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Leader–Follower Formation Control of USVs
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Abstract—This paper addresses a decentralized leader–
follower formation control problem for a group of fully
actuated unmanned surface vehicles with prescribed
performance and collision avoidance. The vehicles are
subject to time-varying external disturbances, and the
vehicle dynamics include both parametric uncertainties
and uncertain nonlinear functions. The control objective
is to make each vehicle follow its reference trajectory and
avoid collision between each vehicle and its leader. We
consider prescribed performance constraints, including
transient and steady-state performance constraints, on
formation tracking errors. In the kinematic design, we
introduce the dynamic surface control technique to avoid
the use of vehicle’s acceleration. To compensate for the un-
certainties and disturbances, we apply an adaptive control
technique to estimate the uncertain parameters including
the upper bounds of the disturbances and present neural
network approximators to estimate uncertain nonlinear
dynamics. Consequently, we design a decentralized adap-
tive formation controller that ensures uniformly ultimate
boundedness of the closed-loop system with prescribed
performance and avoids collision between each vehicle and
its leader. Simulation results illustrate the effectiveness of
the decentralized formation controller.

Index Terms—Collision avoidance, formation control,
prescribed performance, unmanned surface vehicles
(USVs).

I. INTRODUCTION

COOPERATIVE or coordinated control of multiple
unmanned marine vehicles has received considerable
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attention in system and control engineering during the last two
decades due to its important applications such as cooperative
exploration of ocean resources, distributed environmental mon-
itoring, surveillance of territorial waters, and coordinated rescue
missions [1], [2]. The fundamental idea of multiple-vehicle
coordination is to use relatively inexpensive, simple, and small
marine vehicles instead of an expensive specialized vehicle to
cooperatively perform the complex tasks that usually cannot
be accomplished by a single vehicle even with sophisticated
equipment. One fundamental issue in multiple-vehicle coordi-
nation is formation control, whose objective is to achieve and
maintain a predefined formation pattern such that the multiple
vehicles could collaboratively accomplish a given task.

Several popular formation control design techniques includ-
ing behavior-based control [3], virtual structures [4], and leader–
follower architecture [5]–[7] have been proposed to fulfill the
predefined formation shapes. Among these formation control
design techniques, the leader–follower architecture is preferred
in ocean engineering applications, e.g., to unmanned surface
vehicles (USVs) [8]–[10], owing to its simplicity and scalabil-
ity. The simplicity and scalability mainly stem from that the
leader’s motion related to the reference trajectory directs the
group behavior and the follower could, in turn, serve as a leader
for another vehicle, respectively. An efficient leader–follower
formation control algorithm for a group of USVs was proposed
in [8], where an approximation-based technique was employed
to force vehicle formation moving along a desired trajectory
with a given pattern. A distributed containment maneuvering
controller for the USVs was proposed in [9], where each USV
was subject to uncertain dynamics and unknown disturbances.
An elegant leader–follower formation control scheme was pre-
sented for USVs [10], where the line-of-sight range and angle
tracking errors were required to be constrained.

Although significant progress has been made in the leader–
follower formation control of USVs, collision avoidances
between the leaders and followers are not fully considered
in the work mentioned above. Enforcing collision avoidance
algorithms or the constraints of intervehicular distances in the
formation control design is of great significance [11]. For a prac-
tical USV, the vehicle outputs, states, intervehicular distances,
or tracking errors are often required to stay within the prede-
fined constraint bounds due to system specifications or safety
requirement. For example, the intervehicular distances among
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the USVs are required to preserve a certain distance to avoid
collision when a group of USVs pass through the narrow wa-
terways. Another important issue of formation control of USVs
with modeling uncertainties concerns the transient performance
of formation tracking errors. However, the analysis of transient
and steady-state performance for the formation tracking errors
has not been made systematically. Traditionally, formation
tracking errors of approximation-based control systems could
be verified to converge to a residual set [5]–[9], whose size
depends on controller parameters and the upper bounds of ap-
proximation errors or/and external disturbances. However, there
is still no available systematic procedure to precisely obtain the
upper bounds. Furthermore, transient performance analysis for
the closed-loop system is a challenging issue, especially when
the vehicle dynamics are subject to modeling uncertainties [12]–
[17] and unknown disturbances from maritime environments
[18]–[20]. To guarantee the satisfaction of the prescribed tran-
sient and steady-state performances of output tracking errors, an
elegant prescribed performance control (PPC) methodology was
proposed in [21] for a nonlinear system. The PPC methodology
was recently applied to design tracking controllers for nonlinear
systems [22] and single mechanical systems, e.g., robot manipu-
lators [23]–[25] and marine vehicles [26], where the prescribed
performance controllers were designed in a centralized manner.

In this paper, we develop decentralized leader–follower for-
mation control with prescribed performance and collision avoid-
ance for a group of USVs with external disturbances. Both
parametric uncertainties and uncertain nonlinear functions are
discussed in the vehicle dynamics. To avoid potential colli-
sions between neighboring vehicles, the position outputs of the
USVs are constrained within a given range. To satisfy tran-
sient performance specifications, we enforce prescribed perfor-
mance constraints on tracking errors in the formation control
design. Based on the dynamic surface control (DSC) technique
[27]–[29], the PPC methodology [21], adaptive control tech-
niques [30]–[32], neural network (NN) approximators [33]–
[37], the backstepping procedure, and the Lyapunov synthesis,
we propose decentralized leader–follower formation control that
guarantees the satisfaction of the prescribed performance con-
straints on formation tracking errors and the nonviolation of
the collision avoidance constraint between the follower and its
leader despite the presence of modeling uncertainties and exter-
nal disturbances.

