd̃ in e1 when
d̂ increases. ♦

The nonlinear gainkd(d̂) is defined as

kd(d̂) =
(

k4

√

d̂2+ν
)

. (13)

Remark 3: Note thatβ (z,u) of (12) cannot be computed
‘as it is’, because it contains the control input,u, on both sides
of the equation and contains the sgn(·) function. We can see
that sign ofu is determined by the numerator−α(z)−k3e3+
ż3d − d̂− kd(d̂)e3 becauseβ (z,u) is physically always greater
than 0. ♦

The modified control law (12) thus takes the following form:

z2d =− k1e1+ ż1d

z3d =− k2e2+ ż2d

u =
1
βu

(
−α(z)− k3e3+ ż3d − d̂− kd(d̂)e3

)
(14)

where

βu = a3bu

√

Ps − sgn(un)

(
a1z1+ a2z2+ z3

a3

)

un =−α(z)− k3e3+ ż3d − d̂− kd(d̂)e3.

(15)

With (12), the tracking error dynamics (11) become

ė1 =− k1e1+ e2

ė2 =− k2e2+ e3

ė3 =− k3e3− kd(d̂)e3+ d̃

(16)

whered̃ = d− d̂ is the disturbance’s estimation error.
Theorem 1: Suppose that̂d is bounded. The tracking error

dynamics (16) have the following ISS properties:

|e1(t)| ≤exp

(

−k1

2
t

)

|e1(0)|+
2
k1

sup
0≤τ≤t

|e2(τ)|

|e2(t)| ≤exp

(

−k2

2
t

)

|e2(0)|+
2
k2

sup
0≤τ≤t

|e3(τ)|

|e3(t)| ≤exp

(

−k3

2
t

)

|e3(0)|+ sup
0≤τ≤t

σ(τ)

(17)

where

σ =
|d̃|

0.5k3+ kd(d̂)
. (18)

♦

Proof: From (16), the dynamics ofe2
3 can be written as

d
dt

(
e2

3

2

)

=− k3e2
3− kd(d̂)e

2
3+ e3d̃

≤− k3

2
e2

3−
(

k3

2
+ kd(ê1, d̂)

)

|e3|(|e3|−σ).

(19)
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For |e3| ≥ σ ,

d
dt

(
e2

3

)
≤−k3e2

3. (20)

Thus, with Lemma 6.20 and Theorem C.2 in [33], we know
that

|e3(t)| ≤ exp

(

−k3

2
t

)

|e3(0)|+ sup
0≤τ≤t

σ(τ). (21)

From (21), the relationship betweene3 and σ is known to
have the ISS property. From (16), the dynamics ofe2

1 ande2
2

are obtained as

d
dt

(
e2

1

2

)

=− k1e2
1+ e1e2

≤− k1

2
e2

1−
k1

2
|e1|

(

|e1|−
2
k1
|e2|

)

d
dt

(
e2

2

2

)

=− k2e2
2+ e2e3

≤− k2

2
e2

2−
k2

2
|e2|

(

|e2|−
2
k2
|e3|

)

.

(22)

For |e1| ≥ 2
k1
|e2| and |e2| ≥ 2

k2
|e3|,

d
dt

(
e2

1

)
≤−k1e2

1

d
dt

(
e2

2

)
≤−k2e2

2.

(23)

Therefore,

|e1(t)| ≤exp

(

−k1

2
t

)

|e1(0)|+
2
k1

sup
0≤τ≤t

|e2(τ)|

|e2(t)| ≤exp

(

−k2

2
t

)

|e2(0)|+
2
k2

sup
0≤τ≤t

|e3(τ)|.
(24)

From (24), the relationships betweene1 ande2, ande2 ande3

can be seen to have the ISS property, and from (21) and (24),
the tracking error dynamics (16) can be seen to have the ISS
properties. �

Remark 4: The stability of the error dynamics (16) is
guaranteed regardless of the nonlinear gain (13). The main
role of the nonlinear gain (13) is to suppress the effect of|d̃|
on e1. Increasingd̂ in the denominator ofσ (18) results in
a decreasingσ . The nonlinear gain termub in (12) increases
such that the effect of|d̃| on e1 can be sufficiently suppressed.
From (17), ast → ∞,

|e1(∞)| ≤ 4
k1k2

sup
0≤τ≤∞

σ(τ). (25)

Consequently, the tracking errore1 can be sufficiently sup-
pressed even though|d̃| is not small. ♦

Note thate1 asymptotically converges to zero when the dis-
turbanced disappear.

