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Data-Driven Optimal Formation Control for
Quadrotor Team With Unknown Dynamics

Wanbing Zhao , Hao Liu , Member, IEEE, Frank L. Lewis , Life Fellow, IEEE, and Xinlong Wang

Abstract—In this article, the data-driven optimal formation
control problem is addressed for a heterogeneous quadrotor team
with a virtual leader. Each quadrotor is considered as a highly
nonlinear system with six degrees of freedom and the accu-
rate dynamic information of the quadrotor is difficult to obtain
in practical applications. An optimal cascade formation con-
troller, including a position controller and an attitude controller,
is proposed to track a virtual leader and form a predesigned
formation. By using the reinforcement learning (RL) approach,
the optimal formation controller is learned from the quadro-
tor system data without any knowledge of dynamic information
of the quadrotors. Simulation results of a heterogeneous mul-
tiquadrotor system in a formation flight are given to show the
effectiveness of the proposed controllers.

Index Terms—Control, data driven, formation control,
multiagent system, nonlinear system, quadrotor.

LIST OF NOTATIONS

ÊI = {êIo, êIx, êIy, êIz} Earth-fixed inertial frame.
ÊB = {êBo, êBx, êBy, êBz} Body frame.
m Quadrotor mass.
Rf ∈ SO(3) Rotation matrix relating ÊB to ÊI .
J = diag(Jφ, Jθ , Jψ) Quadrotor inertia matrix.
g Gravity constant.
kω, kt, lτ Positive constant parameters.
uφ , uθ , uψ , uz Quadrotor control inputs.
IN ∈ R

N×N N × N unit matrix.
0m×n ∈ R

m×n m × n zero matrix.
1N ∈ R

N N × 1 vector with 1 as the ele-
ments.

eN,j N × 1 vector with 1 in the j th
element and 0s elsewhere.
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I. INTRODUCTION

RECENTLY, unmanned aerial vehicles (UAVs) have wit-
nessed an increased interest in the research community,

due to their potential applications in fields, such as disaster
relief, forest fire detection, and agriculture industry. As typical
UAVs, the quadrotors are popular for their capabilities to take-
off and land vertically with simple structures (see [1]–[3]).
Furthermore, multiple cooperative UAVs offer superiorities in
achieving complicated tasks, for example, disaster monitoring,
wilderness search, and cooperative transportation (see [4]–[6]).
However, the coordination of a team of UAVs is challenging
in uncertain environments. In the latest decade, multiple for-
mation control strategies for quadrotors have been developed,
such as the behavior-based controller in [7], the virtual struc-
ture approach in [8], and leader–follower methods in [9]–[12].
A dynamic leader is required in the leader–follower controller
design and can be virtual, as illustrated in [13]. The virtual
leader can either indicate a reference trajectory for the fol-
lowers or a physical exosystem that is independent from the
following agents. In the leader–follower formation control law
design of [14], [15], the translational and rotational dynamics
was studied for a team of quadrotors, but the nonlinear dynam-
ics of the quadrotors was simplified. Actually, the quadrotor is
a highly nonlinear system with six degrees of freedom (6DOF).
However, the quadrotor dynamics in [14] and [15] was sim-
plified, and the simplified model cannot accurately describe
the nonlinear and coupled dynamics of the quadrotor system
with aggressive maneuvers. Therefore, the formation control
problem for multiple quadrotors with nonlinear and coupled
dynamics remains to be solved.

Furthermore, the complete UAV dynamics is not available in
practical applications and, thereby, the obtained vehicle mod-
els suffer from system uncertainties. The uncertain vehicle
dynamics may deteriorate the formation flight performance
of the traditional model-based controllers in [14] and [15].
To solve the uncertain system dynamics, adaptive control
methods in [16]–[18] were developed for nonlinear systems,
but these approaches could only achieve bounded tracking
errors. In [12], [19], and [20], the robust methods were
applied to counteract the effects of nonlinearities and system
uncertainties on the vehicle dynamics. However, the opti-
mality of the robust controllers in [12], [19], and [20] was
generally not guaranteed. It is desirable to achieve data-
driven optimal formation control for the quadrotor team
without knowledge of the quadrotor dynamics in practical
applications.
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Reinforcement learning (RL) is a kind of learning method
designed to obtain the optimal control policy without knowing
the quadrotor dynamics. The RL method has been developed
for a single quadrotor to achieve complicated flight tasks as
shown in [21]–[25]. In [21], an RL algorithm was applied to
identify the dynamic model by using the system data, and
a model-based controller was designed to achieve the hover
task of a quadrotor. In [22], an RL algorithm was used to
plan trajectories to achieve the balancing task for a quadrotor
with suspended load but the optimal control problem of the
quadrotor was not discussed in [21] and [22]. In [23], a planning
framework was designed to achieve construction tasks, and an
optimal attitude controller was designed using the RL method.
However, the optimal policy was derived offline in [23]. In [24],
the neural networks (NNs) were trained using the RL method
to control a single quadrotor, but the designed algorithm was
conservative and the quadrotor model was simplified. In [25],
the nonlinear dynamics was considered for a single quadrotor
and an optimal position controller and an optimal attitude
controller were trained using the RL approach. However, the
coordination of quadrotors was not further investigated in [25].
In the latest years, an RL algorithm has become a promising
data-driven optimal method for the synchronization control
of multiquadrotor systems (see, e.g., [26] and [27]). In [26]
and [27], the attitude synchronization for multiple quadrotors
using RL algorithms was achieved, but the nonlinearities in the
vehicle dynamics were not considered in [26] and the cascade
data-driven formation control for heterogeneous quadrotors was
not further studied in [27].