II. PROBLEM FORMULATION AND PRELIMINARIES

A. USV Model

Consider a group of fully actuated USVs consisting of N
USVs. The kinematics of the ith USV for i ∈ N with N =
{1, . . . , N} is described by

η̇i = J(ηi)νi (1)

where

J(ηi) =

⎡
⎣

cosψi − sinψi 0
sinψi cosψi 0

0 0 1

⎤
⎦

Fig. 1. Formation architecture of a pair of leader–follower. Each ve-
hicle i (i = 2, 3, ..., N ) should keep a suitable distance with respect to
the reference trajectory ηr i = [xr i , yr i , ψr i ]T [defined in (4)]. To avoid
collision between each vehicle i and its leader, the position errors
ez i (t) < di − di , i = 2, 3, ..., N , should be satisfied for all t ≥ 0, where
di are the safety distances, which are predefined as the allowed minimal
relative distances to avoid potential collision.

is the rotation matrix; ηi = [xi, yi , ψi ]T denotes the vehi-
cle outputs, (xi, yi) is the position of the ith vehicle in the
earth-fixed frameOeXeYe , as shown in Fig. 1; ψi is the yaw an-
gle; and νi = [ui, υi, ri ]T denotes the velocities, where ui , υi ,
and ri are, respectively, the corresponding velocities in surge,
sway, and yaw in the body-fixed frame obxbyb (see Fig. 1). Fol-
lowing the results in [38], the kinetics of the ith vehicle dynam-
ics with modeling uncertainties and external disturbances can be
written as

Mi ν̇i = −C(νi)νi − D(νi)νi + τwi(t) + τ i , i ∈ N (2)

where Mi > 0 is the inertia matrix, C(νi) is the total Corio-
lis and centripetal acceleration matrix, D(νi) is the uncertain
hydrodynamic damping matrix, τwi = [τw1i , τw2i , τw3i ]T de-
notes the external disturbances, and τ i is the control inputs. The
matrices Mi , C(νi), and D(νi) are given by

Mi =

⎡
⎢⎣
m11i 0 0

0 m22i m23i

0 m23i m33i

⎤
⎥⎦

C(νi) =

⎡
⎢⎣

0 0 c13i

0 0 m11iui

−c13i −m11iui 0

⎤
⎥⎦

D(νi) =

⎡
⎢⎣
d11i 0 0

0 d22i d23i

0 d32i d33i

⎤
⎥⎦ (3)

with c13i = −m22iυi −m23iri , where m11i = mi −Xu̇i ,
m22i = mi − Yυ̇i , m23i = mixgi − Yṙi , and m33i = Izi −Nṙi

are unknown parameters. Here, mi is the mass of the ith ve-
hicle; Izi is the moment of inertia in yaw; Xu̇i , Yυ̇i , Yṙi , and
Nṙi are the added masses; and xgi is the xb -coordination of the

Authorized licensed use limited to: Indian Institute of Technology - Jodhpur. Downloaded on April 07,2022 at 00:28:45 UTC from IEEE Xplore.  Restrictions apply. 



574 IEEE TRANSACTIONS ON INDUSTRIAL INFORMATICS, VOL. 15, NO. 1, JANUARY 2019

ith vehicle center of gravity. The hydrodynamic damping terms
d11i , d22i , d23i , d32i , and d33i denote the modeling uncertainties
because the damping terms are often difficult to obtain accu-
rately [38], [39].

B. Leader–Follower Formation Architecture

Consider a decentralized leader–follower formation of N
vehicles with a reference trajectory η0 = [x0, y0, ψ0]T . The
reference trajectory η0 is designed according to the practical
mission and is provided to the leading vehicle 1. Vehicle 1
serves as the global leader moving along the desired trajectory
η0, and it does not follow any vehicle in the group. The vehicle
i, i = 2, 3, ..., N , tracks its leader and maintains a prescribed
formation pattern, while potential collision with its leader
should be avoided. More specifically, there are many pairs of
leader–follower, and the follower can, in turn, serve as the leader
for another vehicle. As such, the formation with N vehicles
could be decomposed into N − 1 decentralized subsystems of
two vehicles. The formation architecture of a pair of leader–
follower is shown in Fig. 1, where the vehicle i (i = 2, 3, ...N )
follows the vehicle i− 1, and thus, the vehicle i− 1 is the
leader of vehicle i. A pair of leader–follower formation problem
is described as follows: Given the leader’s trajectory ηi−1

(vehicle i− 1), the reference trajectory ηri to be tracked by the
follower (vehicle i) is shifted by a desired distance di and angle
θi and is rotated by an angle βi relative to the leader (see Fig. 1),
and then, the formation control objective is to design controller
for vehicle i such that the vehicle i tracks its reference trajectory
ηri and avoids collision with its leader. Herewith, the reference
trajectory ηri to be tracked by vehicle i is given by

ηri = ηi−1 + J(ηi−1)ηdi , i ∈ N (4)

where ηri = [xri, yri , ψri ]T , ηi−1 = [xi−1, yi−1, ψi−1]T ,
ηdi = [di cos θi, di sin θi, βi ]T , di (d1 = 0, and di > 0, i =
2, 3, ..., N), βi are the relative distance and heading angle
between the reference trajectory ηri and vehicle i− 1, re-
spectively, and θi is the desired angle between the reference
position and the position of vehicle i− 1. Herein, di , βi , and
θi are designer-specified parameters, and they could be either
time-varying or time invariant. The time-varying parameters
di(t), βi(t), and θi(t) could be employed to reshape the
formation pattern, which is competent to different missions.
When i = 1, let d1 = 0, β1 = 0, and thus, we have ηr1 = η0

according to (4). When i = 2, 3, ..., N , di should be carefully
specified to avoid the potential collision.