Now we provide the procedure for the controller gain tun-
ing. Becausez3 dynamics are much faster than the mechanical
dynamics forz1 andz2, k1 andk2 are chosen first, then,k3 is
chosen.

• Step 1 - Mechanical error dynamics
Practically, the mechanical tracking error dynamics can
be represented as

ė1 =− k1e1+ e2

ė2 =− k2e2+ e3.
(26)

• Step 2 - Sensitivity function
Using a Laplace transform, we can obtain the sensitivity
function frome3 to e1 as

E1(s)
E3(s)

=
1

s2+(k1+ k2)s+ k1k2
. (27)

where s is the Laplace operator,E1(s) and E3(s) are
the frequency domain representations ofe1 and e3,
respectively.

• Step 3 - Eigenvalue analysis of sensitivity function
By eigenvalue analysis for 2nd order system, we can now
derive the equations

k1k2 = ω2
n

k1+ k2 = 2ζωn
(28)

whereωn and ζ are the natural frequency and damping
ratio of the sensitivity function (27), respectively.

• Step 4 - ωn selection
Based on (28), a highk1k2 means that the magnitude of
the sensitivity function decreases for low frequencies. For
example, if the frequency of the input perturbation is 10
Hz, ωn should be set to be greater than 62.8(≃2∗ pi∗10).
Thus,k1k2 is also greater than 3943≃ (62.82).

• Step 5 - ζ selection
Using the pre-designed gainωn , we can derive another
condition fork1 as follows:

k1+ k2 = 2ζ
√

k1k2 (29)

Since a small damping ratioζ increases the amplitude
of the mechanical tracking erroreω , high ζ is preferred
(overdamped response).

• Step 6 - k3, k4, and ν selection
Although z3 dynamics are faster than the mechanical dy-
namics, the large value ofk3 is not required as compared
to k1 andk2 due to the use of the nonlinear gain. When
the estimated disturbance is large, the nonlinear gain gets
larger. Thus, only smallk4, andν are enough to suppress
the tracking error.

From the above procedure, we can analytically determine the
controller gains.

IV. H IGH GAIN EXTENDED STATE OBSERVER

In this section, the HGESO is designed to estimate the full
state and disturbance. Let us definez4 as

z4 = d. (30)

Further, we define the extended stateza as:

za =
[
z1 z2 z3 z4

]T
(31)
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and the dynamics ofd are defined as

ḋ = δ (32)

whereδ is the derivative of the disturbanced and unknown.
Assumption 1: FL, FF , ∆ f2, ∆ f3, and their derivatives are

also bounded. ♦

In fact, FF is not differentiable at zero velocity because it
includes the Coulomb friction. Fortunately, the actual friction
force exhibits finite jumps so that the friction model can be
chosen as any differentiable function that approximates the
actual discontinuous Coulomb friction (for example, replacing
sgn(x2) in the Coulomb friction modelling with the smooth
function tanh(x2)) [34] as follows:

FF(z2) = fvz2+ tanh(z2)
[

fc +( fs − fc)e
−(| z2

cs |)
]

(33)

where fv is the viscous coefficient,fc is the parameter for
Coulomb friction, andfs and cs are the parameters for static
and Stribeck effect coefficients, respectively. Their values are
as follows: fv = 121.5, fc = 51.3, fs = 621.4, andcs = 0.07.
Thus, Assumption 1 is physically reasonable [34]. In point of
fact, all of the states of the EHS are physically bounded, i.e.,
‖x‖2 < xmax wherexmax is positive and constant [35]. Thus,
∆ f2 and ∆ f3 are also bounded. In (6), ˙x2 and ẋ3 consist of
the state variables,FL, andFF . As a result, the derivatives of
ẋ2 and ẋ3 are also bounded. Consequently, the constantδmax

exits such that

δmax≥ sup
t
|δ (t)|. (34)

With the extended stateza, the EHS dynamics (8) can be
expressed as

ża = Aaza +A1(za)+∆+ϕ (za,u)

y =Caza
(35)

where

Aa =







0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0







A1(za) =
[
0 0 α(za) 0

]T

ϕ (za,u) =
[
0 0 β (za,u)u 0

]T

∆ =
[
0 0 0 δ

]T

Ca =
[
1 0 0 0

]

α(za) =−a1h3z1− (a1+ a2h3+ a3h2)z2− (a2+ h3)z3

β (za,u) = a3bu

√

Ps − sgn(u)

(
a1z1+ a2z2+ z3

a3

)

.