Despite several works on the RL-based control of a sin-
gle quadrotor, to the best of our knowledge, the RL-based
formation control problem for a heterogeneous multiquadro-
tor system with nonlinearities and couplings in the vehicle
dynamics has not been investigated yet. In this article, a dis-
tributed formation controller, including a position controller
and an attitude controller, is proposed. A data-driven optimal
cascade formation controller, including an RL-based position
formation controller and an RL-based attitude controller, is
proposed. An optimal position controller is obtained by solv-
ing the algebraic Riccati equation (ARE), and an RL method
is designed to learn the optimal position control law on-
line. An optimal attitude control law is obtained by learning
the solution to a Hamilton–Jacobi–Bellman (HJB) equation,
similarly. Compared to previously relative studies, the main
contributions of this article can be summarized as follows.

First, the optimal control problem of highly nonlinear mul-
tiquadrotor systems is solved. The optimal formation policies
are obtained for the quadrotor team by using the system
data. However, the traditional optimal approaches, such as
the methods in [28] and [29], obtained the optimal policies
by directly solving AREs, which is difficult for nonlinear
quadrotor systems. In the traditional optimal controller design
for quadrotors, the optimal policies are derived from an HJB
equation. In fact, the HJB equation for the quadrotor system
is nonlinear due to the existence of the nonlinear quadrotor
dynamics. Therefore, it is difficult or impossible to obtain the
optimal policies for the quadrotor team by using the traditional
optimal approaches.

Fig. 1. Quadrotors in a formation team.

Second, the optimality of the formation controller is guar-
anteed for the heterogeneous multiquadrotor control system
with unknown dynamics by using RL methods to learn the
optimal policies from system data. In practical formation flight
of multiple quadrotors, the quadrotors in the team are hetero-
geneous due to different payloads. Furthermore, as illustrated
in [30], the payloads are unknown for the quadrotor team
in each formation flight, which yields unknown dynamics in
the quadrotor team. The unknown dynamics will result in
an inaccurate HJB equation for the traditional optimal con-
trollers, which makes the optimality of the traditional optimal
controller questionable in practical formation flight.

Third, an adaptive cascade controller, including an RL-
based position controller and an RL-based attitude controller,
is proposed for multiple quadrotors. But the previous works
in [21]–[25] only discussed the RL-based control for a sin-
gle quadrotor, and the RL-based formation control problem
for a heterogeneous quadrotor team was not further discussed.
Yang et al. [26] only discussed the RL-based attitude synchro-
nization control and the RL-based optimal formation control
problem for multiple quadrotors was not further studied.

The remaining parts of this article are organized as fol-
lows. The preliminaries on the quadrotor model, the graph
theory, and the problem formulation are given in Section II.
The design method of the formation control protocol is illus-
trated in Section III. In Section IV, the simulation results are
presented to show the effectiveness of the proposed control
method. Concluding remarks are contained in Section V.

II. PRELIMINARIES

A. Quadrotor Model

The quadrotors in a formation team are depicted in Fig. 1.
As shown in Fig. 1, a rigid frame connects four rotors in
each quadrotor system. Denote p = [px py pz]

T ∈ R
3 as the

position of the quadrotor in ÊI , and � = [φ θ ψ]T ∈ R
3

as the Euler angle (the roll angle φ, the pitch angle θ , and
the yaw angle ψ). According to [12], the position and attitude
dynamical model of the quadrotor system can be described as

mp̈ = Rf f

J�̈ = −C
(
�, �̇

)
�̇+ τ (1)
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where C(�, �̇) = [c�ij] ∈ R
3×3 is the nonlinear Coriolis

term depicted in [31]. Rf ∈ SO(3) in (1) is the rotation matrix
shown in [12]. f ∈ R

3 is the force relative to ÊB and can be
given by f = [0 0 Tp]T − RT

f [0 0 mg]T . Tp ∈ R indicates
the total lift with Tp = T1 + T2 + T3 + T4 in Fig. 1 and τ =
[τφ τθ τψ ]T ∈ R

3 the torque in ÊB satisfying Tp = kωuz and

τ = [lτ kωuφ lτ kωuθ ktuψ ]T , respectively. It can be observed
from (1) that each quadrotor is a nonlinear and coupled robotic
system with 6DOF but 4-input. Besides, in practical flight, a
power distribution board can be used to distribute the control
inputs uj (j = z, φ, θ, ψ) to the four rotors satisfying uz =
ω2

1 + ω2
2 + ω2

3 + ω2
4, uφ = ω2

2 − ω2
4, uθ = ω2

1 − ω2
3, and uψ =

ω2
1 − ω2

2 + ω2
3 − ω2

4, where ωj (j = 1, 2, 3, 4) is the rotational
velocity of Rotor j. Then, the desired rotational velocities of
the four rotors in real time can be obtained to generate the
desired control inputs and further control the motion of the
quadrotor in 6DOF.