C. Collision Avoidance and Prescribed Performance

1) Collision Avoidance: Consider the collision avoidance be-
tween each vehicle and its leader in the leader–follower forma-
tion. Define the tracking errors between each vehicle i and the

reference trajectory ηri as follows:

exi(t) = xi(t) − xri(t)

eyi(t) = yi(t) − yri(t)

eψi(t) = ψi(t) − ψri(t). (5)

Then, the position tracking error is given by

ezi(t) =
√
exi(t)2 + eyi(t)2. (6)

To avoid collision between the follower and its leader (see
Fig. 1), the position error given in (6) is subject to the following
condition:

ezi(t) < di − di ∀t ≥ 0; i = 2, 3, ..., N (7)

where di is a desired distance defined in (4), and di (di > 0, i =
2, 3, ..., N) denotes the safety distance, which means di is the
allowed minimal relative distance to avoid potential collision.

2) Prescribed Performance Constraints: To satisfy transient
performance specifications on the entire formation errors, we
consider the following prescribed performance constraints:

−eji(t) < eji(t) < eji(t) ∀t ≥ 0; i ∈ N ; j = x, y, ψ (8)

with

eji(t) = (eji,0 − eji,∞) exp (−κjit) + eji,∞

eji(t) = (eji,0 − eji,∞) exp (−κjit) + eji,∞ (9)

where eji,0, eji,∞, κji , eji,0, and eji,∞ are positive designer-
specified parameters, and eji,∞ and eji,∞ are the maximum
allowable steady-state tracking errors with eji,∞ ≤ eji,0 and
eji,∞ ≤ eji,0. Note that eji(t) and eji(t) are exponentially de-
caying functions, and thus, we could use inequality (8) and (9)
to prescribe desired transient and steady-state performances of
the formation errors.

Note that the bounds −eji,0 and eji,0 are designer-specified
parameters, and we could appropriately choose them to satisfy
the collision-free condition (7). The following corollary pro-
vides a sufficient condition for the collision avoidance between
each vehicle and its leader.

Corollary 1: Consider tracking error constraint (8) with the
boundary function (9). If the prescribed performance of tracking
errors eji(t) in the sense of (8) and (9) is guaranteed, and the
maximum values of function (9) are chosen to satisfy

√
e2
mxi + e2

myi ≤ di − di, i = 2, 3, ..., N (10)

with emxi = max{exi,0, exi,0}, emyi = max{eyi,0, eyi,0}, then
each vehicle and its leader are collision-free, i.e., ezi(t) < di −
di , ∀t ≥ 0.

Proof: If the prescribed performance of tracking errors eji(t)
in the sense of (8) and (9) is guaranteed, then we have |eji(t)| <
eji(t), or |eji(t)| < eji(t), ∀t ≥ 0. Note that (9) is strictly de-
caying functions, and we have eji(t) ≤ eji,0 and eji(t) ≤ eji,0,
∀t ≥ 0, which means |eji(t)| < max{eji,0, eji,0}. Therefore,
it follows from (6) and (10) that the inequality ezi(t) =√
exi(t)2 + eyi(t)2 <

√
e2
mxi + e2

myi ≤ di − di holds for all
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t ≥ 0, which means each vehicle and its leader are collision-
free.

Assumption 1: The unknown time-varying external distur-
bance τwi is bounded, i.e., |τwli | ≤ τ̄w li , l = 1, 2, 3, with τ̄w li
being unknown positive constants [40], [41].

Assumption 2: The reference trajectory η0 and its derivative
η̇0 are bounded. In the leader–follower formation architecture,
the leading vehicle 1 tracks the reference trajectory η0, each
vehicle i, i = 2, 3, ..., N , has a sole and fixed leader (vehicle
i− 1), and the vehicle i could obtain its leader’s states ηi−1 and
νi−1 through their communication.

Assumption 3: At the initial time, the tracking errors satisfy
−eji(0) < eji(0) < eji(0), i ∈ N .

Remark 1: If the design parameters di and θi in (4) satisfy
di = di+1 and θi = θi+1 (i = 2, ...N − 1), and each USV satis-
fying Assumption 3 is positioned in a straight line at the initial
time, then the collisions between neighboring vehicles could be
avoided using Corollary 1.

Formation control objective: The objective of this paper is,
under Assumptions 1–3, to design an adaptive control law τ i

for each vehicle i (i ∈ N ) such that:
1) each vehicle i follows its reference trajectory ηri given

in (4);
2) the tracking errors eji(t) in (5) remain within the prede-

fined bounds −eji(t) and eji(t) defined in (9);
3) each vehicle i and its leader are collision-free, i.e.,
ezi(t) < di − di , ∀t ≥ 0, i = 2, 3, ...N .

III. ADAPTIVE FORMATION CONTROL DESIGN

Under the prescribed performance constraint (8) with (9) and
(10), in this section, we design adaptive control for systems (1)
and (2) to achieve the formation control objective.

