Neurocomputing 130 (2014) 73–82

Contents lists available at ScienceDirect

Neurocomputing
journal homepage: www.elsevier.com/locate/neucom

Learning by abstraction: Hierarchical classiﬁcation model using
evidential theoretic approach and Bayesian ensemble model
Mahdi Pakdaman Naeini a,n, Behzad Moshiri a, Babak Nadjar Araabi a, Mehdi Sadeghi b
a
b

School of Electrical and Computer Engineering, College of Engineering, University of Tehran, Tehran, Iran
National Institute of Genetic Engineering and Biotechnology, Tehran, Iran

ar t ic l e i nf o

a b s t r a c t

Article history:
Received 5 February 2011
Received in revised form
26 February 2012
Accepted 1 March 2012
Available online 2 August 2013

Abstraction is one of the powerful basic techniques for solving complex problems. In this paper we use
abstraction along with hierarchical learning to propose a new classiﬁcation model which is called
“Learning by Abstraction (LA)”. The key idea in LA is to apply both supervised and unsupervised learning
algorithms for solving complex classiﬁcation problems. In addition, the proposed model can be useful in
semi-supervised learning problems in which we just know the high level category of some training
instances. In the learning mode of the proposed model, we ﬁnd the nearest classes and merge them
into a new abstract class. We call the collection of this new abstract class with other existing classes a
new abstract level of learning. Then, a new learner is trained to perform the classiﬁcation task in this
abstract level. In the recall mode, in order to classify a new instance we combine the decision of these
classiﬁers using a new classiﬁer ensemble model based on Dempster–Shafer's theory and Bayesian
ensemble model.
The simulation study results show that the proposed model has two major advantages. First, it can
improve the correct classiﬁcation rate (CCR) of an ordinary classiﬁer, especially in complex classiﬁcation
tasks with high dimensional feature vector and many target classes. Second, the new model is robust to
the noise and the rate of CCR improvement of the proposed model increases as the noise level of data
goes up. In addition, the proposed model has been examined on a real data set of protein fold pattern
recognition problem in which the correct classiﬁcation rate of the RBF neural network has been improved
by about 10%.
& 2013 Elsevier B.V. All rights reserved.
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1. Introduction
Abstraction is one of the basic techniques that could be very
effective to conquer complexity of engineering problems. Usually,
one of the evaluation measures for goodness of any engineering
methodology is its level of abstraction. For example in the software engineering world, the Object Oriented methodology has
dominated the structural methodology because there are many
abstract concepts in this methodology that let the system
designers view the world in a more abstract way. Consequently,
they can conquer the complexity of problems much easier. One of
these basic concepts is class. In Object Oriented the designers cope
the complexity of problems by classifying similar objects with the
same responsibilities into a group which is called a class. Another
basic concept of the Object Oriented methodology is inheritance
which lets the designers reduce the complexity of the problems
n
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gradually in a hierarchy of classes. For example, in the world of
geometrical objects we can classify the objects step by step in a
hierarchy of classes such as below: (Shape, (Oval, Circle), (Polygon,
Triangle, Rectangle)). It means that at the highest level of abstraction we just recognize shapes and at the next level we dichotomize
all shapes into Ovals and Polygons and ﬁnally at the lowest level of
abstraction we distinguish Triangles, Rectangles and Circles.
This kind of learning and coping with the complexity of problems
is very similar to what happens in the learning process of humans in
their daily activities. For example, in biology an animal class is made
up of animals that are all alike in important ways. Scientists have
grouped animals into a hierarchy of classes to make it easier to study
and learn about them. There are many different animal classes and
every animal in the world belongs to one of them. At the highest
level, animals are categorized into two main classes which are
vertebrates (animals with backbones) and invertebrates. The ﬁve
most well known classes of vertebrates are mammals, birds, ﬁsh,
reptiles, and amphibians. In this point of view, we can say that
hierarchical learning or in some sense Learning by Abstraction is a
kind of bio-inspired approach for learning in which we try to imitate
the way that humans usually learn complex concepts.
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In this paper we propose a new classiﬁcation model using
hierarchical learning based on Dempster–Shafer theory and naïve
Bayes ensemble model. Here for solving a classiﬁcation problem
instead of training only one multi-class learner, we train some
learners in different levels of abstraction and then for classifying a
new instance we fuse the output of these learners to decide the
most probable class for the given instance. In the following, we
ﬁrst introduce the concept of Learning by Abstraction in a framework based on hierarchical classiﬁcation and Dempster–Shafer's
theory. This model can accommodate any choice of the base
classiﬁer as long as we can interpret the output of the predictors
as the degree of beliefs over all target classes. Then we improve
the introduced model using naïve Bayes ensemble method.
Although this model can accommodate any choice of the base
classiﬁer, the estimates of their prediction accuracies should be
available on a held-out validation data set.
The experimental studies show that the proposed model can
improve the classiﬁcation results in hard classiﬁcation problems in
which there are many target classes and high dimensional feature
vectors. Also, simulation study results show that the proposed LA
model is robust to noise. The rest of the paper is organized as
follows. Section 2 introduces some of the related works to the
present paper. In Section 3, we brieﬂy introduce Dempster–Shafer
theory and naïve Bayes ensemble model. In Section 4, we describe
the proposed hierarchical classiﬁcation model. Experimental results
on synthetic and real data are presented in Section 5 and ﬁnally, we
conclude the paper in Section 6 with a summary and future works.