(36)

The estimated state ˆz and estimated extended state ˆza can then
be defined as

ẑ =
[
ẑ1 ẑ2 ẑ3

]T

ẑa =
[
ẑ1 ẑ2 ẑ3 ẑ4

]T
.

(37)

The HGESO is therefore represented by

˙̂za = Aaẑa +A1(ẑa)+ϕ (ẑa,u)+L(y− ŷ) , (38)

where L = [ l1
ε ,

l2
ε2 ,

l3
ε3

l4
ε4 ]

T , in which l1, l2, l3, and l4 are
the observer gains, andε is a small positive constant. The
estimation error is defined as follows:

z̃a =







z̃1

z̃2

z̃3

z̃4






=







z1− ẑ1

z2− ẑ2

z3− ẑ3

z4− ẑ4






. (39)

The estimation error dynamics are thus given by

˙̃za = Aoz̃a +A1(z̃a)+∆+φ (za, ẑa,u) (40)

where

Ao = Aa −LC =








− l1
ε 1 0 0

− l2
ε2 0 1 0

− l3
ε3 0 0 1

− l4
ε4 0 0 0








φ (za, ẑa,u) = ϕ (za,u)−ϕ (ẑa,u)

=







0
0

β (z,u)u−β (ẑ,u)u
0






.

(41)

Let us define the scaled estimation error as

η =
[
η1 η2 η3 η4

]T

=
[ 1

ε3 z̃1
1
ε2 z̃2

1
ε z̃3 z̃4

]T
.

(42)

Using the newly defined variableη , the estimation error dy-
namics (40) are transformed into fast dynamics in a singularly
perturbed form as

εη̇ = Aηη +A1(η ,ε)+ ε∆+φ (za, ẑa,u) (43)

where

Aη =







−l1 1 0 0
−l2 0 1 0
−l3 0 0 1
−l4 0 0 0







and

A1 =







0
0

−ε3a1h3η1− ε2(a1+ a2h3+ a3h2)η2− ε(a2+ h3)η3

0






.

(44)

The observer gainsl1, l2, l3, and l4 are chosen such thatAη
is Hurwitz. A positive constantγA1 thus exists satisfying

‖A1(η ,ε)‖2 ≤εγA1‖η‖2. (45)
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In (40), the termφ (za, ẑa,u) can be rewritten as

φ (za, ẑa,u) =







0
0

a3bu
√

Ps −φa(z,u)u− a3bu
√

Ps −φa(ẑ,u)u
0







=







0
0
φ3

0






(a1z̃1+ a2z̃2+ z̃3)

=







0
0

εφ3

0







(
a1ε2η1+ a2εη2+η3

)

= φη (ε,η ,za, ẑa,u) .
(46)

where

φa(z,u) = sgn(u)

(
a1z1+ a2z2+ z3

a3

)

φa(ẑ,u) = sgn(u)

(
a1ẑ1+ a2ẑ2+ ẑ3

a3

)

φ3 =− busgn(u)u
(√

Ps −φa(z,u)+
√

Ps −φa(ẑ,u)
) ≤ 0.

(47)

The positive constantγφ thus exists such that

‖φη (ε,η ,za, ẑa,u)‖2 ≤εγφ‖η‖2. (48)

In most cases, in order to satisfy the Lipschitz condition of
the functionφ (za, ẑa,u) for stability proof, the function sgn(u)
is assumed to be a continuously differentiable function of
the form, atan(ku), tanh(ku) or sigm(x) = 1−e−ax

1+e−ax . However,
in this paper, from (46) and (48), it is shown that Lipschitz
condition is satisfied inφ (za, ẑa,u). Consequently, the stability
of the state observer is analyzed without approximating the
nonlinearity of the EHS.