A. Constrained Error Transformation

To design an adaptive controller that guarantees that con-
straint (8) with (9) and (10) is not violated, we introduce a
smooth and strictly increasing error transformation function
Tji(zji) satisfying

⎧
⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

−γji < Tji(zji) < 1 ∀zji ∈ L∞

lim
zj i→−∞Tji(zji) = −γji

lim
zj i→+∞Tji(zji) = 1

Tji(zji) = 0, iff zji = 0

(11)

with γji(t) = eji(t)/eji(t) for all j = x, y, ψ, i ∈ N , where
zji and Tji(zji) are the transformed error and transformation
function [21], respectively. In this paper, we could take Tji(zji)
as

Tji(zji) =
ezj i − e−zj i

ezj i + γ−1
j i e

−zj i . (12)

To establish the relationship between eji and its boundary func-
tions eji , eji , we define the following equation:

eji = ejiTji(zji). (13)

Substituting (12) into (13), we obtain

e2zj i =
eji + ejiγ

−1
j i

eji − eji
. (14)

Taking the logarithm to both sides of (14) and noticing the
equation γji(t) = eji(t)/eji(t), we obtain

zji =
1
2

ln
(

eji + eji

γji(eji − eji)

)
∀j = x, y, ψ; i ∈ N (15)

where ln(·) is the natural logarithm.
From (1), (5), and (15), the derivatives of zji are

żxi = pxi (ui cosψi − υi sinψi − ẋri) − qxi (16)

ży i = pyi (ui sinψi + υi cosψi − ẏri) − qyi (17)

żψ i = pψi(ri − ψ̇ri) − qψi (18)

where

pji =
1
2

[
1

eji + eji
+

1
eji − eji

]
(19)

qji = −1
2

[
ėj i

eji + eji
− ėj i
eji − eji

− γ̇j i
γji

]
. (20)

Substituting (13) into (19) gives

pji =
1

2eji

[
1

γji + Tji(zji)
+

1
1 − Tji(zji)

]
. (21)

Using (21) and (11), we could obtain pji > 0.

B. Design of the Control Law

Step 1: Define the following coordinate transformation:

z2i = νi − αf i (22)

and the boundary layer error

eαi
= αf i − αi (23)

where z2i =[z21i , z22i , z23i ]T , and the filtered virtual control in-
put vector αf i =[αf 1i , αf 2i , αf 3i ]T , the virtual control input
vector αi =[α1i , α2i , α3i ]T . Consider the following Lyapunov
function candidate:

V0i =
1
2
z2
xi +

1
2
z2
y i +

1
2
z2
ψi (24)

where zji , j = x, y, ψ, is defined in (15). Differentiating (24)
along systems (16)–(18) gives

V̇0i = zxi [pxi (ui cosψi − υi sinψi − ẋri) − qxi ]

+ zyi [pyi (ui sinψi + υi cosψi − ẏri) − qyi ]

+ zψi

[
pψi(ri − ψ̇ri) − qψi

]
. (25)
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Consider equations (22), (23), and (25), and thus, the virtual
control laws could be given by

α1i = Φ1i cosψi + Φ2i sinψi (26)

α2i = −Φ1i sinψi + Φ2i cosψi (27)

α3i =
1
pψi

(−kzψ i zψ i + qψi
)

+ ψ̇ri (28)

where Φ1i = 1
px i

(−kzx i zxi + qxi) + ẋri , Φ2i = 1
py i

(−kzy i zyi +
qyi) + ẏri , with control gains kzx i > 0, kzy i > 0, and kzψ i > 0
being design parameters. Substituting the virtual control laws
(26)–(28) into (25), we obtain

V̇0i = −kzx i z2
xi − kzy i z

2
y i − kzψ i z

2
ψi + zT2iΦ3i + eTαi

Φ3i

(29)

where Φ3i = [zxipxi cosψi + zyipyi sinψi, zyipyi cosψi −
zxipxi sinψi, zψipψi ]T , and the coupling terms zT2iΦ3i and
eTαi

Φ3i will be canceled in the next step. From (4), we know that
the computable terms ẋri , ẏri , and ψ̇ri include, respectively,
the leader’s velocities ẋi−1, ẏi−1, and ψ̇i−1. When we employ
the backstepping design procedure to construct the actual
controller τ i , the differentiation of the virtual control inputs
(26)–(28) will be utilized in the actual controller. Note that
the derivatives of virtual control inputs (26)–(28) will include
the leader’s accelerations ẍi−1, ÿi−1, and ψ̈i−1. However, the
vehicle’s accelerations are often directly unmeasurable, since
a surface vehicle is typically equipped without any sensor for
vehicle’s accelerations in the practical applications. Without
using vehicle’s accelerations, we introduce the DSC technique
in our control design. Let αmi pass through the following
first-order filter to obtain αf i :

μiα̇f i + αf i = αmi, αf i(0) = αmi(0) (30)

where μi = diag[μ1i , μ2i , μ3i ] is the filter time constants and
αmi = αi − μiΦ3i . The derivative of αf i can be obtained from
the filter (30) without using the accelerations of the leader. From
(23) and (30), the derivative of eαi

is

ėαi
= −μ−1

i eαi
− Φ3i − Bi(·) (31)

where eαi
= [eα1i , eα2i , eα3i ]

T , μ−1
i = diag[1/μ1i , 1/μ2i ,

1/μ3i ], and Bi(·) = [B1i(·), B2i(·), B3i(·)]T � α̇i , in which
B1i(ηri , η̇ri , η̈ri , eji , ėj i , ëj i , eji , ėj i , ëj i , zji , z2i , eαi

), B2i

(ηri , η̇ri , η̈ri , eji , ėj i , ëj i , eji , ėj i , ëj i , zji , z2i , eαi
), and

B3i(ψri, ψ̇ri , ψ̈ri , eψ i , ėψ i , ëψ i , eψ i , ėψ i , ëψ i , zψ i , z23i , eα3i ) are
continuous functions according to (26)–(28).