In some sense, our work resembles previous work on hierarchical classiﬁcation [11], as both involve building a hierarchy of
classes and then using the built hierarchy to improve the classiﬁcation results. The main difference, however, is on recall mode of
our proposed model in which we have used the concept of
Dempster–Shafer theory to handle the uncertainties as well as
the probability theory. This is intuitively justiﬁed with the type of
uncertainty that we encounter in hierarchical classiﬁcation problems which is the type of “non-speciﬁcity” [12]. Actually when a
classiﬁer in the top level of the hierarchy gives the amount of its
beliefs to a special abstract class, which include some actual target
classes itself, we do not know exactly the actual distribution of
belief on each of the target classes included in that abstract class.
Therefore, we are facing a type of uncertainty which is “nonspeciﬁcity” in this problem. Our experiments on synthetic and real
data sets verify that the use of both evidential theory and naïve
Bayes ensemble is superior to the application of naïve Bayes
ensemble itself.

3. Background knowledge
In this section we introduce brieﬂy the methods used in our
research. We review some basic background about evidential
theory and naïve Bayes ensemble method which is used in the
proposed LA model. Other basic materials and methods such as
KL-divergence, Gaussian mixture model, EM, between scatter and
within scatter measures can be found in [13,14].

2. Related works

3.1. Dempster–Shafer theory

There are other approaches for hierarchical classiﬁcation in
which the classiﬁers are trained in a top-down manner, independently for each class using one-vs-all method [1]. In this approach,
the low level classiﬁer — child classiﬁer — is trained just on the
parents' instances and is not consulted during estimation process
if the parent predicts negative for the class. The main drawback of
this approach is that the prediction error of the high level
classiﬁers will be propagated into the whole hierarchy. In addition
the higher-level classes derive no beneﬁt from the hierarchy. In
contrast, our proposed model allows classes at every level to be
inﬂuenced by parents and children alike. Moreover, we use
roughly all of the training data set equally by parent and children
as the classiﬁers trained in each level of hierarchy.
Other methods train all base classiﬁers in a correlated manner
using the hierarchy information and making these information
available during the training and evaluation phases [2–5]. However, these algorithms are available as an extension to some
speciﬁc classiﬁcation models such as MLP and SVMs, whereas
our proposed model can handle any choice of the base classiﬁers,
even ensemble ones in the same level of hierarchy as far as the
output of each classiﬁer can be interpreted as the degree of beliefs
over all target classes. There are different methods for calibrating
the classiﬁer output as degree of belief over target classes [6–8].
Also, another category of algorithms train all base classiﬁers in
a correlated manner using the hierarchy information and then use
the Bayesian network method to handle the inconsistencies that
occur in the evaluation phase among classiﬁers' outputs in
different level of hierarchies [9,10]. However, the main advantage
of our proposed model is that we have seen the classiﬁcation task
in a much broader sense as the Learning by Abstraction paradigm.
In our approach to the classiﬁcation problem, there is no need to
know the hierarchy before hand. So, it could be applicable in the
problems in which there is no knowledge of the hierarchy by a
ﬁeld expert.

The probability theory is the canonical method for statistical
inference problems. However, there is some information that
probability theory cannot describe. For example probability theory
can deal with the uncertainties of type of randomness but not with
some other types of uncertainties such as ignorance (non-speciﬁcity) and vagueness. Dempster–Shafer or evidence theory is an
extension of probability theory which gives us the ability of
granular computations and inference. Compared with probability
theory, the Dempster–Shafer theory feels closer to our human
perception and reasoning processes. Its capability to assign uncertainty or ignorance to propositions is a powerful tool for dealing
with a large range of problems that otherwise would seem
intractable. More speciﬁcally, evidence theory is very useful when
we want to cope with the uncertainty of a type of non-speciﬁcity
or ignorance [15]. Dempster–Shafer theory assigns a belief mass to
some elements of the power set of the sample space which is
called focal elements instead of sample space itself. This function
is formally called basic belief assignment or mass function and must
satisfy the following conditions:
mð∅Þ ¼ 0
∑ mðAÞ ¼ 1

ð1Þ
ð2Þ

A A PðXÞ

The mass m(A) of a focal element, A, is a measure of relevant and
available evidence that supports the occurrence of A but no
particular subset of A. In evidence theory, the set of all focal
elements and its related basic belief assignment is called a body of
evidence. We can combine the related beliefs of two independent
bodies of evidence using Dempster's rule of combination. The
combination (called the joint mass) is calculated from the two sets
of masses m1 and m2 in the following manner in which K is a
normalization factor:
m1;2 ð∅Þ ¼ 0