B. Graph Theory

N quadrotors are considered in this article labeled from 1
to N. The communication among heterogeneous quadrotors is
described by a directed graph G = (V,E,W), where V =
{vi} (i = 1, 2, . . . ,N) represents a set of nodes, E ⊆ V × V
represents a set of edges, and W = [wij] ∈ R

N×N represents a
weighted adjacency matrix. The node vi represents quadrotor
i. If there exists an available channel from node j to node i
to exchange information, that is, (vi, vj) ⊆ E, then wij > 0;
otherwise, wij = 0. The set of neighbors of quadrotor i is
denoted as Ni = {j|(vi, vj) ∈ E}. Let � = {1, 2, . . . ,N} and
the direct graph G is assumed to be time invariant and wii = 0.
Define the degree matrix of G as D = diag(di) ∈ R

N×N with
di = ∑N

j=1 wij and the Laplacian matrix of G as L = D − W.
A path of G from vi1 to vik is a sequence of edges in the form
{(vi1 , vi2), (vi2 , vi3), . . . , (vik−1 , vik)}. If there is a node, called
the root, connected to any other nodes in G through paths,
then G is said to have a spanning tree. Define σ = diag(ςi) ∈
R

N×N , where ςi is the connection weight between quadrotor
i and the virtual leader and satisfy that ςi > 0 if quadrotor i
has access to the virtual leader, and ςi = 0, otherwise.

C. Problem Formulation

The main goal of this article is to obtain an optimal dis-
tributed control law for a team of heterogeneous quadrotors
by using the system data to achieve the formation tra-
jectory tracking with a predesigned formation pattern. The
formation pattern of quadrotors is designed by vector δij =
[δij,x δij,y δij,z]

T ∈ R
3 (i, j ∈ �). δij indicates the desired

position deviation between quadrotor i and quadrotor j. Let
pi = [pi,x pi,y pi,z]

T ∈ R
3 be the position of the quadro-

tor i in ÊI and p0 = [p0,x p0,y p0,z]
T ∈ R

3 be the desired
position of the formation center in ÊI . p0 can be regarded as
the desired position reference of the virtual leader. Denote
δi = [δi,x δi,y δi,z]

T ∈ R
3 as the desired deviation of

quadrotor i relative to p0, yielding δij = δi − δj. Let pri =
[pri,x pri,y pri,z]

T ∈ R
3 be the position reference for quadro-

tor i satisfying pri = p0+δi, and epi = [epi,x epi,y epi,z]
T ∈ R

3

the position tracking error with epi = pi −pri. In normal cases,
the position reference pri is not directly available for quadro-
tor i, if quadrotor i has no access to the leader. In this article,
the position reference p̂ri is estimated for quadrotor i using
the information of its neighbors and itself. From (1), one can
rewrite the model for quadrotor i as

p̈i = m−1
i kωiuziRfic3,3 − gc3,3

�̈i = −J−1
i

(
C

(
�i, �̇i

)
�̇i

) + B�iu�i (2)

where u�i = [uφi uθ i uψ i]
T ∈ R

3 and B�i =
diag(b�i,1, b�i,2, b�i,3) = J−1

i diag(lτ ikωi, lτ ikωi, kti). In prac-
tical formation flight of the multiquadrotor system, mass mi

and inertia matrix Ji of each quadrotor are different due to
different payloads each quadrotor carries, which makes the
quadrotors heterogeneous. Furthermore, as illustrated in [30],
the payloads are unknown for the quadrotor team in each for-
mation flight, which makes mass mi and inertia matrix Ji of
each quadrotor unknown in practical applications.

III. FORMATION PROTOCOL DESIGN

In this section, the traditional optimal methods are applied to
the position and attitude subsystem of the quadrotors to derive
the optimal solutions. Then, it is explained that the optimal
solutions are difficult to obtain in practical applications and
the RL algorithms are designed to learn the optimal solutions
for position and attitude subsystem by using system data.