Consider the Lyapunov function candidate V1i = V0i +
1
2

∑3
l=1 e

2
αl i

, whose derivative along (29)–(31) is

V̇1i = − kzx i z
2
xi − kzy i z

2
y i − kzψ i z

2
ψi −

3∑
l=1

e2
αl i

μli

+ zT2iΦ3i −
3∑
l=1

eαl i Bli(·). (32)

Step 2: Differentiating (22) along (2), (30), and (23), and mul-
tiplying by the inertia matrix Mi , we obtain

Mi ż2i = − C(νi)νi − D(νi)νi + τ i + τwi

+ Mi(μ−1
i eαi

+ Φ3i). (33)

From system (2), we know that the terms C(νi)νi and
Mi(μ−1

i eαi
+ Φ3i) are partially known, and they could be

rewritten as the product of unknown constant parameters
and known functions, namely, parametric uncertainties. Thus,
substituting (3) into (33) yields

Mi ż2i = GiΘi − D(νi)νi + τwi + τ i (34)

with

Gi =

⎡
⎢⎢⎣
G11i υiri r2

i 0

−uiri G22i G23i 0

uiυi −uiυi G33i G34i

⎤
⎥⎥⎦

G11i = μ−1
1i eα1i + zxipxi cosψi + zyipyi sinψi

G22i = μ−1
2i eα2i + zyipyi cosψi − zxipxi sinψi

G23i = μ−1
3i eα3i + zψipψi

G33i = −uiri + μ−1
2i eα2i + zyipyi cosψi − zxipxi sinψi

G34i = μ−1
3i eα3i + zψipψi

Θi = [m11i ,m22i ,m23i ,m33i ]T (35)

where Gi is a known function matrix and Θi is an unknown con-
stant vector. It is interesting to notice that system (34) includes
both known and unknown information, and both parametric
and nonparametric uncertainties, and is subject to the external
disturbance τwi . The known information represented by Gi

is available through the physics laws. The unknown constant
vector Θi and the unknown nonlinear dynamics D(νi) come
from the inaccurately modeling and modeling reduction. Note
that the time-varying disturbance τwi is bounded by unknown
positive constants according to Assumption 1; thus, the distur-
bance τwi could be compensated by estimating its upper bound.
In what follows, the unknown positive constants τ̄w li , l = 1, 2, 3,
and unknown constant vector Θi are solved using model-based
adaptive control techniques, and the unknown nonlinear func-
tion D(νi)νi is approximated by NNs [42]–[44]. Let

Fi(Zi) = D(νi)νi (36)

where Fi(Zi) = [f1i(Zi), f2i(Zi), f3i(Zi)]T ∈ R3, Zi = νi ∈
ΩZi

⊂ R3, with ΩZi
being a known compact set. By employing

the universal approximation of Gaussian radial basis function
(RBF) NNs [42], the continuous functions fli(Zi), l = 1, 2, 3,
could be expressed as

fli(Zi) = W ∗T
li Sli(Zi) + εli(Zi), l = 1, 2, 3 (37)

where W ∗
li denotes the ideal constant weight vector, εli(Zi)

is the approximation error satisfying |εli | < ε∗li with constant
ε∗li > 0, and Sli(Zi) is the Gaussian RBF vector [42] satisfying
‖Sli(Zi)‖ ≤ s∗li with constant s∗li > 0.
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For system (34), the feedback control law τ i could be taken
as

τ i = −K2iz2i − GiΘ̂i + ŴT
i Si(Zi) − ˆ̄τwi − Φ3i (38)

where K2i = diag[ k21i , k22i , k23i ] > 0 is design pa-
rameters, ŴT

i � blockdiag {Ŵ T
1i , Ŵ

T
2i , Ŵ

T
3i }, Si(Zi) =

[ST1i(Zi), S
T
2i(Zi), S

T
3i(Zi)]

T , and

ˆ̄τwi =

⎡
⎢⎢⎣

ˆ̄τw1i tanh( z21i ˆ̄τw 1i
ζ )

ˆ̄τw2i tanh( z22i ˆ̄τw 2i
ζ )

ˆ̄τw3i tanh( z23i ˆ̄τw 3i
ζ )

⎤
⎥⎥⎦

with tanh(·) being a hyperbolic tangent function and ζ > 0
being a design parameter, in which Θ̂i is the estimate of Θi ,
Ŵli is the estimate of the W ∗

li , and ˆ̄τwi is the estimate of
the τ̄w li , l = 1, 2, 3. Throughout this paper, we denote the esti-
mate error as (̃·) = (̂·) − (·). Consider the following adaptation
laws:

˙̂
Wli = Γli

(
Sli(Zi)z2li − σliŴli

)

˙̂Θi = ΓΘi

(
GT
i z2i − σiΘ̂i

)

˙̄̂τwli = Γwli(|z2li | − σwli ˆ̄τwli), l = 1, 2, 3 (39)

where Γli = ΓT
li > 0 and ΓΘi = ΓT

Θi > 0, Γwli > 0 are the de-
signed adaptation gains, and σli > 0, σi > 0, and σwli > 0 are
the σ-modification parameters.

Next, we present the proposed adaptive formation control
that ensures the uniformly ultimate boundedness (UUB) of the
closed-loop system and guarantees the prescribed performance
of formation tracking errors.