Theorem 2: Consider the estimation error dynamics (43).
If Aη is Hurwitz andε is designed to satisfy the condition

0< ε <
θη

2γA1λmax(Pη)+2γφ λmax(Pη)
, (49)

where 0< θη < 1− 2εγA1λmax(Pη)− 2εγφ λmax(Pη), Pη is
a positive definite matrix, andλmax(Pη) is the maximum
eigenvalue of the matrixPη , then η is uniformly ultimately
bounded. ♦

Proof: To study the convergence of the equilibrium points
η = 0 of (43), we define the following Lyapunov candidate
function

Vη = εηT Pηη . (50)

BecauseAη is Hurwitz, a positive definite matrixPη exists
such that

AT
ηPη +PηAη =−I. (51)

The derivative ofVη is

V̇η =−ηT η +2ηT PηA1(η ,ε)+2ηT Pηφη (ε,η ,za, ẑa,u)

+2εηT Pη∆.
(52)

Consequently, it can be seen that

V̇η ≤−‖η‖2
2+2εγA1λmax(Pη)‖η‖2

2+2εγφ λmax(Pη)‖η‖2
2

+2εδmax‖Pη‖2‖η‖2

≤− (1−2εγA1λmax(Pη)−2εγφ λmax(Pη))‖η‖2
2

+2εδmax‖Pη‖2‖η‖2

≤− (1−2εγA1λmax(Pη)−2εγφ λmax(Pη)−θη)‖η‖2
2

−θη‖η‖2
2+2εδmax‖Pη‖2‖η‖2.

(53)

Then,

V̇η ≤−(1−2εγA1λmax(Pη)−2εγφ λmax(Pη)−θη)‖η‖2
2 (54)

for ‖η‖2 ≥ 2εδmax‖Pη‖2
θη

= µη . Thus,η is uniformly ultimately
bounded. �

V. CLOSED-LOOP STABILITY ANALYSIS

The controller (12) is obtained with full state feedback, but
in this paper, we assume that only outputz1 is measurable.
With this output feedback, the actual controller can be obtained
as

ẑ2d =− k1ê1+ ż1d

ẑ3d =− k2ê2+ ˙̂z2d

û =
1

β (ẑ, û)
(
−α(ẑ)− k3ê3+ ˙̂z3d − d̂− kd(d̂)ê3

)
.

(55)

where control gains,k1, k2, k3, kd , andν are positive. Equation
(17) shows the cascade property of the tracking errors. The
actual control input ˆu (55) is injected into the tracking error
dynamics instead of the control inputu (12). Thus, the closed-
loop system is

ė = Ae(d̂)e+Beζ
εη̇ = Aηη +A1(η ,ε)+ ε∆+φ (za, ẑa,u)

(56)

where

Ae(d̂) = Ak +Ad(d̂)

Ae(d̂) =





−k1 1 0
0 −k2 1
0 0 −k3− kd(d̂)





Ak =





−k1 0 0
0 −k2 0
0 0 −k3





Ad(d̂) =





0 1 0
0 0 1
0 0 −kd(d̂)





Be =
[
0 0 1

]T

ζ = z̃4−β (z,u)u+β (ẑ, û)û.

(57)

In (56), the perturbation termζ appears in thee dynamics due
to the estimation error. We will show the boundedness ofe(t)
for t ≥ 0.
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Theorem 3: Consider the closed-loop system (56). If the
condition (49) is satisfied,η is uniformly ultimately bounded.
Then, if the observer gains,li and ε are chosen such thatη
enters the bounded ballBµ = {η : ‖η‖2 = µη} at t = T0 and
the condition (69) is satisfied,e is also uniformly ultimately
bounded. ♦

Proof: To show the boundedness ofe(t) for t ≥ 0, we define
a numberR > 0 such thate ∈ BR whereBR denotes the closed
ball of radiusR. In Section III, it was proven that the origin of
the unperturbed system ˙e = Ae(d̂)e is globally asymptotically
stable. Thus, a Lyapunov functionVe(e) exists satisfying

∂Ve

∂e
Ae(d̂)e ≤−αe(‖e‖2) (58)

for some classK ∞ function αe(·). A positive number,c, is
chosen such that

Ωc = {e : Ve(e)≤ c} ⊃ BR. (59)