A. Traditional Position Optimal Controller Design

As shown in Fig. 1, each quadrotor in practical forma-
tion is required to rapidly regulate the attitude to manipulate
the direction of the total lift Tp and then achieve the desired
position formation flight. Therefore, the position control input
upi is virtual in practical applications and is normally consid-
ered as the projection of the total lift control input uzi in the
earth-fixed frame ÊI with

upi = uziRfie3,3. (3)

Then, one can have the position dynamic system as

p̈i = bpiupi − ge3,3 (4)

where bpi = m−1
i kωiI3. Define rpi =

[pri,x ṗri,x pri,y ṗri,y pri,z ṗri,z]
T ∈ R

6 as the posi-
tion reference vector of quadrotor i, xp0 =
[p0,x ṗ0,x p0,y ṗ0,y p0,z ṗ0,z]

T ∈ R
6 as the leader

state vector, and xpi = [pi,x ṗi,x pi,y ṗi,y pi,z ṗi,z]
T ∈ R

6

as the quadrotor state vector. Under the assumption that
there exists at least one spanning tree among the quadrotors,
a distributed position controller for the quadrotor position
system (4) is designed as

˙̂rpi = Apr̂pi + χ
∑

j∈Ni

(
wij

(
r̂pj − r̂pi + δ̄ij

) + ςi
(
xp0 + δ̄i − r̂pi

))

upi = K1ixpi + K2ir̂pi (5)

where Ap = diag(ap, ap, ap) ∈ R
6×6, ap = [02×1 e2,1], δ̄i =

[δi,x 0 δi,y 0 δi,z 0]T , and δ̄ij = [δij,x 0 δij,y 0 δij,z 0]T .
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r̂pi ∈ R
6 in (5) is the estimated value of rpi, χ is a positive

scaling factor to guarantee that r̂pi converge to rpi, and Ki =
[K1i K2i] ∈ R

1×12 is the position controller parameter. δ̄ij

in (5) is predesigned according to the desired formation. It can
be observed from (5) that the proposed position controller is
distributed for each quadrotor because only the information of
its neighbors and itself is used as the feedback of the controller.
Combining the estimated leader state and the quadrotor state,
one can obtain a position augmented subsystem as follows:

Ẋpi = ĀpiXpi + B̄piupi + Zpiεpi

epi = C̄piXpi (6)

where Xpi = [xT
pi r̂T

pi]
T

, Āpi = diag(Ap,Ap), B̄pi =
m−1

i kωi[e12,2 e12,4 e12,6], Zpi = [06×6 χ I6]T , C̄pi =
[Cpi − Cpri], and Cpi,Cpri ∈ R

3×6 are the output
matrices of the quadrotor and the leader with Cpi =
Cpri = [e6,1 e6,3 e6,5]T . εpi ∈ R

6 is the local
neighborhood error of quadrotor i satisfying εpi =∑

j∈Ni
(wij(r̂pj − r̂pi + δ̄ij)+ ςi(xp0 + δ̄i − r̂pi)). εpi will con-

verge to 0 if χ is selected properly, which will be discussed
in the following section. To achieve the optimal control of
quadrotor position system, a performance function for the
augmented system (6) can be given by

Vpi
(
Xpi

) =
∫ ∞

t
XT

pi

(
Q̄pi + KT

i RpiKi
)
Xpidτ = XT

pi�piXpi (7)

where Q̄pi = C̄T
piQpiC̄pi and �pi is a matrix depending on

Xpi. Qpi > 0 and Rpi = RT
pi > 0 are the weighting matrices.

Define K1i ∈ R
1×6 and K2i ∈ R

1×6 as the control gains of the
controller. Then, by minimizing the performance function in
(7), one can obtain the optimal control input u∗

pi as

u∗
pi = KiXpi (8)

where Ki = [K1i K2i] = −R−1
pi B̄T

pi
�pi and �pi is the solution

to the following ARE as:

ĀT
pi�pi +�piĀpi + Q̄pi −�piB̄piR

−1
pi B̄T

pi�pi = 0. (9)

The ARE in (9) requires the knowledge of the vehicle position
dynamics. However, due to the unknown dynamics resulted
from the unknown payloads, it is difficult to obtain the optimal
position control policy by simply solving the ARE in (9). In
the following section, an RL algorithm is designed to learn
the optimal policy without requirement of the vehicle position
dynamics.

B. RL Algorithm for Position Controller

In order to obtain the solution to the ARE in (9), a data-
driven RL method is used to learn the optimal control u∗

pi
on-line. The augmented system (6) can be rewritten as

Ẋpi = SpiXpi + B̄pi

(
u0

pi − Kn
i Xpi

)
+ Zpiεpi (10)

where Spi = Āpi+B̄piKn
i , u0

pi is a stabilizing and exploring con-
trol input, and Kn

i is the updated control parameter in the nth
iteration. Mathematical derivatives of (10) yield the Bellman
equation as

XT
pi(t +�t)�n

piXpi(t +�t)− XT
pi(t)�

n
piXpi(t)

Algorithm 1 Data-Driven RL Position Control Algorithm
1. Initialization
Let u0

pi = K0
i Xpi + upei, where K0

i is stabilizing and upei is
an exploring input noise. Collect the quadrotor system data
and select a positive threshold εlim 1.

2. Policy evaluation
For Kn

i , one can obtain �n
pi and Kn+1

i simultaneously by
solving the Bellman equation

XT
pi(t +�t)�n

piXpi(t +�t)− XT
pi(t)�

n
piXpi(t)

= −
∫ t+�t

t
XT

piQ̄piXpidτ −
∫ t+�t

t

(
Kn

i

)T
RpiK

n
i dτ

+ 2
∫ t+�t

t

(
Kn+1

i Xpi

)T
Rpi

(
u0

pi − Kn
i Xpi

)
dτ

+
∫ t+�t

t

(
�Vn

pi

)T
Zpiεpidτ.