Theorem 1: Under Assumptions 1–3, considerN USVs with
dynamics (1) and (2) and control input τ i given in (38) with
adaptation law (39). Assume that there exists a sufficiently large
compact set ΩZi

⊂ R3 such thatZi ∈ ΩZi
for all t ≥ 0. If given

any ςi > 0 for all initial conditions satisfying V2i(0) ≤ ςi , then
there exist design parameters kzx i , kzy i , kzψ i , μli , l = 1, 2, 3,
κi , ΓΘi , Γli , Γwli , and K2i , such that V2i(t) ≤ ςi ∀t > 0 and
V̇2i ≤ −ρiV2i + δi hold, which mean that:

i) the tracking errors eji(t) ultimately converge to a small
neighborhood around zero, whose size could be adjusted
by tuning the design parameters;

ii) all the signals in the closed-loop system are uniformly
ultimately bounded;

iii) the prescribed performance of tracking errors eji(t) in
the sense of (8) and (9) is guaranteed;

iv) each vehicle and its leader are collision-free, i.e.,
ezi(t) < di − di , ∀t ≥ 0, i = 2, 3, ..., N , when the max-
imum values of function (9) satisfying (10).

Proof: (i) Consider the following Lyapunov function:

V2i = V1i +
1
2
zT2iMiz2i +

1
2
Θ̃T
i Γ−1

ΘiΘ̃i +
1
2

3∑
l=1

W̃ T
li Γ

−1
li W̃li

+
1

2Γwli

3∑
l=1

˜̄τ 2
wli (40)

whose derivative along (34), (39), (38), and (32) is

V̇2i = − kzx i z
2
xi − kzy i z

2
y i − kzψ i z

2
ψi −

3∑
l=1

e2
αl i

μli

− zT2iK2iz2i −
3∑
l=1

eαl i Bli(·) − σiΘ̃T
i Θ̂i

−
3∑
l=1

(
σliW̃

T
li Ŵli + σwli ˜̄τwli ˆ̄τwli

)
− zT2iεi(Zi)

+
3∑
l=1

(
z2liτw li − |z2li |τ̄w li + |z2li |ˆ̄τwli

− z2li ˆ̄τwli tanh
z2li ˆ̄τwli
ζ

)
(41)

where εi(Zi) = [ε1i(Zi), ε2i(Zi), ε3i(Zi)]T . Using Assumption
1, we have the inequality z2liτw li ≤ |z2li |τ̄w li , and note the
fact that |z2li |ˆ̄τwli ≤ |z2li ˆ̄τwli |. Note that the hyperbolic tangent
function tanh(·) has the following property [45]:

0 ≤ |a| − a tanh
(
a

ζ

)
≤ κpζ, κp = 0.2785

for any ζ > 0 and a ∈ R, which yields

3∑
l=1

(
z2liτw li − |z2li |τ̄w li + |z2li |ˆ̄τwli

− z2li ˆ̄τwli tanh
z2li ˆ̄τwli
ζ

)
≤ 3κpζ.

Consider the compact sets Ωdi := {(‖ηri‖2 + ‖η̇ri‖2 +
‖η̈ri‖2 + e2

j i + ė2
j i + ë2

j i + e2
j i + ė

2
j i + ë

2
j i) ≤ Bdi} and Ωi :=

{(z2
j i + ‖eαi ‖2 + ‖z2i‖2 + ‖Θ̃i‖2 + ‖W̃li‖2 + ˜̄τ 2

wli) ≤ 2ςi}
with constants Bdi > 0 and ςi > 0. From (31), we know that
the continuous function Bli(·), l = 1, 2, 3, are bounded on the
compact set Ωdi × Ωi by applying the continuous property, that
is, Bli(·) satisfy |Bli(·)| ≤ B̄li on the compact set Ωdi × Ωi ,
with B̄li being positive constants. By completion of squares,
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we have

−eαl i Bli(·) ≤
κie

2
αl i

2
+
B̄2
li

2κi

−σiΘ̃T
i Θ̂i ≤ −σi‖Θ̃i‖2

2
+
σi‖Θi‖2

2

−σliW̃ T
li Ŵli ≤ −σli‖W̃li‖2

2
+
σli‖W ∗

li‖2

2

−σwli ˜̄τwli ˆ̄τwli ≤ −σwli ˜̄τ
2
wli

2
+
σwli τ̄

2
wli

2

−zT2iεi(Zi) ≤
κi‖z2i‖2

2
+

1
2κi

3∑
l=1

ε∗2
li

with constant κi > 0. Thus, we have

V̇2i ≤ −ρiV2i + δi (42)

in which

δi =
σi‖Θi‖2

2
+

3∑
l=1

(
B̄2
li + ε∗2

li

2κi
+
σli‖W ∗

li‖2 + σwli τ̄
2
wli

2

)

+ 3κpζ

ρi = min
{

2kzx i , 2kzy i , 2kzψ i ,
2
μli

− κi,
λmin(2K2i − κiI3)

λmax(Mi)
,

σi

λmax(Γ−1
Θi)

,
σli

λmax(Γ−1
li )

, σwliΓwli

}

where I3 denotes the identity matrix, and λmin(•) and λmax(•)
denote the minimum and maximum eigenvalue of the sym-
metric matrix, respectively. For choosing ρi > δi/ςi , we have
V̇2i ≤ 0 on V2i = ςi . Therefore, V2i ≤ ςi is an invariant set, i.e.,
if V2i(0) ≤ ςi , then V2i(t) ≤ ςi for all t > 0. Inequality (42)
implies that