As will be demonstrated later, among other things, one of
the purposes of the controller design is to ensure that, for
all times t ≥ 0, the vectore(t) remains inΩc+1. We begin
by analyzing what happens toe(t) for small values oft ≥ 0.
It was proven in Section IV thatη is ultimately bounded.
Thus, looking at the expression of the perturbation termζ in
the upper system (56), it is obvious that a numberζmax0 > 0
exists such that|ζ | ≤ ζmax0 The parameterc depends only on
the choice of the numberR and thus, indirectly, only on the
choice of the set in which the initial conditions are established.
Letting e(0) ∈ BR ⊂ Ωc, as long ase ∈ Ωc+1,

V̇e(e(t)) =
∂Ve

∂e
[Ae(d̂)e+Beζ ]

≤−αe(‖e‖2)+

∣
∣
∣
∣

∂Ve

∂e

∣
∣
∣
∣
ζmax0.

(60)

We then defineM0 as

M0 = max
e∈Ωc+1

∣
∣
∣
∣

∂Ve

∂e

∣
∣
∣
∣
. (61)

Further,V̇e ≤ M0ζmax0, which yields

Ve(t)−Ve(0)≤ (M0ζmax0)t. (62)

BecauseVe(0) ≤ c, it can be seen thate(t) remains inΩc+1

at least until the time reachesT0 = 1
M0ζmax0

. The latter may
be small but, it depends only on the choice of the numberR
and thus, indirectly, only on the choice of the set in which the
initial conditions are established. Because, from Theorem 2, it
is known that|η(t)| ≤ µη is bounded, the observer gains,li for
i ∈ [1, 4] andε can be chosen such thatη enters the bounded
ball Bµ = {η : ‖η‖2 = µη} at t = T0. Examining the motion
of e(t), which is in Ωc+1 for t ≤ T1, it can be supposed that,
for someT1 > T0, e(t) ∈ Ωc+1 for all t ∈ [T0,T1). For t > T0, a
numberζmax1 > 0 exists such that|ζ | ≤ ζmax1. M1 is defined
as

M1 = max
e∈Ωc+1

∣
∣
∣
∣

∂Ve

∂e

∣
∣
∣
∣
. (63)

From the previous discussions it is obvious that, for allt ∈
[T0,T1),

V̇e(e(t)) =
∂V
∂e

[Ae(d̂)e+Beζ ]

≤−αe(‖e‖2)+

∣
∣
∣
∣

∂V
∂e

∣
∣
∣
∣
ζmax1.

(64)

Further,V̇e ≤ Mζmax, which yields

Ve(t)−Ve(T0)≤ (M1ζmax)(t −T0). (65)

Thus, it can be seen thate(t) remains inΩc+1 at least until the
time reachesT1 =

c+1−Ve(T0)
M1ζmax1

+T0. Picking any numberd ≪ c

and considering the annular compact setSc+1
d as

Sc+1
d = {e : d ≤Ve(e)≤ c+1} (66)

let emin be defined as

emin = min
e∈Sc+1

d

‖e‖. (67)

Then,

αe(‖e‖)≥ αe(emin) (68)

for all e ∈ Sc+1
d . Becausee(t) ∈ Ωc+1, ζmax depends on the

observer gains,li for i ∈ [1, 4] andε. If the observer gains,li
andε are chosen such that

ζmax1 ≤
1
2

αe(emin) (69)

it follows that

V̇e(e)≤−1
2

αe(‖e‖) (70)

as long ase(t) ∈ Sc+1
d . In turn, this implies that

Ve(e(t))≤Ve(e(T1))−
1
2

αe(emin)(t −T1)

≤ c+1− 1
2

αe(emin)(t −T1)
(71)

as long ase(t) ∈ Sc+1
d . Clearly, there is a timeT2 > T1 such

thate(t)∈ Ωc+1 for all t ∈ [T1, T2] andVe(e(T2)) = d. Because
V̇e(e(t)) is negative at the boundary ofΩd , it is concluded
that e(t) ∈ Ωd for all t ≥ T2. Consequently,e is uniformly
ultimately bounded for allt ≥ 0. �

VI. SIMULATIONS AND EXPERIMENTS

Simulations and experiments were performed to evaluate the
position tracking and estimation performances of the proposed
controller. Simulations of the proposed control method were
evaluated using both sinusoidal and step reference tracking,
and experimental evaluations of the proposed method and a
conventional backstepping controller were conducted using
sinusoidal reference tracking to provide performance compar-
isons. Table I lists the EHS and controller parameters used in
the simulations and experiments. The magnitude of the load
is 1000 N.