ð3Þ
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ðm1  m2 ÞðAÞ ¼

1
m1 ðBÞm2 ðC Þ
∑
1K B⋂C ¼ A a ∅

ð4Þ

It has been proved that the Dempster rule of combination has the
commutative and associative properties and we will use these
properties in our model.
3.2. Naïve Bayes classiﬁer ensemble method
Naïve Bayes is one of the most popular and effective classiﬁer
ensemble methods. In this method the normalized confusion
matrix of each base classiﬁer is used to ensemble their outputs
[16]. Assume that we have N different classiﬁers and each classiﬁer
works independently compared to the others. In addition, we
assume that each instance should be classiﬁed in one of the target
classes C 1 ; C 2 ; …; C k . Considering these assumptions, if X 1 ; X 2 ; …; X N
indicates the decision of N different base classiﬁers about the actual
class of a particular instance, the ﬁnal optimal class of the instance
would be the one which has the maximum posterior probability
considering the observations X 1 ; X 2 ; …; X N . We can formulate this
process as follows:
C opt ¼ arg max PðC j jX 1 ; X 2 ; …; X N Þ
j ¼ 1;…;k

ð5Þ

Using the Bayes probability theory, the independence assumption
on X 1 ; X 2 ; …; X N , and using the log likelihood function of the
posterior probability we can calculate the optimal Bayes estimated
class as below:
!
N

C opt ¼ arg max log PðC j Þ þ ∑ log PðX i jC j Þ
Cj

ð6Þ

i¼1

In the above expression, in order to ﬁnd the value of PðX i jC j Þ we
can use the normalized confusion matrix of the base classiﬁers.
However, since there are many zero terms in this matrix we have
to smooth these items. We use Laplace estimate method for
smoothing the probabilities in our experiments [17,18].

4. Proposed model
The objective of hierarchical learning schemes is to increase the
accuracy of the learning task using the information obtained from
the hierarchy of classes. This is achieved by improving the learning
process instead of the base learner itself. We can divide the whole
task into learning mode and recall mode. In the learning mode,
ﬁrst, we try to build a hierarchy based on the proximity of the
target classes and then we train a learner on each level of the
obtained hierarchy to learn all classes existing on that level. For
this purpose, we use the basic ideas of agglomerative hierarchical
clustering algorithms to ﬁnd the two nearest classes and merge
them to create a new abstract class. In the recall mode, for
determining the actual class of a new instance we introduce it to
the different learners built in the learning mode and then we try to
fuse their decision using evidential theory and naïve Bayes
ensemble model to decide the ﬁnal class of the instance.
4.1. Learning mode
A classiﬁcation problem can be deﬁned by a set of target classes
C ¼ fc1 ; c2 ; …; ck g and a training set X ¼ fx1 ; x2 ; …; xN g. Multi-class
classiﬁcation methods such as decision trees or neural networks
train only one multi-class classiﬁer L to learn the patterns in the
classiﬁcation task. However, in the proposed classiﬁcation model
instead of training only one classiﬁer with k distinct classes, we
train k  1 different classiﬁers based on k  1 different bootstraps
derived from the original training data, in a hierarchy of k  1
abstract levels in the learning mode.
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At the kth level, in which there is no abstraction, we have the
original classiﬁcation problem with k distinct classes which can be
solved by an ordinary multi-class classiﬁer such as an MLP or RBF
neural network. At the next level, the nearest classes are merged
into a new abstract class. We call the collection of this new
abstract class along with other existing classes a new abstract
level of learning.
We can categorize all class abstraction methods into three
different main categories: model based merging methods, merging
by expert's knowledge, and objective merging methods.
In the model based merging methods, as we will use in our
simulation study, we ﬁrst model the data points in each class and
compute the distance between the classes using the obtained models.
In real applications, in the case of high dimensional feature spaces,
since there are many parameters in the model to be tuned, we can
use some techniques such as LDA (linear discriminant analysis) to
reduce the dimensionality and then use the transformed features for
building the models and obtaining proximity of classes for the class
abstraction purpose. In this approach the principal components can
be determined considering all classes together or it can be computed
for each pair of classes separately when we want to obtain their
proximity. In the second case if we use only the ﬁrst PC then we will
get the method proposed by Ghosh and Kumar using Fisher discriminant analysis [11].
In the class combination using expert's knowledge, as we will
use in our study on a protein fold pattern recognition data set, we
merge and categorize the classes based on an expert's knowledge.
Also, there are many problems in which we can use some prior
knowledge of an expert to categorize data points of classes. For
example, in OCR problem we can categorize some characters into
some super classes and build a hierarchy of classes, or in web
document or image classiﬁcation we can use the knowledge of the
experts.
In the objective merging methods we compute the distance
among classes without modeling the classes. For example it would
be possible to use the Between Scatter (BS) and Within Scatter
(WS) measures for ﬁnding the two nearest classes [14]. Intuitively,
we want to merge the two classes for which the between scatter is
low and the within scatter is low after merging them as a new
super class. So we can declare a new distance measure as follows:
Distanceðci J cj Þ ¼ BSðci ; cj ÞnWSðci;j Þ