V2i(t) ≤ V2i(0) exp(−ρit) + �i ≤ c0i ∀t ≥ 0 (43)

where �i = δi/ρi and c0i = V2i(0) + �i . From (40) and (43) as
t tends to infinity, we have

|zji | ≤
√

2�i, |eαl i | ≤
√

2�i, ‖z2i‖ ≤
√

2�i/λmin(Mi),

‖Θ̃i‖ ≤
√

2�i/λmin(Γ−1
Θi), ‖W̃li‖ ≤

√
2�i/λmin(Γ−1

li ),

|˜̄τwli | ≤
√

2�iΓwli . (44)

From (44), it is clear that zji converge exponentially to a small
residual set

√
2�i , whose size could be adjusted by choosing ap-

propriate parameters kzx i , kzy i , kzψ i , μli , K2i , ΓΘi , Γli , Γwli ,
σi , σli , and σwli . Using (11) and (13), we know that the track-
ing errors eji(t) converge to an adjustable size of zero as zji
converge to the adjustable residual set

√
2�i .

(ii) It follows from (44) that the error variables zji , eαl i ,
z2i , Θ̃i , W̃li , and ˜̄τwli are uniformly ultimately bounded. Us-
ing (5), we have that the output of the system ηi is bounded.
Subsequently, the boundedness of zji ensures the boundedness
of virtual control αi in (26)–(28) and guarantees the bounded-
ness of αf i in (23), which yields bounded state νi by the error

Fig. 2. Phase–plane trajectories of five vehicles and their snapshots at
several key time instants.

coordinate transformation (22). Since Θ̃i = Θ̂i − Θi and Θi in
(35) is bounded, we obtain that Θ̂i is bounded. Similarly, the
boundedness of Ŵli and ˆ̄τwli could be guaranteed by the bound-
edness of W̃li , W ∗

li , ˜̄τwli , and τ̄w li . Thus, we can conclude that
the feedback control law τ i in (38) is also bounded, and then, all
the signals in the closed-loop system are uniformly ultimately
bounded.

(iii) From (40) and (43), we have 1
2z

2
j i ≤ V2i(0) exp(−ρit) +

�i ≤ c0i , which yields

|zji | ≤
√

2c0i . (45)

From (13) and (12), we have

eji
eji

= Tji(·) =
1 − e−2zj i

1 + γ−1
j i e

−2zj i
. (46)

Using inequality (45), we have the lower bound zji = −√
2c0i

and the upper bound zji =
√

2c0i . Note the monotonicity of
Tji(·) in (46) with respect to zji , and thus, we have

1 − e2
√

2c0i

1 + γ−1
j i e

2
√

2c0i
≤ eji
eji

≤ 1 − e−2
√

2c0i

1 + γ−1
j i e

−2
√

2c0i
∀t ≥ 0. (47)

It is easy to verify that −γji < 1−e2
√

2c 0i

1+γ−1
j i e

2
√

2c 0i
and 1−e−2

√
2c 0i

1+γ−1
j i e

−2
√

2c 0i
<

1. Hence, (47) indicates that −γji < ej i
ej i

< 1, which yields

−eji(t) < eji < eji . That is, the prescribed performance of
tracking errors eji(t) in the sense of (8) and (9) is guaranteed.

(iv) The prescribed performance of tracking errors eji(t)
in the sense of (8) and (9) has been guaranteed by step (iii).
If the maximum values of function (9) satisfy (10), then we
apply Corollary 1 to obtain that each vehicle and its leader
are collision-free, i.e., ezi(t) < di − di , ∀t ≥ 0, i = 2, 3, ..., N .
This completes the proof.

IV. SIMULATION STUDIES

In this section, simulation studies are performed on five,
i.e., N = 5, identical vehicles with system parameters taken
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Fig. 3. Evolution of the tracking errors. (a) Evolution of x-direction tracking errors exi (t), along with the performance functions −ex (t) and ex (t).
(b) Evolution of y-direction tracking errors ey i (t), along with the performance functions −ey (t) and ey (t). (c) Evolution of the yaw angle tracking
errors eψ i , along with the performance functions −eψ (t) and eψ (t).

Fig. 4. Control inputs. (a) Surge forces τu i . (b) Sway forces τυ i . (c) Yaw moments τr i .

from [38]. The length of the vehicle is 1.255 m, and the
mass parameters are m11 = 25.8 kg, m22 = 33.8 kg, m23 =
1.0948 kg, and m33 = 2.76 kg. The damping terms are given
by d11 = 0.7225 + 1.3274|u| + 5.8664u2, d22 = 0.8612 +
36.2823|υ| + 0.805|r|, d23 = −0.1079 + 0.845|υ| + 3.45|r|,
d32 = −0.1052 − 5.0437|υ| − 0.13|r|, and d33 = 1.9 −
0.08|υ| + 0.75|r|. The external disturbances are τwi =
[3 − 0.2 sin(0.1t) + 0.1 cos(0.02t) + 0.1rand(·),− 2.5 + 0.1
cos(0.1t) + 0.1 sin(0.02t) + 0.1rand(·), 3 − 0.2 sin(0.1t) −
0.1 cos(0.02t) + 0.1rand(·)]T , where rand(·) ∈ [0, 1] returns
quasi-random value denoting the random noise.