(12)

3. Policy improvement
Set Kn

i = Kn+1
i and go to 2 until

∥
∥∥Kn

i − Kn+1
i

∥
∥∥ < εlim 1.

= −
∫ t+�t

t
XT

piQ̄piXpidτ −
∫ t+�t

t

(
Kn

i

)T
RpiK

n
i dτ

+ 2
∫ t+�t

t

(
Kn+1

i Xpi

)T
Rpi

(
u0

pi − Kn
i Xpi

)
dτ

+
∫ t+�t

t

(
�Vn

pi

)T
Zpiεpidτ (11)

where �t indicates the time interval. The control parameter Kn
i

can be improved by solving (11) by using the vehicle system
data, which yields a data-driven RL algorithm in Algorithm 1.

The stabilizing and exploring control input u0
pi is required

for the RL methods to generate the system data, as shown
in [32]–[35]. In order to obtain an initial stabilizing policy
for the quadrotor system, the traditional proportional-integral-
derivative (PID) controller can be implemented to stabilize the
quadrotor system. Algorithm 1 is based on the sequential eval-
uation of the parameters �n

pi and Kn+1
i by solving (12) and the

improvement of the control parameter Kn
i . It can be observed

from (12) that the RL approach in Algorithm 1 differs from the
RL method in [32] due to the term (�Vn

pi)
TZpiεpi in (12). In

fact, according to Theorem 1, the local neighborhood error εpi

(i ∈ �) will converge to 0 and the least squares (LS) method
shown in [32] can be applied to obtain �n

pi and Kn+1
i for

quadrotor i under the persistence of excitation (PE) condition.
The convergence of Algorithm 1 to the optimal policy can be
proven in the way similar to [32]. Denote�ri = [φri θri ψri]

T

as the attitude reference for quadrotor i. After the virtual con-
trol input upi is determined, the desired total lift control input
uzi, the desired roll angle φri, and the desired pitch angle θri

can be obtained from (3) as

uzi = upi,z/ cos θi/ cosφi

φri = arcsin
((

cosφi sin θi sinψi − upi,y/uzi
)
/ cosψi

)

θri = arcsin
((

upi,x/uzi − sinφi sinψi
)
/ cosψi/ cosφi

)
. (13)

The yaw angle reference ψri is set as a fixed constant for
the quadrotor team to synchronize in practical applications.
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After the desired attitudes are obtained from (13), an attitude
controller is required to achieve the desired attitude reference
tracking.

C. Traditional Attitude Optimal Controller Design

Define x�i = [φi φ̇i θi θ̇i ψi ψ̇i]
T

as the state of quadro-
tor i. From (1), the quadrotor attitude model can be rewritten as

ẋ�i = F�i(x�i)+ B�iu�i

y�i = C�ix�i, i ∈ � (14)

where y�i ∈ R
3 is the output of quadrotor i and F�i(x�i) ∈ R

6

the nonlinear term with

F�i(x�i)

=

⎡

⎢⎢⎢
⎢⎢⎢⎢
⎣

0 1 0 0 0 0
0 − c�11J−1

φi 0 − c�12 0 − c�13

0 0 0 1 0 0
0 − c�21 0 − c�22J−1

θ i 0 − c�23
0 0 0 0 0 1
0 − c�31 0 − c�32 0 − c�33J−1

ψ i

⎤

⎥⎥⎥
⎥⎥⎥⎥
⎦

x�i.

B�i ∈ R
6×3 and C�i ∈ R

3×6 are the input and out-
put matrices satisfying B�i = [e6,2b�i,1 e6,4b�i,2 e6,6b�i,3]

and C�i = [e6,1 e6,3 e6,5]T , respectively. Let x�ri =
[φri φ̇ri θri θ̇ri ψri ψ̇ri]

T
be the attitude reference vector of

quadrotor i, satisfying

ẋ�ri = F�ri(x�ri)

y�ri = C�rix�ri (15)

where C�ri = C�i, y�ri ∈ R
3 is the output and F�ri(x�ri) ∈

R
6 is a smooth function. From (14) and (15), one can have

the quadrotor attitude augmented subsystem as

Ẋ�i = F̄�(X�i)+ B̄�iu�i,

e�i = C̄�iX�i (16)

where X�i = [xT
�i xT

�ri]
T ∈ R

12, F̄�(X�i) =
[F�i(x�i)

T F�ri(x�ri)
T ]

T ∈ R
12, B̄�i = [BT

�i 0]
T

, C̄�i =
[ C�i −C�ri ], and e�i = [e�i,x e�i,y e�i,z]

T ∈ R
3 is the

attitude tracking error. The control input u�i is designed to
guarantee that e�i converges to 0. Define the performance
function of the augmented subsystem in (16) as