ð7Þ

Also, we can do it just like the K-means algorithm and use only BS
measure for merging the classes [14]. Moreover, it would be
possible to use a vector of statistical momentums as a characteristic vector for every class instance. In order to ﬁnd the two nearest
classes we will ﬁnd the two classes that have closer characteristic
vectors. Also, one can use constraint clustering methods such as
Constraint K-Means [19,20] for class abstraction purpose. Furthermore, in objective merging we can use the one-vs-one method to
design classiﬁers that can dichotomize every two classes and then
the pair of classes assigned to the classiﬁer which has the least
Correct Classiﬁcation Rate (CCR) will be merged to form a new
abstract class. Intuitively, the two classes which are more tangled
will be more difﬁcult to be dichotomized by a classiﬁer.
After merging the two nearest classes into a new super class in
the original problem, at this new abstract level we have a
classiﬁcation problem with k  1 classes that can be solved by
training a new classiﬁer. This process continues until two abstract
classes remain to be separated by a binary classiﬁer. Ti is deﬁned as
the set of all existing classes in the ith level of abstraction. The
pseudo code of the learning phase of the proposed model is
presented in Fig. 1, in which Tk is the set of all existing classes in
the kth level of abstraction.
As we mentioned above, at each level of abstraction, in order to
ﬁnd and merge the two nearest classes many different methods
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can be used. However, in this research we employed Gaussian
Mixture Model (GMM) in our simulation study, because, ﬁrstly
GMM is very ﬂexible model that can approximate any complex
distribution very well. Secondly, by using GMMs we can easily
merge two classes since the combination of two GMMs is a new
GMM that is obtained very easily. Also we can compute the
distance between two GMMs using the KL-divergence of two
distributions and use this measure as a proximity measure for
combining two existing classes and forming a new abstract class.
Finally, we can obtain the GMM's parameter based on a well
developed algorithm based on EM algorithm [13]. In computing
the KL-divergence of two GMMs we have used the Monte Carlo
sampling method as follows:
Let fxi gni¼ 1 and fyi gm
i ¼ 1 be samples of two distributions f and g.
The distance between f and g can be estimated by the KLdivergence according to the following equation:




1 n
pðxi jf Þ  1  m
pðyi jgÞ 
ð8Þ
DMC ðf J g Þ ¼  ∑ log
þ  ∑ log

n i¼1
pðxi jgÞ
m i¼1
pðyi jf Þ
It should be mentioned that in the learning mode of the proposed
model, the output of each classiﬁer Li for each instance shows the
distribution of beliefs over all target classes in Ti for that instance.
4.2. Recall mode
In the recall mode of the proposed model, in order to classify a
new instance, ﬁrst it will be presented to k 1 classiﬁers obtained
from k  1 levels of abstraction in the learning mode. The output of
each classiﬁer Li for each instance shows the distribution of
believes over all target classes in Ti for that instance. When the
classiﬁer Li gives its belief measure to a speciﬁc abstract class in Ti,
the distribution of beliefs on the existing actual classes in that
abstract class is not clear at all. It means that we have to handle
uncertainty of type of non-speciﬁcity. As a result, it would be
intuitively justiﬁed to utilize the Dempster–Shafer theory to fuse
the decision of these classiﬁers [12,15]. For this purpose, the
existing abstract classes in Ti are interpreted as the focal elements
in Dempster–Shafer theory. Consequently, the output of classiﬁer
Li for an instance x will be the distribution of mass functions over
the focal elements in Ti, which is denoted by ðmi fx A T i gÞ. So the
output of k  1 distinct classiﬁers can be interpreted as k 1
different bodies of evidence, which can be combined using a

Fig. 1. Pseudo code of learning mode of the proposed model.

fusion operator such as Dempster's rule of combination. Considering the fact that Dempster's rule of combination is an associative
combination operator, we use a bottom-up approach for combining these k  1 bodies of evidence. Consider mi fx A T i g as the output
of classiﬁer Li and mi1 fx A T i1 g as the output of classiﬁer Li1 ,
where T i1 has been constructed from Ti by merging the two
nearest classes in Ti. Then the combination of these two bodies of
evidence using Dempster's rule of combination will result in a new
body of evidence with the existing focal elements in Ti and the
following mass function:
(
mi ðAÞmi1 ðAÞ
if A A T i \ T i1
ð9Þ
mði;i1Þ ðAÞ ¼
mi ðAÞmi1 ðP A Þ otherwise; A A P A ; P A A T i1
Here A is a focal element in Ti. PA is a focal element of T i1 created
by merging A with another focal element of Ti.
Since one of these k  1 bodies of evidence is the probability
distribution on the actual target classes, a fused probability
distribution on the ﬁnal target classes will be obtained after k  2
combinations of mass functions. Finally, in order to classify the
new instance, we use this distribution on target classes as a prior
distribution for a naïve Bayes classiﬁer ensemble module. In our
simulation studies the confusion matrices of the naïve Bayes
classiﬁer ensemble model are constructed based on the validation
data set for estimation of PðX i jcj Þ according to the following
equation:
(
if cj A T i
PðX i jcj Þ;
ð10Þ
PðX i jcj Þ ¼
PðX i jP cj Þ; P cj A T i
Here cj is the real class of the jth instance and Xi is the output of
classiﬁer Li. In addition P cj is the super class of class cj at the ith
level of abstraction.
For determining the ﬁnal class label of an instance, we simply
select the class label with the most posterior probability calculated
based on Bayes ensemble model (Eq. (6)), using the prior knowledge obtained from Dempster's rule of combination and output of
k  1 distinct classiﬁers as the observations. The architecture of the
proposed model in the recall mode has been shown in Fig. 2.