The formation control objective is to guarantee that the five
identical vehicles track their reference trajectories to establish
and maintain the parallel straight-line and circle formation pat-
tern with guaranteeing prescribed performances and collision
avoidance. The reference trajectory consisting of a straight line
and a circle is given by
{

η0 = [0.5t, 0, 0]T , if t ≤ tc

η0 = [0.5tc + 50 sin t′, 50(1 − cos t′), t′]T , if t > tc
(48)

with t′ = 0.01(t− tc) and the time constant tc ≥ 0. The
desired prescribed performance functions are chosen as
ex(t) = exi(t) = (1.5 − 0.1) exp(−0.05t) + 0.1, ex(t) =
exi(t) = (1 − 0.1) exp(−0.05t) + 0.1, ey (t) = eyi(t) =
(1 − 0.1) exp(−0.04t) + 0.1, ey (t) = eyi(t) = (1.5 − 0.1)

exp(−0.04t) + 0.1, and eψ (t) = eψ (t) = eψi(t) = eψi(t) =
(0.4 − 0.05) exp(−0.1t) + 0.05.

We apply the proposed formation controller (38) with adap-
tation law (39) to achieve the above formation control objective.
The desired distance, the relative heading angle, and the desired
angle between the leading vehicle 1 and the reference trajectory
are d1 = 0, β1 = 0, and θ1 = 0, respectively. Let tc = 40 s, the
safety distance di = 3.5 m, the relative heading angle βi = 0,
and the desired angle θi = 2π

3 , i = 2, 3, 4, 5. To illustrate that
formation controller (38) could be also applicable to the time-
varying formation, the design parameter di (i = 2, 3, 4, 5) is
chosen as time-varying parameter, i.e., di = 6 when t ≤ tc and
di = 6.2 when t > tc . By time-varying formation, we mean
that one or more of the design parameters di , βi , and θi are
time-varying. The time-varying formation could be utilized to
accomplish different missions.

After carefully considering the unknown dynamics D(νi)νi
with the above damping terms, we have the NN inputs Z1i = ui
and Z2i = Z3i = [υi, ri ]T . Thus, we construct the Gaussian
RBF NNs Ŵ T

1i S1i (Z1i) using 24 nodes, with the width 0.45
and the centers evenly spaced on [−0.9, 1.2]; Ŵ T

2i S2i (Z2i)
using 49 nodes, with the width 0.45 and the centers evenly
spaced on [−0.9, 0.9] × [−0.9, 0.9]; and Ŵ T

3i S3i (Z3i) using 49
nodes, with the width 0.45 and the centers evenly spaced on
[−1.2, 1.2] × [−1.2, 1.2]. The design parameters are taken as
kzx 1 = kzx 2 = kzx 3 = kzy 1 = kzy 2 = kzy 3 = kzψ i = 1, kzx 4 =
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kzx 5 = kzy 4 = kzy 5 = 0.5, K21 = K22 = K23 = diag[2, 2, 2],
K24 = K25 = diag[1, 1, 1], μi = diag[0.05, 0.05, 0.05],
ΓΘi = diag[2, 2, 2, 2], σi = 0, Γwli = 4, σwli = 0, ζ = 0.2,
Γli = diag[1, 1, 1], and σli = diag[0.1, 0.01, 0.02], l = 1, 2,
3, i = 1, 2, 3, 4, 5. The initial conditions are Θ̂i(0) = [10, 20,
1, 2]T , ˆ̄τwli(0) = 2, η1(0) = [0, 0.5, 0]T , η2(0) = [−3.5,
5, 0 ]T , η3(0) = [−7, 10, 0]T , η4(0) = [−10.5, 15, 0.2]T ,
η5(0) = [−14, 20, 0.4]T , νi(0) = [0, 0, 0]T , and zero initial
NN weight estimates.

Simulation results are presented in Figs. 2–4. Fig. 2 dis-
plays the phase–plane trajectories of five vehicles and their
snapshots at 0, 40, 190, 340, and 500 s. The tracking errors
eji(t), along with the prescribed boundary functions ej (t) and
−ej (t), shown in Fig. 3(a)–(c), converge to a small neighbor-
hood of zero without violation of the prescribed performance
bounds. Despite the presence of modeling uncertainties and ex-
ternal time-varying disturbances, the tracking errors depicted
in Fig. 3(a)–(c) illustrate that the prescribed performance con-
straints on the tracking errors are satisfied using the proposed
adaptive formation controller. Note that the reference trajectory
(48) switches from the straight line to the circle, and the design
parameter di (i = 2, 3, 4, 5) jumps from 6 to 6.2 at the switch-
ing instant t = 40 s. Thus, the tracking errors change abruptly at
the switching instant, but the tracking errors still remain within
the prescribed feasible regions, as shown in Fig. 3(a) and (b).
The evolution of the tracking errors shown in Fig. 3(a) and
(b) indicates that the position tracking error zi(t) satisfies the
collision-free condition (7) for the entire simulation time, which
means each vehicle and its leader are collision-free. The control
inputs τ i = [τui , τυi , τri ]T are depicted in Fig. 4(a)–(c).

V. CONCLUSION

This paper presented decentralized leader–follower formation
control with prescribed performance and collision avoidance for
a group of fully actuated USVs subject to parametric and non-
parametric uncertainties and external disturbances. Prescribed
performance constraints on formation errors were considered
in the feedback control design. By appropriately choosing the
initial values of exponentially decaying functions and guarantee-
ing the prescribed performance, each vehicle and its leader are
collision-free. Based on the DSC technique, the PPC methodol-
ogy, the backstepping procedure, and the Lyapunov synthesis, a
decentralized adaptive formation controller was designed such
that UUB of the closed-loop system with prescribed perfor-
mance was guaranteed, and the potential collision between each
vehicle and its leader was avoided.
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