V�i(X�i, u�i) =
∫ ∞

t
XT
�iQ̄�iX�i + uT

�iR�iu�idτ (17)

where Q̄�i = C̄T
�iQ�iC̄�i, Q�i = QT

�i > 0 and R�i =
RT
�i > 0. Using (16) and differentiating (17), one can have

the Bellman equation as

H�i(V�i, u�i)
�= XT

�iQ̄�iX�i + uT
�iR�iu�i

+ �VT
�i

(
F̄�i + B̄�iu�i

) = 0 (18)

where �V�i = ∂V�i/∂X�i. Let V∗
�i be an optimal solution to

(18). An HJB equation can be obtained as

min
u�i

H�i
(
V∗
�i, u�i

) = 0. (19)

By differentiating (19) with respect to the control input u�i,
one can derive the optimal control input u∗

�i as follows:

u∗
�i = −1

2
R−1
�i B̄T

�i�V∗
�i. (20)

Substituting u∗
�i in (20) into (19) yields the following HJB

equation as:

XT
�iQ̄�iX�i + (

�V∗
�i

)T
F̄�i

− 1

4

(
�V∗

�i

)T
B̄�iR

−1
�i B̄T

�i�V∗
�i = 0. (21)

It should be noted that the HJB equation in (21) is nonlinear
due to the nonlinearities in the vehicle dynamics. However,
as illustrated in [36], it is difficult or impossible to obtain the
solution to the nonlinear HJB equation. Moreover, the HJB
equation (21) requires the knowledge of the dynamic model of
the multiquadrotor system F̄�i and B̄�i. However, the accurate
system dynamics F̄�i and B̄�i of quadrotors are difficult to
obtain in practical applications. Therefore, the following data-
driven RL method is used to learn the optimal control law u∗

�i
online.

D. RL Algorithm for Attitude Controller

One can rewrite the augmented system in (16) as

Ẋ�i = F̄�(X�i)+ B̄�iu
n
�i + B̄�i

(
u0
�i + u�ei − un

�i

)
, i ∈ �

(22)

where u0
�i is a stabilizing control input and u�ei is an exploring

control input noise. Differentiating V�i in (17), one has that

V̇n
�i = (

�Vn
�i

)T(
F̄�(X�i)+ B̄�iu

n
�i

)

+ (
�Vn

�i

)T
B̄�i

(
u0
�i + u�ei − un

�i

)

= −XT
�iQ̄�iX�i − (

un
�i

)T
R�iu

n
�i

− 2
(

un+1
�i

)T
R�i

(
u0
�i + u�ei − un

�i

)
. (23)

It can be seen that the quadrotor dynamics is replaced by the
quadrotor system data in (23). By integrating (23), one has
that

Vn
�i(X�i(t +�t))− Vn

�i(X�i(t))

=
∫ t+�t

t
−XT

�iQ̄�iX�i − (
un
�i

)T
R�iu

n
�idτ

−
∫ t+�t

t
2
(

un+1
�i

)T
R�i

(
u0
�i + u�ei − un

�i

)
dτ . (24)

It can be observed from (24) that the value function Vn
�i and

the control protocol un+1
�i can be updated simultaneously by

using system data, which yields a data-driven RL algorithm
in Algorithm 2. In Algorithm 2, the control protocol un+1

�i
is iteratively updated by solving (28) until the convergence
is achieved. The convergence of Algorithm 2 to the optimal
policy V∗

�i and u∗
�i can be proven through contradiction shown

in [37].
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Algorithm 2 Data-Driven RL Attitude Control Algorithm
1. Initialization
Start with a stabilizing control policy u0

�i and an explor-
ing control policy u�ei for quadrotor i. Collect the quadrotor
system data and determine a small positive threshold εlim 2.

2. Policy evaluation
For any given un

�i, one can have Vn
�i and un+1

�i simultane-
ously by solving the Bellman equation

Vn
�i(X�i(t +�t))− Vn

�i(X�i(t)) =
∫ t+�t

t −XT
�iQ̄�iX�i − (

un
�i

)T
R�iun

�idτ

− ∫ t+�t
t 2

(
un+1
�i

)T
R�i

(
u0
�i + u�ei − un

�i

)
dτ

(28)

3. Policy improvement
Set un+1

�i = un
�i and go to 2 until

∥∥
∥un+1
�i − un

�i

∥∥
∥ < εlim 2.

In order to approximate Vn
�i and un+1

�i in (28), critic–actor
NN are constructed as follows:

V̂n
�i(X�i) = Wvi�vi(X�i) (25)

ûn+1
�i (X�i) = Wui�ui(X�i), i ∈ � (26)

where �vi(X�i) ∈ R
l1 and �ui(X�i) ∈ R

l2 are the activa-
tion functions and the superscripts l1 and l2 represent the
numbers of neurons. Wvi ∈ R

1×l1 and Wui ∈ R
3×l2 rep-

resent the weighting vectors. V̂n
�i(X�i) and ûn+1

�i (X�i) are
approximations of Vn

�i(X�i) and un+1
�i (X�i), respectively. Let

e�ui = [e�ui,1 e�ui,2 e�ui,3]T = u0
�i + u�ei − un

�i (i ∈
�), R�i = diag(R�i,1,R�i,2,R�i,3), x�i,1 = �vi(X�i(t +
�t)) − �vi(X�i(t)), x�i,2 = 2R�i,1