Authorized licensed use limited to: University of Exeter. Downloaded on May 08,2020 at 14:11:18 UTC from IEEE Xplore.  Restrictions apply. 



1083-4435 (c) 2020 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.

This article has been accepted for publication in a future issue of this journal, but has not been fully edited. Content may change prior to final publication. Citation information: DOI 10.1109/TMECH.2020.2985619, IEEE/ASME
Transactions on Mechatronics

8

TABLE I
PARAMETERS OFEHSAND CONTROLLER

Parameter Value Parameter Value
m 10 k 5000
b 1000 Cd 0.6

Ap 4.812×10−4 βe 1.8×109

Vt 6.2×10−5 Cil 2.488×10−14

Cel 1.666×10−14 w 5.2×10−3

ρ 840 kv 1.33×10−5

Ps 12.0×106 k1 300
k2 500 k4 350
kd 1 ν 0.001
l1 2.96×102 l2 −2.66×106

l3 −5.16×108 l4 −2.59×107

ε 0.1
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Fig. 1. Position tracking performance of the proposed method using
sinusoidal reference,x1d (t) = 0.02sin(πt)

A. Simulations

Simulations were performed by MATLAB/Simulink in
which a loading force was used as the external disturbance. In
order to study the robustness of the proposed method, different
parameter values were used in the EHS (6), the nonlinear
controller (55), and the HGESO (38). The nominal values
given in Table 1 were used in the nonlinear controller (55)
and the HGESO (38). The parameter uncertainties were at
most 20% of the nominal values in the EHS Eq. (6).

1) Sinusoidal Reference Tracking: Fig. 1 shows the po-
sition tracking performance of the proposed method using
the sinusoidal referencex1d (t) = 0.02sin(πt). It can be seen
that the position of the EHS matched the desired position
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(d) Estimation ofz4

Fig. 2. Estimation results of the proposed HGESO using sinusoidal reference,
x1d (t) = 0.02sin(πt)

trajectory well even though the disturbance consisting of both
the parameter uncertainties and the load force was present.
Fig. 2 shows the estimation performances ofz1, z2, z3, and
z4, in which it can be seen that the estimated state variable
tracked the actual state variables quite well forz1, z2, and
z3. The relatively small estimation errors inz4 were caused
by the disturbance consisting of the parameter uncertainties,
the load, and the friction. Despite this estimation error ofz4,
the position tracking error was suppressed by the nonlinear
gain effect. Consequently, using the estimated disturbance,
the total disturbance including parameter uncertainties and
external disturbances was successfully compensated for by the
controller.

Fig. 3 shows the position tracking performance of the
proposed output feedback control using the fast sinusoidal ref-
erencex1d (t) = 0.02sin(4πt) for validation. It can be observed
that the position of the EHS matched the desired position
trajectory well, although the fast reference was used and the
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Fig. 3. Position tracking performance of proposed method using fast
sinusoidal reference,x1d (t) = 0.02sin(4πt)

total disturbance included both the parameter uncertainties and
the load. The amplitude of the position error was less than
0.1% that of the reference signal. Compared to the result
for sinusoidal referencex1d (t) = 0.02sin(πt), the use of the
fast referencex1d (t) = 0.02sin(4πt) resulted in an increase in
control input.

2) Step Reference Tracking: Fig. 4 shows the position
tracking performance of the proposed method using step
reference tracking. The position of the EHS tracked the desired
position trajectory well, although the disturbance included the
parameter uncertainties and the load. Fig. 5 shows the esti-
mated values ofz1, z2, z3, andz4. The estimated state variables
tracked the actual state variables well. In the estimation of
z4, the relatively large estimation errors were caused by the
step reference in the first second. Despite these relatively
large estimation errors, the position tracking error was rapidly
compensated for by the nonlinear gain effect.