5. Experimental results
In this section, ﬁrst we present experimental results of the
proposed classiﬁcation model on a synthetic data set to evaluate
its performance with different noise levels and classiﬁcation task
complexity. Then, we present the experimental results of our
method on a protein folding data set where we successfully
applied it to improve accuracy of the base learner. In order to
show the performance of the proposed model, the average CCR of
the proposed model, in a semi-three-fold cross validation method
after 10 runs, is compared with the results of the base classiﬁers in
our model. In our simulations we have used two kind of neural

Fig. 2. Architecture of model in recall mode.
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Table 1
Conﬁdence interval of 95% for CCR sum rule – CCR RBF.
Dimension

2
5
10
20
25
30

Classes
5

10

15

20

25

30

[  0.03,  0.02]
[  0.04,  0.02]
[  0.04,  0.02]
[  0.02,0.01]
[  0.02,0.03]
[  0.01,0.00]

[  0.05,  0.03]
[  0.04,  0.01]
[  0.02,0.01]
[0.00,0.04]
[0.01,0.04]
[  0.00,0.04]

[  0.06,  0.04]
[  0.02,  0.00]
[  0.00,0.04]
[0.03,0.06]
[0.02,0.15]
[0.03,0.05]

[  0.05,  0.02]
[  0.03,0.01]
[  0.02,0.03]
[0.01,0.19]
[  0.02,0.12]
[0.05,0.19]

[  0.07,  0.04]
[  0.05,0.05]
[  0.03,0.05]
[0.02,0.26]
[0.04,0.23]
[  0.03,0.15]

[  0.03,  0.03]
[  0.06,  0.05]
[  0.04,0.07]
[0.04,0.17]
[  0.05,0.19]
[  0.10,0.30]

Table 2
Conﬁdence interval of 95% for CCR Dempster fuse – CCR RBF.
Dimension

2
5
10
20
25
30

Classes
5

10

15

20

25

30

[  0.00,0.01]
[  0.00,0.01]
[0.00,0.02]
[0.02,0.09]
[0.01,0.10]
[0.02,0.04]

[  0.01,  0.00]
[  0.00,0.02]
[0.04,0.07]
[0.06,0.10]
[0.05,0.10]
[0.05,0.09]

[  0.01,0.01]
[0.03,0.04]
[0.05,0.10]
[0.08,0.13]
[0.07,0.20]
[0.07,0.10]

[  0.02,0.01]
[0.02,0.05]
[0.05,0.09]
[0.08,0.26]
[0.04,0.22]
[0.11,0.31]

[  0.02,0.00]
[  0.01,0.15]
[0.02,0.11]
[0.09,0.38]
[0.14,0.39]
[0.05,0.24]

[  0.01,0.01]
[  0.01,0.00]
[0.01,0.13]
[0.13,0.27]
[0.04,0.30]
[0.04,0.45]

Table 3
Conﬁdence interval of 95% for CCR Bayes fuse – CCR RBF.
Dimension

2
5
10
20
25
30

Classes
5

10

15

20

25

30

[  0.00,0.01]
[  0.00,0.01]
[0.00,0.03]
[0.01,0.10]
[0.01,0.11]
[0.02,0.04]

[  0.01,  0.00]
[0.00,0.02]
[0.03,0.06]
[0.06,0.10]
[0.05,0.10]
[0.05,0.08]

[  0.01,0.01]
[0.03,0.04]
[0.06,0.10]
[0.08,0.13]
[0.07,0.20]
[0.08,0.10]

[  0.00,0.01]
[0.03,0.05]
[0.07,0.10]
[0.09,0.28]
[0.08,0.24]
[0.12,0.33]

[  0.00,0.01]
[0.01,0.17]
[0.04,0.15]
[0.12,0.42]
[0.18,0.46]
[0.10,0.33]

[0.01,0.01]
[0.00,0.03]
[0.08,0.19]
[0.22,0.32]
[0.11,0.41]
[0.17,0.54]

Table 4
Conﬁdence interval of 95% for CCR DempsterBayes fuse – CCR RBF.
Dimension

2
5
10
20
25
30

Classes
5

10

15

20

25

30

[  0.00,0.01]
[  0.00,0.01]
[0.00,0.03]
[0.02,0.10]
[0.01,0.11]
[0.02,0.03]

[  0.01, 0.00]
[0.00,0.02]
[0.04,0.07]
[0.06,0.11]
[0.05,0.10]
[0.05,0.09]

[  0.01,0.01]
[0.03,0.04]
[0.06,0.11]
[0.08,0.13]
[0.07,0.20]
[0.08,0.11]

[  0.00,0.01]
[0.03,0.05]
[0.07,0.10]
[0.09,0.28]
[0.08,0.24]
[0.12,0.33]

[  0.01,0.01]
[0.00,0.17]
[0.04,0.14]
[0.12,0.43]
[0.18,0.45]
[0.10,0.33]