∫ t+�t
t �ui(Xi(t))e�ui,1dτ ,

x�i,3 = 2R�i,2
∫ t+�t

t �ui(Xi(t))e�ui,2dτ , and x�i,4 =
2R�i,3

∫ t+�t
t �ui(Xi(t))e�ui,3dτ . Then, the Bellman equa-

tion (24) can be rewritten as

eB�i(t)+ y�i = W̄�ix�i (27)

where y�i = ∫ t+�t
t −XT

�iQ̄�iX�i − (un
�i)

TR�iun
�idτ ,

W̄�i = [Wvi W2i,1 W2i,2 W2i,3], and x�i =
[xT
�i,1 xT

�i,2 xT
�i,3 xT

�i,4]
T

. eB�i(t) is the approximation
error and W2i,m (m = 1, 2, 3) is the mth row of the matrix
W2i. By using the least-square method, the approximation
error eB�i(t) can be minimized under the PE condition.

E. Stability Analysis

Define r̃pi = [r̃pi,x r̃vi,x r̃pi,y r̃vi,y r̃pi,z r̃vi,z]
T ∈ R

6 as
the estimation error for quadrotor i with r̃pi = rpi − r̂pi. In
this section, the stability of the heterogeneous multiquadrotor
system using the proposed optimal formation controller will
be analyzed.

Theorem 1: Using the distributed optimal formation con-
troller, including the position control policy (5), (8) and
the attitude control policy (20), the estimation errors r̃pi

will converge to 0 if χ in (5) is sufficiently large and the
multiquadrotor system is asymptotically stable.

Proof: From (5), one can obtain that

˙̃̄rp = P0 ¯̃rp (29)

where ¯̃rp = [r̃T
p1 r̃T

p2 · · · r̃T
pN]

T
and P0 = IN ⊗ Ap − χ(L +

σ)⊗ I6. Since the spanning tree exists in the quadrotor com-
munication graph G, all the real parts of the eigenvalues of
the matrix L + σ are positive constants. Then, one can obtain
from (29) that P0 is Hurwitz if χ is large enough. Therefore,
one can see that the estimation error r̃pi (i ∈ �) will converge
to 0 on condition that χ is sufficiently large. By differentiating
the performance function (7) and using (6) one can obtain that

V̇pi
(
Xpi

) = XT
pi�pi

(
ĀpiXpi + B̄piupi + Zpiεpi

)

+ (
ĀpiXpi + B̄piupi + Zpiεpi

)T
�piXpi. (30)

Substituting (8) into (30) yields

V̇pi
(
Xpi

) = XT
pi

(
�piĀpi −�piB̄piR

−1
pi B̄T

pi
�pi + ĀT

pi�pi

)
Xpi

− XT
pi

(
�T

pi
B̄piR

−T
pi B̄T

pi�pi

)
Xpi + XT

pi�piZpiεpi

+ εT
piZ

T
pi�piXpi. (31)

From (9) and (31), one can obtain that

V̇pi
(
Xpi

) = XT
pi

(
−Q̄pi −�T

pi
B̄piR

−T
pi B̄T

pi�pi

)
Xpi

+ XT
pi�piZpiεpi + εT

piZ
T
pi�piXpi. (32)

By selecting the positive scaling factor χ with a sufficiently
large value, one can obtain from (32) that εpi converges to 0
and V̇pi(Xpi) < 0. Therefore, it can be concluded that the
position tracking error epi converges to 0, that is, the position
dynamic subsystem for quadrotor i is asymptotically stable.
From (16) and (21), one can obtain that

V̇∗
�i = (

�V∗
�i

)T(
F̄�i + B̄�iu

∗
�i

)

= 1

4

(
�V∗

�i

)T
B̄�iR

−1
�i B̄T

�i�V∗
�i − XT

�iQ̄�iX�i

+ (
�V∗

�i

)T
B̄�iu

∗
�i. (33)

Substituting (20) into (33), one can have that

V̇∗
�i = −1

4

(
�V∗

�i

)T
B̄�iR

−1
�i B̄T

�i�V∗
�i − XT

�iQ̄�iX�i < 0. (34)

It can be seen from (34) that the attitude tracking error e�i

converges to 0 and thus the attitude augmented system is
asymptotically stable.

IV. SIMULATION RESULTS

Consider the formation control problem for six heteroge-
neous quadrotors modeled as (1) with the quadrotor parameters
shown in Table I.