B. Experiments

The experimental setup is depicted in Fig. 6, in which a
flapper-type servo valve (M454, Star Hydraulic Ltd.) was used
for the evaluation. The effective stroke length of the piston was
±0.043 m. In order to validate the estimation performance,
the position and force of the servo were measured by a
linear variable differential transformer (LVDT) and a load cell,
respectively. The velocity was numerically approximated by
differentiating the position measurement using the forward
Euler method. The control law was programmed in the C
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Fig. 4. Position tracking performance of the proposed method using step
reference

TABLE II
SUMMARY OF THE CONTROL PERFORMANCE COMPARISON

Item Backstepping Contr. Proposed method
Peak error 1.11 mm 0.39 mm
Phase lag 0.17 sec. 0.13 sec.

language with real-time implementation at a sampling rate
of 1 kHz. The controller utilized a 12-bit analog-to-digital
converter (ADC) and a digital-to-analog converter (DAC) with
an EtherCAT interface and a dual-core 2.16-GHz processor
(C6920, Intel) using the TwinCAT 3 extended automation
system. The position tracking performance of the proposed
method was compared to that of the following conventional
backstepping controller:

e0 =

∫ t

0
(x1d − x1)dτ

e1 = x1d − x1

x2d = k1be1+ ẋ1d + k0be0

e2 = x2d − x2

x3d =
1
a3

(k2be2+ ẋ2d + a1x1+ a2x2+ a4FL + e1)

e3 = x3d − x3

u =
k3be3+ ẋ3d + h1x2+ h2x3+ a3e2

h3
√

Ps − sgn(k3be3+ ẋ3d + h1x2+ h2x3+ a3e2)x3

(72)

where k0b = 10, k1b = 1300, k2b = 6000, andk3b = 120 are
the control gains. The desired position trajectory,x1d (t) =
0.02sin(πt) was used to provide the comparative evaluations.
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Fig. 5. Estimation results of the proposed HGESO using step reference

The position tracking performances of the conventional and
proposed methods are shown in Figs. 7 and 8, respectively.
It can be observed in the HGESO estimation results in Fig. 9
that the estimation performances were in good agreement with
the measured signals. Notably, the measuredz3 exhibits a very
noisy signal, and in both methods, as the estimatedz3 was used
instead of the measuredz3, this noise in the position tracking
signal was reduced. In the experiments, it was impossible to
measure the total applied disturbance; however, we expected
that the applied disturbance was also large because the esti-
mated disturbance was large. Due to the effects of this large
disturbance, the position tracking error of the conventional
backstepping controller was larger than that of the proposed
method. Furthermore, the phase lag was relatively large un-
der the conventional backstepping controller, and its position
tracking error was asymmetric because of the asymmetry of
the disturbance. The main difference between the proposed
method (55) and the backstepping controller (72) is the use
of the nonlinear gain (13). The proposed method exhibited a
relative improvement in position tracking performance as a
result of the nonlinear gain, which increased with increasing
d̂ = ẑ4 compared to the conventional backstepping controller

(a) Photo of experimental setup
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Fig. 6. Experimental setup of the EHS system
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Fig. 7. Position tracking performance of backstepping controller
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Fig. 8. Position tracking performance of proposed controller

(72). The position tracking error was less than 2% of the
reference using the proposed method. Because the asymmetric
disturbancez4 estimated by the HGESO was compensated
for, the position tracking error was symmetric. Consequently,
the nonlinear gain, as well as the disturbance compensation,
provided by the proposed control method facilitated the reduc-
tion of the position tracking error. The control performance
comparison of the conventional backstepping controller and
the proposed method is summurized in Table. II.

VII. C ONCLUSION

A nonlinear control method was developed using an
HGESO for position tracking and compensation of an EHS
using only position feedback. The HGESO was designed to
estimate the full system state and disturbance, including the
system uncertainties and external disturbances. The proposed
nonlinear controller was developed to suppress the position
tracking error using the ISS property. The position tracking
performance of the proposed method was then validated using
both simulations and experiments, and it was shown that the
proposed HGESO estimated the full state and total disturbance
quite well. When a relatively large disturbance estimation
error appeared, the position tracking error was suppressed by
the nonlinear gain component of the proposed method. Com-
pared to a conventional backstepping controller, the proposed
method exhibited improved position tracking performance,
showing promise in applications to improve the accuracy of
EHS position tracking.
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Fig. 9. Estimation results of the HGESO
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