[0.00,0.01]
[0.00,0.02]
[0.08,0.18]
[0.22,0.32]
[0.11,0.41]
[0.16,0.54]

networks, RBF and MLP networks as the base learners. The
simulation studies show that the proposed model can improve
the ﬁnal CCR in either case of using MLP or RBF as base classiﬁers.
Also, we have compared the obtained results using the proposed
model with the two other well-known ensemble methods to show
that the obtained improvement using the proposed model is not
just due to ensemble effect.
5.1. Synthetic data set
In order to illustrate the performance of the proposed model,
we evaluate its accuracy on a variety of synthetic data created
from different random mixture of Gaussian distributions. In these
data sets, number of features varies between 2 and 30 and the

number of target classes varies between 5 and 30. Data in each
class are derived from a GMM with four Gaussian components and
a random weight vector. The means of these Gaussian functions
are selected randomly, and the covariance matrix is a diagonal
matrix with random elements.
In order to evaluate performance of the model more accurately,
a semi-three-fold cross validation technique is applied. In this
technique, we equally partition all generated data into three
different sets. At each step, one data set is used for training, one
data set for validation of the model and building the confusion
matrix for the base classiﬁers, and the last one is used for testing
the proposed model and evaluating its performance. As a result,
we will have six different experiments in the semi-three-fold cross
validation method.
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We evaluate the performance of the proposed model for each
conﬁguration with 10 different runs which results in 60 total runs.
In order to show the improvement of the proposed model, we use
the difference between the CCR of the proposed model and the
base classiﬁer (which is RBF or MLP) as a random variable. The
conﬁdence interval of this random variable is calculated with 95%
precision using a t-test. If this interval contains zero, there will be
no statistically signiﬁcant difference between the two models.
Otherwise, if the interval is greater than zero, the ﬁrst method will
perform better than the other and vice versa. Moreover, the
greater this difference is, the better the ﬁrst model performs.
The paired difference of the LA using different methods in the
recall mode with single RBF network (as the base classiﬁer in this
case) is shown in Tables 1–4.
In order to visualize the experimental results, the difference
between the average of the CCR of LA model using different fusion
methods in the recall mode, with the average CCR of RBF network
(as the base classiﬁer of the model in this case) is shown by a color
image. Figs. 3–6 show the difference of average CCR of different
methods in comparison with an RBF neural network for a
classiﬁcation problem in which the dimension of feature vectors
and number of target classes are varying.
Fig. 3 depicts the difference of average CCR of ensemble of
classiﬁers obtained in the learning phase of the proposed model
using Sum Rule of Probabilities (LA-SRP) with RBF as the base
classiﬁer. This ﬁgure shows that by increasing the dimensionality
of feature space and the number of classes, LA-SRP performs better
than RBF. However, as one can see, for the classiﬁcation problems
with a small number of classes and feature's dimension the RBF
works slightly better than LA-SRP.
Fig. 4 shows that the amount of CCR improvement when we
use evidential theoretical approach for combining the results
obtained from different classiﬁers built in learning mode (LA-D)
is much higher in comparison with the amount of improvement
using the sum rule of probability. As one can see, it always works
better than RBF classiﬁer, especially in hard classiﬁcation problems
which includes a large number of classes and high dimensional
feature space.
Fig. 5 shows the amount of increase in CCR using the naïve
Bayes ensemble method in the recall mode with uniform prior
distribution which is the actual prior distribution of the classes in
this case (LA-B). As one can see, it also works much better than a
single RBF in all situations specially for harder classiﬁcation
problems.
Finally, Fig. 6 shows the amount of improvements in CCR using
naïve Bayes ensemble method with the prior distribution obtained

Fig. 4. RBF networks vs ensemble of classiﬁers in different hierarchies using
Dempster's rule of combination. (For interpretation of the references to color in
this ﬁgure caption, the reader is referred to the web version of this paper.)

Fig. 5. RBF networks vs ensemble of classiﬁers in different hierarchies using naïve
Bayes ensemble model. (For interpretation of the references to color in this ﬁgure
caption, the reader is referred to the web version of this paper.)

Fig. 6. RBF networks vs ensemble of classiﬁers in different hierarchies using
Dempster's rule of combination and naïve Bayes ensemble model. (For interpretation of the references to color in this ﬁgure caption, the reader is referred to the
web version of this paper.)

Fig. 3. RBF networks vs ensemble of classiﬁers in different hierarchies using sum
rule of probabilities. (For interpretation of the references to color in this ﬁgure
caption, the reader is referred to the web version of this paper.)