The quadrotors are required to track the virtual leader
with the heading synchronize to 0◦ and form a regu-
lar plane hexagon with the position deviation designed as:
δ21 = [−0.15 − 0.52 0]T m, δ32 = [−0.30 0 0]T m,

δ43 = [−0.15 0.52 0]T m, δ54 = [0.15 0.52 0]T m,

δ65 = [0.30 0 0]T m, δ16 = [0.15 − 0.52 0]T m, and

δ1 = [−0.30 0 0]T m. The information exchange of quadro-
tors is modeled by a directed graph with the weights as
w21 = w32 = w43 = w54 = w65 = w16 = 1. The
root v1 has access to the virtual leader, which means that
ς1 = 1. The virtual leader is initialized by pr0(t) =
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TABLE I
HETEROGENEOUS QUADROTOR SYSTEM PARAMETERS

Fig. 2. Position estimation errors.

[0.5t 0.5t 1.5 + t]T m and the initial states of the quadro-

tors are selected as: p1(0) = [0.75 0 1.20]T m, p2(0) =
[0.38 − 1.30 1.40]T m, p3(0) = [−0.38 − 1.30 1.50]T m,

p4(0) = [−0.75 0 2]T m, p5(0) = [−0.38 1.30 2.50]T m,

p6(0) = [0.38 1.30 3]T m, ṗi = 03×1, �i = 03×1, and
�̇i = 03×1.

First, the position reference of each quadrotor is estimated
from (5). The position estimation errors are illustrated in
Fig. 2. The six solid lines colored with red, black, blue, pink,
yellow, and brilliant blue represent quadrotors 1–6, respec-
tively. It can be observed that the estimation errors for each
quadrotor converge to 0 within one 0.1 s. After the posi-
tion estimation errors converge to 0, the RL-based formation
controller is implemented to track the virtual leader and
form a predesigned formation pattern. A simple proportional-
derivative (PD) controller is selected and manually tuned to
obtain an initial stabilizing controller for the quadrotor team
with the position tracking errors depicted in Fig. 3 and the
attitude tracking errors shown in Fig. 4. From Figs. 3 and 4,
one can see that the formation performance of the quadrotor
team using the initial manually tuned controller is undesir-
able. The initial controller is nonoptimal and the objective of
the proposed RL algorithms is to learn the optimal control
policies by using the initial nonoptimal controller. Then, the

Fig. 3. Position tracking errors of quadrotors using the initial controller.

Fig. 4. Attitude tracking errors of quadrotors using the initial controller.

initial stabilizing controller is used to generate system data
for Algorithms 1 and 2 with the exploring noises upei and
u�ei selected as the sum of multiple sine waves satisfying
upei = 10 · ∑10

m=1 sin(ωmt) and u�ei = 40 · ∑10
m=1 sin(ωmt),
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Fig. 5. Convergences of weights for heterogeneous quadrotor team in
Algorithms 1 and 2.

Fig. 6. 3-D trajectories of quadrotors using learned optimal controller.

where ωi (m = 1, 2, . . . , 10) are random constants. The time
interval �t is set as �t = 0.05 s. The designing matrices of
Algorithms 1 and 2 are selected as Qpi = 20I6, Q�i = 100I6,
Rpi = I3, and R�i = I3. The basis functions of the critic NN
in (25) are selected as fourth-order polynomials and the basis
function of the actor NN in (26) are selected as first-order poly-
nomials. The convergences of the parameters for Algorithms 1
and 2 are shown in Fig. 5. It can be seen from Fig. 5 that
the convergences of all the parameters in the heterogeneous
quadrotor team are achieved within five iterations. The 3-D
trajectories of the six quadrotors using the learned optimal
controller are shown in Fig. 6. The dashed lines in Fig. 6
represent the formation pattern. Fig. 7 shows the Euler angle
�i(t) of the quadrotors using the learned optimal controller.
The position tracking errors epi(t) and the attitude tracking

Fig. 7. Attitude responses of quadrotors using the learned optimal controller.

Fig. 8. Position tracking errors of quadrotors using the learned optimal
controller.

error e�i(t) for the quadrotor team using the learned optimal
controller are depicted in Figs. 8 and 9, respectively. As shown
in Figs. 6–9, the formation performance of the quadrotor team
is greatly improved by applying the learned optimal formation
controller. It should be noted that this article is not interested
in comparing the performance of the proposed controller with
other finely tuned control methods. The advantage of this arti-
cle is to learn an optimal control policy using a nonoptimal
initial controller without knowledge of quadrotor dynamics
and consequently improve the formation performance of the
quadrotor team.

V. CONCLUSION

In this article, a data-driven optimal formation control pro-
tocol was proposed for heterogeneous quadrotors to track a
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Fig. 9. Attitude tracking errors of quadrotors using the learned optimal
controller.

virtual leader and form a predesigned formation. The overall
system was composed of a group of quadrotors considered as
multiple-input–multiple-output systems with completely and
highly nonlinear dynamics. The resulted distributed optimal
formation controller includes an optimal position controller
and an optimal attitude controller. The position controller was
designed to track the virtual leader and form a predesigned for-
mation pattern. Then, the attitude controller was constructed
to track the desired attitude. Both the position and attitude
controllers were designed based on RL method by learning
the solutions to the ARE and the HJB equation respectively,
by using the system data. A simulation of heterogeneous mul-
tiquadrotor system was conducted and the simulation results
verified the effectiveness of the proposed formation controller.
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