from the previous method using Dempster rule of combination
(LA-DB). As one can see, it works much better than a single RBF in
all situations too, specially for harder classiﬁcation problems. Since
the estimation of prior distribution is a very critical task in
Bayesian methods, comparing Figs. 5, 6, and 10 shows that the
prior distribution obtained from Dempster rule of combination
works somewhat as well as the true prior distribution, which is
the uniform distribution in this experiment. However, since the
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uniform distribution cannot be the true prior distribution for
classes in real applications, we will see that using the prior
obtained from Dempster's combination works better than the
uniform distribution in our experiments on a real protein pattern
recognition data set in the next section.
As one can see in Table 4 experimental results show that the
average CCR improvement obtained by the LA proposed model is
around 3% when we have a classiﬁcation problem with ﬁvedimensional input data and 15 various classes. But this improvement increases, up to around 9% for a classiﬁcation problem with
30-dimensional input data and 15 classes. Also, one can see in Fig. 6,
in the LA model based on Dempster–Shafer Theory and naïve Bayes
ensemble model, the average CCR improvement increases as the
dimensionality of the feature space and the number of target
classes goes up. As a result, we can say that the proposed model
works well when we encounter hard classiﬁcation problems in
which there are many target classes and a high dimension feature
space causing the curse of dimensionality phenomenon.
Fig. 7 shows the amount of improvements in CCR using naïve
Bayes ensemble method with the prior distribution obtained from
the application of Dempster rule of combination (LA-DB) in the
case in which we use MLP neural network as the base learner. As
one can see, it works better than a single MLP in all situations too,
specially for hard classiﬁcation problems with high dimensional
feature space and a large number target classes.
Fig. 8 shows the CCR obtained by the proposed LA model using
different methods in recall mode in comparison to the two well
known ensemble methods bagging and decision template which
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has been shown to have great performance with respect to other
ensemble methods in pattern recognition and machine learning
problems [21–23].
In the bagging classiﬁer ensemble, we use the majority vote
between different classiﬁers trained on different bootstraps of training
data as the ﬁnal result. Also, decision template is a combination
method based on the comparison of a “prototypical answer” of the
ensemble for the examples belonging to a given class (the template)
with the current answer of the ensemble to a speciﬁc example whose
class needs to be predicted (the decision proﬁle) [22].
In this experiment we use RBF neural networks as our base
classiﬁers for a classiﬁcation problem with a 25 dimension feature
space and 25 different target classes. As one can see, the proposed
model gains much more improvement in CCR sense compared
with both ensemble methods. This justiﬁes the fact that the
obtained improvements using the proposed LA model are not just
due to the ensemble effect such as in the bagging or decision
template case and important part of the improvements is obtained
as a result of the structural information extracted by the proposed
LA model from the data.
Fig. 9 shows the average AUC result of the proposed LA model
for a classiﬁcation problem with a 25 dimension feature space and
25 different target classes. The AUC for each class is obtained using
the ROC curve drew for the output of its associated neuron on the
last layer of RBF network.
Also, Fig. 10 shows the effect of noise on the prediction results in
our experiments for a classiﬁcation problem with a 10-dimensional
feature vector and 15 target classes. It shows that the amount of

1
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LA-Dempster
Bayes

Fig. 9. Average AUC of 25 output classes in a classiﬁcation problem with 25
dimensions.

CCR

Fig. 7. MLP networks vs ensemble of classiﬁers in different hierarchies using
Dempster's rule of combination and naïve Bayes ensemble model.
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Fig. 8. Performance of different models on a classiﬁcation problem with 25
dimension and 25 number of classes.

Fig. 10. Performance of different models at the presence of different noise levels.
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CCR improvement in comparison to a single RBF as the base learner
will increase as the noise level of the data goes up. As one can see,
the rate of CCR improvement goes down as we increase the noise
level too much. However, the difference of the improvement in our
proposed model goes up in comparison to the use of sum of
probability in the recall mode. This shows that the proposed LA
model is robust to the existing noise in the classiﬁcation data.
5.2. Real data set

44.00%
42.00%
40.00%
38.00%
36.00%
34.00%

In this section we present experimental results of the proposed
model on a real data set of a protein fold pattern recognition
problem. Proteins are large biological macromolecules which
organize essential parts of living organisms. Protein functions are
highly dependent on its three-dimensional structure. The protein
folding is the process by which the protein assumes its characteristic 3D structure after the translation process in a cell. Actually,
incorrectly folded proteins usually cause the production of inactive
proteins with different properties which are believed to be the
result of some diseases. Consequently, being aware of the correct
3D structure of many proteins is an essential problem in biology.
This problem has been one of the most challenging problems in
biology during the last four decades because of its natural complexity imposed by the high dimensionality of the feature space
and diversity of different protein fold classes.
Many of existing protein classiﬁcation taxonomies such as SCOP
and CATH classiﬁes proteins into different folds in a hierarchical
manner. As a result, we decided to examine our proposed model
on the protein fold recognition data set used by Ding and Dubchak
[24]. In their research, the training and testing data sets contain
311 and 383 proteins, respectively. Also there are 27 different
protein folds in this data set in which each fold has at least seven
proteins. Considering the structural classes of SCOP, among these
limited fold types, six types belong to all α structural class, nine
types to all β class, nine types to α=β class and three types to
α þ β class.
Among all data sets in Dubchak's research we use the data set
related to the predicted secondary structure of proteins for evaluating the performance of the proposed model. Based on the expert's
knowledge, this data set is conceptually more correlated to the
structural classiﬁcation of proteins (SCOP) introduced by the biology
experts [25]. For this purpose, we ﬁrst train an RBF neural network
on the training data of the secondary data set to predict the exact
folds of a protein among 27 different target folds. Also, on a higher
level of abstraction, we train another RBF neural network on higher
level categories which are α; β; α=β; α þ β protein classes. Then we
use Dempster's rule of combination to fuse the results obtained from
the two RBF networks and ﬁnally we utilize a naïve Bayes ensemble
method based on the prior distribution obtained from Dempster's
combination to predict the ﬁnal posterior probabilities on the target
27 folds of proteins. Fig. 11 shows the obtained result of our
experiments on predicting the fold of proteins. As one can see, the
purposed LA model based on Dempster–Shafer theory and Bayesian
ensemble model improves the ﬁnal accuracy of prediction up to 10%
with the ﬁnal CCR of 43.5%.

6. Discussion
In this section, we justify the obtained improvements in correct
classiﬁcation rate of learners using the proposed classiﬁcation
scheme. As one can notice, the proposed model can be seen as a
high level classiﬁer ensemble model in which we can use other
classiﬁer ensemble methods in each level of abstraction. Furthermore, it is possible to choose not all obtained classiﬁers in
different abstraction levels, but some of the obtained classiﬁers

32.00%

CCR RBF

Bayes Fuse

Dempster Fuse

Dempster-Bayes
Fuse

Fig. 11. Performance of different models on protein pattern recognition problem.

in the learning phase in which we have considerable increase in
CCR by abstraction. This fact lets us constitute more meaningful
super classes in solving the classiﬁcation problem using hierarchical learning concepts.
In the following, we justify the obtained improvements in our
experiments using our ensemble model by describing the bias and
variance error of a classiﬁer and its effect in improving the
precision of learners in pattern recognition problems. This is one
of the basic concepts in learning theory which can also justify the
cause of beating a simple learner against a complex one. Moreover,
it can be used to prevent a learner from being over ﬁtted to the
training data.
In a learning problem, assume that S ¼ fðx1 ; t 1 Þ; …; ðxn ; t n Þg is the
set of all training data and the learner L is going to learn the
concept y ¼ f ðxÞ. In order to evaluate the quality of the learner we
usually use a Loss function that can be declared in different ways
such as: Zero-One Loss, Squared Loss, Absolute Loss or Entropy
Loss function. Generally, a Loss function can be written as the
summation of bias, variance and noise [13,26].
Let us assume that we want to learn a quadratic function using
a linear learner L and we have many different training sets of the
target function. By using a different training set of the quadratic
function we will obtain different lines (e.g., different least squared
lines) and if we average these lines together we will obtain
another line. Since our target function is quadratic and we want
to learn it by a linear hypothesis, the value of the estimated
function with the average line, for every point, will have some
error with the true target value of that point. We call this type of
estimate error as bias error of the learner.
Bias error of the learner exists since our hypothesis function
space does not have the ability of showing entirely the true target
concept. The bias error in the linear regression of a quadratic
function is shown in Fig. 12.
Consequently, if the learner is a general function approximator by
averaging out the result of learning over all different training data,
we can somewhat cancel out the bias error of our learner. However,
the Loss function would not be zero because of the variance error of
the learner. In Fig. 13 we assume that the points labeled by x, o, and s
are three different training sets of the true quadratic target function
showed by the solid black curve. Since we have some noise in our
measurement they are not exactly on the curve.
Suppose that for each training set we use any general function
approximator and the learning process gives us the three different
dashed curves completely learned on the training data. The
variance error for each learner on every point is the difference
between the estimated target value at that point and the average
of the estimates over all learners. This concept is shown in Fig. 13.
We cannot completely remove both the variance and the bias
error of a classiﬁer together and there is an optimum point in
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Fig. 12. Bias error of learning a quadratic function using a linear learner.
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learned in just one level. The simulation study results verify that
the proposed model is very promising, specially in hard classiﬁcation problems in which there are high dimensional feature vectors
with many different target classes. Moreover, experimental results
show that the constructed model using LA is very robust to the
noise. In addition, the proposed model can be seen as a high level
classiﬁer ensemble method in which other classiﬁer ensemble
methods can be applied in each abstract level of learning as far as
their output can be interpreted as a probability distribution on the
target classes.
Also, we can utilize the inference scheme used in the recall
mode of the proposed model in semi-supervised learning problems in which we do not have complete information about the
low level details of a training instance's class. For example, we can
name the Gene function prediction problem, in which there is no
information about the ﬁne level function of some genes in the
training data.
The future work concerns the application of Bayesian network
instead of naïve Bayes ensemble model although we are using
bootstrapping method, the independence condition of classiﬁers
learned in different abstract levels can be violated. Also, we are
going to extend our idea to hierarchical multi-label classiﬁcation
problems and applying it for well known applications such as
Gene function prediction or web document or image classiﬁcation.
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Fig. 13. Variance error of learning a quadratic function using a general function
approximator.

between. For example although the bias error of an MLP is less
than the bias error of a single perceptron, there are some cases in
which the variance error of single perceptron is much less than the
variance error of an MLP. Consequently, sometimes we see that a
single perceptron can beat a complex MLP [26].
By using different classiﬁer ensemble methods such as bagging,
boosting or Bayesian method we can usually decrease both the
bias and the variance error of a learner. For example, when we use
bagging we are simulating the case when we have many different
training sets and by using the majority votes between the ﬁnal
classiﬁers we are decreasing the variance error of the classiﬁcation
problem. Also it is almost the same when we use Dempster–Shafer
theory in our proposed model to fuse the decision output of
classiﬁers which are expert in different levels of abstraction in the
classiﬁcation problem. On the other hand, by using naïve Bayes
ensemble method at the ﬁnal layer of decision combination, we
can somewhat decrease both bias and variance error of the learner
[27–30,18]. As a result, as one can see in Figs. 6, 10 and 11, the CCR
obtained by the combination of Dempster–Shafer and naïve Bayes
ensemble model is very promising in comparison to the CCR
results obtained by a single RBF network as the base classiﬁer.

7. Conclusion
In this paper we introduced Learning by Abstraction (LA) as a
hierarchical classiﬁcation method based on Dempster–Shafer
theory and naïve Bayes ensemble model. In this model the target
concept is learned in different levels of abstraction instead of being
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